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Multiple options noisy voter model: application to European elections

by Gianmarco Giuseppe Pisano

In the following master thesis we are going to present a noisy voter model based on
social influence and recurrent mobility. The state of the agents of the model is de-
scribed through a ternary option a = {−1, 0, 1}, and interactions between elements
holding opposite opinion are not permitted (-1 and 1). The aim is to observe if our
model is capable to reproduce the time evoution of real general elections, and the
Spanish political context is chosen for a confrontation: IU, PSOE, and PP will corre-
spond respectively to the options (-1,0,1) of our model. During the time evolution
the agents will move repeatedly between the municipality in which they live and
the municipality in which they work (commuting network), and at each time all
agents present in the same municipality will be considered reciprocally neighbours.
The commuting network is constructed according with the spanish census data, and
electoral results of year 2000 are used as initial state of the whole system. A prelimi-
nar statistical analysis of real elections show us that the three options considered can
be divided into majoritarian (PSOE and PP) and minoritarian (IU).The original ver-
sion of the model will not be able to capture the statistical features of real elections
data, giving rise to stationary states in which the three options result to be statisti-
cally equivalent (on the contrary of what observed in real election data). However,
a simple modification of the same model (well sustained theoretically) will permit
us to reproduce most of the aspects of time evolution showed by real data, as the
stationarity of the vote sharing standard deviations , the conservation of the shape
of the vote sharing distrutions, and the time evolution of the average vote sharing
of the minoritarian option, which in this modification keep staying minoritarian.
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Chapter 1

Introduction

Since their origins, the purpose of the computational social sciences has been to un-
derstand the role of different interaction mechanisms between (social) elements of a
system, and how such interactions result to be the origin of collective (social) phe-
nomena. To do this, a multitude of models have been proposed during the years, in
the context of human dynamics [1-2], social spreading [3-4], crowd behavior [5], hi-
erarchy formation [6], but also language[7-80], cultural[9], opinion dynamics[10-17]
and so on. Most of such models are characterized by very simple interaction rules:
in fact, even though they could appear to be not realistic, their simplicity permit us
to assess the effects of single interaction mechanisms on the way collective phenom-
ena are formed.
Beside the theoretical developments, an absolutely fundamental part of the work
consists in the confrontation at different levels between the model predictions and
real data, from qualitative statistics features to concrete evolutions of the social sys-
tems. In this context, the recent technological developments, including the new
information technologies, allow for a detail tracking and registering of human in-
teractions and opinion expression in real time. The new computer power available
has largely contributed to efficiently store and to access easily a huge data body on
social systems; the simultaneous occurrence of these events has brought us to the
so-called Era of Big Data.

1.1 Opinion dynamics and voter model

As already stressed in [18] "Agreement is one of the most important aspects of so-
cial group dynamics. Everyday life presents many situations in which it is necessary
for a group to reach shared decisions. Agreements makes a position stronger, and
amplifies its impact on society. [...] In any mathematical model, opinion has to be
a variable, or a set of variables, i.e., a collection of numbers. This may appear too
reductive, thinking about the complexity of a person and of each individual posi-
tion. Everyday life, on the contrary, indicates that people are sometimes confronted
with a limited number of positions on a specific issue, which often are as few as
two: right or left, Windows or Linux, buying or selling, etc. If opinions can be repre-
sented by numbers, the challenge is to find an adequate set of mathematical rules to
describe the mechanisms responsible for their evolution and changes.". The branch
of the computational social sciences which deal with quantitative descriptions of the
agreement is Opinion Dynamics, and one of the most succesfull models developed
and used in these years, together with an uncountable quantity of variants, is the
well-known voter model.
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Agent based models

The voter model, and all its variants, can be well contextualized in a larger class
of models, the so called agent-based models. Such models are characterized by the
presence of microscopic elements, the agents of the systems, and the state of every-
one of them is defined assigning a value to a few number of variables. Very often,
such variables can assume only discrete values, and sometimes this values are even
binary. The state of every agent is updated due to the interaction with other agents
of the system1. The interactions between agents take place according to the update
rules of the model; in particular, each agent will interact only with its neighbours.
The way in which the neighbours of each agent are defined, characterizes the topol-
ogy of the system; we can imagine different topologies, as for example regular squared
or triangular lattices, uni-bi-tri dimensional or even more; or we can also dispose our
agents in a more varied configuration, as for example the case of a random network,
in which the number of neighbours for each agent is not constant, and it is not pos-
sible to recognize a regular structure. The topology is a fundamental feature of the
system and it affects the macroscopic properties of the set of elements playing a role
as important as the one played by the interaction rules between the elements.
Agent-based models have many advantages: if from the one hand they are very
easy to implement for numerical studies and simulations, on the other hand they
can be well contextualized and studied through analytical instruments developed
in the field of statistical physics. Furthermore, as already stressed, this class of mod-
els permit to shed light on the relation between the microscopic properties of the
individual elements of the system, the interaction rules between them, and the topo-
logical properties of the system itself, with the collective phenomena related to the
macroscopic scale.

The original voter model

In its original formulation [10,11], the voter model consists of a set of microscopic
agents disposed in an (infinite) integer lattice of dimension d2 whose states are de-
fined as binary variables, the opinion of the agent i σi = ±1. At each time step, an
agent of the system and one of its neighbours are randomly selected, say i and j; the
update of the state is developed through a process wich is known as unconditional
imitation: the opinion of i will be simply imposed equal to the opinion of j, σi = σj .
At t → ∞, and for d ≤ 2, the simple version of the voter model always reach the
stationary, ordered collective state in which one of the two option has totally disap-
peared in favour of the other one; such configuration is also known with the name
of total consensus, and with the language of the statistical physics it can be seen as
an absorbing state. Otherwise, it is possible to show that for d ≥ 3 the two options
coexist in the system for an undetermined time 3.

1Depending on the context, the agents are also called with other names, as for example particles,
individuals etc.

2The integer lattices are also known as cubic lattices. At each dimension d, the sites can be imag-
ined as the points defined by integer d-plets in the correspondent euclidian space Rd.

3What stated it is true, and can even be proved theoretically, in the case of infinite systems. Finite
systems (the unique ones that can be simulated) reach always total consensus due to the finite-size-
fluctuations.
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Some variant versions of the voter model

We have seen how the key points that fix the collective properties of the system
are its topology, the definition of the microscopic states of the agents, and the in-
teraction rules. The modifications of such aspects will make the voter model more
complicated, but also more varied. In this sense it is worth to cite the works of
[12-13], in which a noisy voter model is studied: the modifications apported to the
original version are related to the interaction mechanism between the agents and
their neighbors: instead of the unconditional imitation of the neighbor’s state, the
agent involved in the temporal evolution will process an imperfect imitation process;
this can be interpreted as it follows: the agent will copy the neighbor’s state with
probability λ, and it will assume the opposite one with probability 1− λ . The term
noisy makes sense because in the original literature the model is studied with the
wide formalism of the random walkers and stochastic processes, and the imperfect
imitation is implemented trough the addition of a noise term. From a mathematical
point of view the presence of the noise excludes the existence of infinite values of
the correlation lenght, and this means that the collective states of total consensus are
no longer absorbing states. So, in presence of noise, the voters will tend to organize
themselves in spatial domains of size of the same order of the correlation lenght.
The higher the value of the noisy term, and smaller will be the correlation length.
Another interesting modification to the original version of the voter model is the
work proposed by F. Vazquez in 2003 [14], in which the state of each agent result to
be ternary instead of binary: the three options represent leftist, centrist, and rightist
ideologies. The leftist and the rightist are supposed to be so different that interac-
tion between the two parts is forbidden (costrained interaction). Such modification
gives rise to a wider collection of final absorbing states, but it is also responsible
of a slower collective dynamics. During the elaboration of our work, the idea of a
ternary opinion with costrained interaction will assume a foundamental role.
In conclusion of this section, just in order to understand how the different topologies
can affect the collective properties of the system, we briefly present the results of the
work developed by Castellano et al. (2003) [15] and continued in Vilone and Castel-
lano(2004) [16]. Here the dynamics of the voter model is studied, contextualized to
a small world network [18]. With such topology, what it is possible to observe in
the case of a finite network is that the dynamics makes the system converge to an
absolute consensus, as in case of the square lattice with d ≤ 2. The interesting thing
is that the transitory phase is characterized by the presence of a quasistationary
state which corresponds to a plateau in the plotting of the fraction of active links of
the network (links between agents with different opinions)4 in function of the time.
In correspondence of this plateau the correlation lenght assumes finite values, and
this indicates the presence of clusters. Moreover, the works show that the tempo-
ral window in which the system stay in this quasistationary state is proportional to
the number of elements of the network itself, so that, for N → ∞, social consensus
never will be reached, and the system will remain in the quasistationary state.

4The fraction of active links is selected as order parameter of the system. Working in connected
graphs, this quantity will be equal to zero only when social consensus is reached.
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fig 1 A simple representation of the one-dimensional opinion space.
Every agent can assume opinion states which are correspondent to dis-
crete values on the line, correspondent. In our model we consider only
three options, so that σ = {−1, 0, 1}, and transitions (represented by

the arrows) are permitted only between adjacent opinions.

1.2 Our aim

The findings of the work developed by Keith T. Poole and Howard Rosenthal [19]
show that most of opinion dynamics in a political context can be well described with
the use of a metric space (let us call it opinion space) in which electors are placed in
function of their opinions; an agent’s displacement in such space corresponds to an
agent’s opinion change. Taking such results as a starting point, and considering also
the electoral data modeling exercise of [17], in this thesis we are going to introduce
a more elaborated model which takes into account the existence of more than two
electoral options. We introduce a one dimensional space representing a left to right
ordering of the parties, in which every elector is placed in correspondence of one of
the options (see fig.1). Hence, at every time step they can move (change opinion) ac-
cording to the adaptation-of-the-voter rules. To test the model in a simple scenario,
we use data from Spanish general elections and reduce the voters’ options to only
three parties5. Basically, our aim is to observe whether the dynamic of our model is
capable to reproduce results whose statistical features and temporal evolution are
similar with the ones of the real elections data.

5The Spanish electoral system, as most of parliamentary democracies in Europe, is characterized
by the coexistence of many parties. For the sake of convenience, we reduce the complexity to only
three. However, we will discuss later the effect of including more parties in the model.
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Chapter 2

The model

In this chapter we will explain in detail the different aspects of the model and we
will describe the features of the system studied. We will introduce the idea of recur-
rent mobility (section 2.1) and we will define the neigbours of each agent (section
(2.2)). In section 2.3 we will define some basical quantities, and in section 2.4 we will
use them to introduce the rates at which agents change opinion, making the system
evolve; finally (section 2.5) we will explain in detail the update rules we used to
compute the model.
Our starting point for the new model is the one exposed in [17]: we deal with a
Noisy voter model with recurrent mobility. The agents of the system represent elec-
tors, and they are spatially divided in municipalities. The American and the Spanish
political situations are different, as well as the models used to the description of the
two : for this reason, it is worth to stress the differences betwen the two cases.
Accordingly with the American two-party political system, in the previous model
every agent was characterized by opinion +1 or −1. Electoral results of the year
2000 were used as initial data: for the construction of the model, only the elements
who voted one of the two main options (Republican or Democratic party) were con-
sidered: said with other words, Democratic and Republican agents are the only
elements considered by the model in [17]. All the voters that voted for other options
(or did not vote at all) were not considered. Such approximation results to be rea-
sonable in the American context, in which the Republican and Democratic parties
are absolutely majoritarian.
The same statement does not hold in the Spanish context, in which we can recognize
many more parties, different between them not only for their importance (electoral
vote sharing) or political belief, but also for their sense of regional identity. In fact,
the Spanish context is characterized by the presence of many parties that, altough
they are not present in the whole national territory, in the passed elections they
have even reached the majority of votes in their own belonging regions 1, and such
circumstance makes not possible to ignore their presence in the description of the
dynamics of the system.
What we do is to describe the system with a "3+1" parties mechanism: the agents
of the system subjected to the dynamics can individually hold opinion (+1), (0), or
(−1), which according with the left-to-the-right ordering correspond with the IU, the
PSOE, and the PP parties; during the dynamic the agents will have the possibility
to change opinion, but in any case such opinion will be one of the three introduced
above. However, as said before, the elements of these parties will not constitute the
totality of the system: we introduce a "fourth option", say opinion (×), in which we
include all the voters of all the other different options respect to the three ones cited

1As example of regional parties we can cite the CIU in the catalan region (nowadays known as
PDeCAT), the PNV in the Basque Country, BNG in the Galicia region etc.
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before2. These agents are not subjected to the dynamics of the system, so that they
result to be constant in time. We can state that their presence inside the system can
be seen as a set of exogenous variables which affect the evolution of the system itself.
Electoral result of Spanish general elections of 2000 were used as initial conditions
of the system.

2.1 Recurrent mobility
Basically, our agents are divided into cells, which represent the municipalities in
which people live or work. Our agents are supposed to perform daily recurrent
movements between the cell they live in and the cell in which they work (fig 2a):
any agent is supposed to pass a fraction α of the day in the residence place, and a
fraction (1− α) in the working cell. Recurrent mobility is foundamental in order to
permit the opinion diffusion between different cells, and coherently with a statistical
survey of the I.N.E. (Spanish National Statistical Institute) [20] we impose α = 0.5,
which corresponds to the situation in which any person spend 8 hours working, 8
hours in the residential place and 8 hours sleeping.

2.2 Neighbours
In our model, the neighbours of an agent at time twill be all the other agents present
in the same cell at the same time : all the agents living in the cell iwhen the elements
is in its residence cell, and all the workers in j when the agent is in its working cell3

(fig 2b-c). The time scale at which the agents-recurrent-mobility takes place results
to be smaller respect to the time scale at which elections occurs. Such consideration
allows us to give an equivalent interpretation for the localization of the agents and
the neighbours interaction: we can consider every element delocalized in both the
cell i and j at any time; in such case, it will interact with the neighbours of the cell i
with probability α, and with the agents of the cell j with probability 1− α (fig 2d).
Having exposed the "kinetic rules" of the agents, now we are ready to introduce
some quantities of interest.

2.3 Quantities
Let us start with some definitions: the recurrent mobility typical of the model sug-
gests us to define the following commuting cells; every commuting cell is identified
by a pair of ordered indeces ij. Basically, the agents belonging to such commuting
cell will live in the municipality i and work in the municipality j. From this point of
view, the quantity Nij will indicate the number of people living in commuting cell
ij. At the same way, we can also define the number of people holding opinion (−1),
(0), or (+1), belonging to such commuting cell, V −ij , V 0

ij , and V +
ij . The criteria used

for the construction of the whole commuting network starting from the electoral
data are explained in detail in the appendix A.

2In the fourth option we will include also the voters who voted a null option and the ones who
did not vote.

3We assume that all the agents of the system work simultaneously, and stay in their residential
cell also all at the same time.
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(2a)

(2b) (2c)

2d

FIGURE 2:fig (2a) Simple example of municipalities in which people live and work. On the center,
for each agent, municipalities in which they live and work are specified. On the right, a basical
representation of the recurrent mobility is given. fig (2b-c) Representations of the system during
the free and the working time. During the free time, agents A-B-E are neighbours, staying all in
the municipality 1, as well as agents C-D, located in municipality 2. During the working time we
have agents A-D in the municipality 1, agent B in municipality 2, and agents C-E in municipality
3. We assume that all the agents of the system work simultaneously, and stay in their residence
municipalities also all at the same time. fig (2d) Representation of the probabilistic interpretation
of the state of the system. Due to the different time scales of the recurrent mobility and electoral
votations, the system can be imagined to be in a state which is a superposition (with coefficients

α and 1− α) of its configurations during the free and the working time.
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We briefly introduce the following quantities:

Ni =
∑
j

Nij −→ Number of people living in the municipality i (2.1)

N ′j =
∑
i

Nij −→ Number of people working in the municipality j (2.2)

V a
i =

∑
j

V a
ij −→ Number of people holding opinion a={-1, 0,+1}, living in the municipality i

(2.3)

V ′aj =
∑
i

V a
ij −→ Number of people holding opinion a={-1, 0,+1}, working in the municipality j

(2.4)

2.4 Model Dynamics

Trough the quantities just exposed above, it is possible to define the probabilities
p−0ij , p0−ij , p0+ij , p+0

ij , with which the agents change opinion at time step t:

p−0ij (t) =

[
α

(
V

(0)
i (t)

Ni

)
+ (1− α)

V
′(0)
j (t)

N ′j

]
+Dη−0ij (t) (2.5)

p0−ij (t) =

[
α

(
V

(−)
i (t)

Ni

)
+ (1− α)

V
′(−)
j (t)

N ′j

]
+Dη0−ij (t) (2.6)

p0+ij (t) =

[
α

(
V

(+)
i (t)

Ni

)
+ (1− α)

V
′(+)
j (t)

N ′j

]
+Dη0+ij (t) (2.7)

p+0(t)ij =

[
α

(
V

(0)
i (t)

Ni

)
+ (1− α)

V
′(0)
j (t)

N ′j

]
+Dη+0

ij (t) (2.8)

The equations above are very immediate to understand; in the original formulation
of the voter model [10,11] the opinion of an agent is updated selecting randomly one
of its neighbours, and copying unconditionally its state: we have already defined
the neighbours of an element in section 2.2. Let us make the following example: an
agent belonging to the commuting cell ij holding opinion (-1) will change (deter-
ministically) its state due to the interacion with one of the agents holding opinion
(0) which live in the municipality i or work in the municipality j. Actually, the
probability to interact with one these agents in the cell i (j) is given by the frac-
tion V

(0)
i /Ni (V ′(0)j /N ′j). This permit us to understand the term inside the square

brackets, where the two fractions are summed after being multiplied by the corre-
spondent interaction probabilities α and (1 − α). Furthermore, in order to consider
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imperfect imitation processes we add by hand the term (D · η−0ij ), where D is the
noise parameter, which regulates the intensity of the imperfect imitation, and η−0ij is
uncorrelated gaussian white noise with zero mean and unitary variance, that is:

ηabij (t) ηcdlm(s) = δac δbd δil δjm δts (2.9)

Equations (2.5)-(2.8) resume the whole dynamic of the noisy voter model with re-
current mobility: in particular, we stress how the generic quantity Ni is equal to:

Ni = V
(−1)
i + V

(0)
i + V

(+1)
i + V

(×)
i (2.10)

This is how the elements of the "fourth option" come inside the dynamic of the
system: a commuting cell with a high presence of such elements in the related res-
idential and working municipalities, will be characterized by a dynamic that will
be slower respect to another commuting cell in correspondence of which V

(×)
i and

V
′(×)
j are lower.

Another important point to stress is that, according with eq(2.5 - 2.8), the only per-
mitted transitions are the ones such that the opinion of any agent change from a
value to an adjacent one: similarly with the work in [14], no transitions are permit-
ted from the state (−1) to (+1) and viceversa. The reason why such constrain is
applied is that the agents are supposed to change their opinion progressively.
The strenght of equations (2.5 - 2.8) is that they permit a mesoscopic approach for the
simulation of the model.

2.4.1 Some modifications

As already stressed, the results of our model will be compared with the Spanish
electoral results of different years (presented in detail in the next chapter). A pecu-
liarity which emerges from the election results is that the parties considered in our
model dynamics can be separated in two different groups. In fact, differently from
the other two parties, the IU cover the role of "minoritarian option". Such particular
aspect will not rise in the model results (chapter 4), so, in order to have a better corre-
spondence with real data, we shall make some modifications to the original model.
In particular, what we will do is to modify the probability with which the agents
change opinion from 0 to (−1); to do this, we multiply the original probability by a
factor γ ∈ [0, 1].

p0−ij −→ p0−
′

ij = γ · p0−ij
A wider background which can justify such choice will be given in chapter 5, to-

gether with the results of the modified model.
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2.5 Update rules

By definition, the Monte Carlo step of a model is the set of updates the simulation
must do in order to reproduce a single update of the whole system. Basically, the
concept behind the Monte Carlo step is that "every element of the system must have
the opportunity to change its state, at least once". In the previous section we have
defined the probabilities pabij (a, b = −1, 0, 1), and we have also concluded the section
saying that such probabilities permit a mesoscopic approach for the simulation of
the model; let us proceed by order.
Let us consider a particular commuting cell ij. Equations (2.5-2.8) permit us to know
the probability with which a single agent of the cell ij in the state a change its opin-
ion in b. Now, in the hypotesis in which the states of the elements of the same
commuting cell will be updated synchrounously, the changes inside the commuting
cell will happen at the same time, so that they will be independent between them.
Such independence can be used for the mesoscopic update of the commuting cell
ij: instead of computing the change of a single agent at any step, we can compute
the total number of negative elements becoming zero (and viceversa), ∆−→0 (∆0→−),
and the number of zero elements becoming positive ∆0→+ (analogously, we calcu-
late ∆+→0) generating random numbers in accordance with the following Binomial
distributions B(V −ij , p

−0
ij ), B(V 0

ij , p
0−
ij ) B(V 0

ij , p
0+
ij ), and B(V +

ij , p
+0
ij ).

In conclusion, any Monte Carlo step with wich we update the state of our system is
made in accordance with the following rules:

1. Select all the commuting cells of the network in a random order.

2. For each commuting cell selected, calculate the probabilities rabij , and generate
the quantities ∆a→b as random variables following the binomial distributions
B(V a

ij , p
ab
ij ). Calculate the variations ∆V a

ij .

It is important to stress how the whole update procedure result to be neither syn-
chrounous, nor asynchronous: if from the one hand the state of the agents of a single
commuting cell are updated with the hypotesis of synchronicity, on the other hand
any change ∆Vij will affect the calculation of the rates on the successive commuting
cells.
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Chapter 3

Preliminar analysis

Before showing the model results, we briefly expose the statistical features of the
Spanish general elections from the year 2000 to the year 2008. The Spanish electoral
system, as most of parliamentary democracies in Europe, is characterized by the co-
existence of many parties. For the sake of convenience, we reduce the complexity to
only three. The parties chosen with which we identify the three options considered
in the model are the IU, the PSOE, and PP, which correspond respectively to the op-
tions (-1), (0), and (1). This choice is supported by many reasons: these three parties
(in particular the PSOE and the PP) result to be the biggest political entities in the
election considered. Moreover, all of these three options are well spread all around
the national territory. Finally, the political identities are coherent with the order in-
side the opinion space. We will focus our attention on the vote sharing distributions
(section 3.1), and on the spatial correlations (section 3.2).

3.1 Vote sharing distribution

The vote sharing for the option a and the municipality i is defined as:

v
(a)
i =

V
(a)
i

V
(tot)
i

; V
(tot)
i = V

(−)
i + V

(0)
i + V

(+)
i . (3.1)

It is important to stress that they are calculated putting on the denominator V (tot)
i ,

the sum of voters related to the three dynamic options studied by the model. In this
sense, the vote sharings considered here differ by the "real" ones, in the sense that
they are not considered respect to the total number of people having the right to
vote1.
On the table below we report the average vote sharing the three parties obtained
during different elections, toghether with the correspondent standard deviations:

Year IU V
(−)
i σ(−) PSOE V

(0)
i σ(0) PP V

(+)
i σ(+)

2000 0.039 0.0462 0.386 0.1589 0.575 0.1669
2004 0.047 0.0697 0.454 0.1556 0.499 0.1759
2008 0.041 0.0646 0.459 0.1720 0.500 0.1807

1The vote sharings defined in eq(11) would have been equal to the real ones if, instead of V (tot)
i we

would have put Ni in the denominator of eq (11), that is the total number of people(voters) present
in the cell i.
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(3a) (3b)

FIGURE 3: plots of vote sharing distibutions related to general Spanish elections of the years 2000,
2004 and 2008. fig (3a) electoral results related to PSOE and PP are reported here. Is it possible to
observe how the distributions appear gaussian-like.fig (3b) electoral results for the IU are reported
here. We observe that such distributions are characterized by a sharp peak on the left, which is

coherent with the fact that in many municipalities the IU option was not voted at all

A quick look to the values reported on the table permit us to understand that the
vote sharings obtained by each party during different elections, as well as the related
standard deviations, are more or less constant in time. The PSOE and PP parties (op-
tions 0 and 1) are fairly similar, meanwhile the IU party (option -1) plays the role of
minoritarian option. From now on, we will refer to the first two parties calling them
"majoritarian" options, meanwhile the IU party will be called "minoritarian" option.
The difference between the parties can be appreciated plotting the vote sharing dis-
tributions. We do this in figure 3(a-b), where the vote sharing distributions are
shownn in function of va − 〈va〉. 2 The curves are obtained as normalized his-
tograms. In fig 3a we appreciate the fact that the vote sharing distributions related
to the majoritarian options appear to be gaussian-like, although with some rather
visible deviations in municipalities where one of the two options is not well imple-
mented. These results are coherent3 with the work developed in [21].
The same gaussian-like behavior does no hold for the minoritarian option, whose

2The tranlation term −〈va〉 will shift the distribution so that the value of the distribution f(〈va〉)
will be plotted in correspondence of the null value on the x-axis. This permit to better recognize
symmetry properties of the distributions obtained.

3Our definition of vote sharing result to be slightly different from the normally used one. For
each municipality i the two vote sharings are related by the relation vr,i = vi · (V (tot)i/Ni). So, the
transformation which links the two distributions is not properly a dilation, because the dilation factor
(V

(tot)
i /Ni) is not constant, and in principle there is no reason to think that gaussianity-like must be

conserved. By the way, the dilation factor it is not that far to be constant: for each municipality i,
it represents the ratio between the voters who voted one of the three dynamic options and the total
number of voters. Considering options that are majoritarian even respect to the global, real, vote-
sharing, it makes sense to assume that the dilation factor assumes values that are approximately
equals. Coherently with this, we observe gaussian-like distributions, even if we are not considering
the real vote-sharings. In fact, it is possible to show analitically that the dilation of a gaussian-like
function is also a gaussian-like function
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plots(figure 3b) are characterized by the presence of strong peaks on the left side,
which corresponds to municipalities in which the IU was not voted at all (see fig. 5).

3.2 Spatial correlations

Spatial correlations in function of the distance r are calculated as:

Ca(r) =
〈vai vaj 〉d(i,j)=r − 〈va〉2

(σa)2
(3.2)

The first term on the numerator represents an average made considering all the pairs
of municipalities (i, j) whose distance4 is r. The terms 〈va〉2 and (σa)2 are referred to
the whole set of vote sharings obtained by the option a in the different municipali-
ties.
Correlation results are reported in Figure 4(a-d). In order to consider only results
supported by a good statistics behind, data are shown only for an interval of r ∈
[0 − 1000]km. A deeper discussion on the motivation of such choice, together with
other important details regarding the data analysis, can be found in appendix B.
Similarly with what happened for the vote sharing distributions, the minoritarian
option (IU) shows a different behavior respect to the majoritarian ones (PSOE and
PP). The decay of the IU correlation appears logarithmic (fig 4d), as already ob-
served in other cases [22,23], and it reaches approximately the zero value in cor-
respondence of r ≈ 200km (fig 4b). On the other hand, majoritarian options are
charactherized by a decay which appears linear and not logarithmic (fig 4a), and
they reach the zero value at r ≈ 300 km.
The plots of Ca(r) provide with us important informations. The high positive val-
ues of Ca(r) in correspondence of small values of the distance r followed by a sys-
tematic decay indicate the presence of domains, geographical areas in which the
vote sharing for a particular party tend to assume similar values. The value of r at
which C(r) reaches the zero value has an important physical sense: it indicates the
characteristic size of the domains. Moreover, the negative values of the correlation
functions in the range between 300 and 700 km suggest us that most of the pairs
used for the calculations of C(r) (eq 3.2) belong to different clusters, characterized
by different dominant opinions. It is interesting to observe how such characteristic
sizes result to be constant in time. Such domains can be observed in detail in fig. 5,
where the vote sharing maps of the different elections are reported. It is important
to stress how a brief sight at these maps permit us to appreciate that most of the IU
domains are located in the same regions in which PSOE domains are present too.
This consideration fortify our basic assumption according to which the IU agents
change their opinion only due to the interaction with agents holding opinion (0)
(PSOE voters). The confrontation of maps belonging to different elections give us
another interesting information: independently from the year considered, we can
generally recognize a north-to-south opinion alignment: The PP option result to
be stronger in the north regions, meanwhile the PSOE presence is dominant in the
southern part(Andalucia region). In the center, we can recognize also a treshold line
(in white) in which no one of the two options is dominant.

4The distance between two municipalities is defined as the distance between the centroids of the
two geographical area, and it is calculated using the Vincenty’s formula.
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(4a) (4b)

(4c) (4d)

FIGURE 4:Plots of correlations in function of distance, related to general Spanish elections of the
years 2000, 2004 and 2008. fig (4a) PSOE and PP correlations are reported here. Is it possible to
observe how the decay appear linear, reaching a value equal to zero approximately at r ≈ 300 km.
fig (4b) IU correlations are reported here. It is possible to observe how the the three curves reach
the zero value for r ≈ 200 km. fig (4c) PSOE and PP correlations are reported here. Differently
from fig 4a, logarithmic bins have been used. fig (4d) IU correlations, calculated using logarithmic

bins.
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(5a) (5b)

(5c) (5d)

(5e) (5f)

FIGURE 5: Vote sharing maps for different elections and different parties. The IU data are plotted sepa-
rately: due to its nature of minoritarian party, its vote sharing does not affect significantly the PSOE and PP
distributions, so that these two options can be plotted togheter and interpreted as two opposite choices. Red
and blue colours indicate respectively a PSOE or a PP majority. White colour indicates that the two parties
obtained both a vote sharing around v = 0.5. The values in such colorbars are referred respect to the PSOE

vote sharings v(−) normalized respect the sum of PSOE and PP vote sharings:
v
(−)
maps = v(−)/(v(−) + v(+))

fig (5a) IU vote sharings of 2000 fig (5b) PSOE and PP vote sharings of 2000
fig (5c) IU vote sharings of 2004 fig (5d) PSOE and PP vote sharings of 2004
fig (5e) IU vote sharings of 2008 fig (5f) PSOE and PP vote sharings of 2008
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Chapter 4

Model results

In the previous chapter we have presented different statistical features of real Span-
ish elections. Coming back and better analizing the plots and tables presented, we
can notice an important fact: from a statistical point of view, the different general
elections studies are pretty similar between them. In section 1.2 we stated that our
aim is to observe whether our model is capable to reproduce results statistically
comparable to real elections. On the basis of what showed in chapter 3, this pur-
pose coincides to observe whether, for some values of the noise term D, our model
admits the existence of stationary states which conserve the statistical properties of
the initial state.
In this chapter we will show the model results with different representative values
of the noise parameter D = {0 , 0.20 , 0.40 , 0.60 }. In section 4.1 we will focus our
attention on the time evolution of the average-vote-sharings and the related stan-
dard deviations. In section 4.2 we will report the vote sharing distributions related
to the stationary states of the system. Finally In section 4.3 we will report the spatial
correlation plots, again referred to the stationary states.

4.1 Time evolution of the average vote sharing

For any value of D 6= 0 the time evolutions of the average vote sharings are charac-
terized by the same behavior : all the plots (fig. 6a-c-e-g) made for different values
of D show that, even if the system starts from some initial conditions in which it is
possible to distinguish a minoritarian option (IU) and two majoritarian ones (PSOE,
PP), the dynamics is such that the system always converge to a stationary state in
which va ≈ v = 1/3 ∀a, so that at the stationary the three options result to be sta-
tistically equivalent1. In accordance with this, we conclude that a value of D such
that the statistical properties of the initial state are preserved does not exists. The
discrepancies with real data can be fixed apporting some modifications at the origi-
nal model, as we will observe in Chapter 5.
Even if the convergence takes place ∀D, we can still observe some aspects which
depend on the value of the noise parameter, as for example the time needed by the
system to reach the stationary state. The higherD, the faster will be the convergence.
Also the standard deviations of the stationary vote sharing distributions show a de-
pendence on D. As we can observe in fig.6b-d-f-h, they increase with increasing D.

1As it is possible to observe by the plots in fig.6, it is also true that for increasing values of D
the PSOE tends to assume an average vote sharing slightly greater respect the vote sharings of the
other parties. It could be that such behavior is related to the fact that the PSOE is the only party
of the system which can interact with all the other ones. However, being interested in obtaining
the preservation of the initial statical features, we will not investigate further the reasons of such
behavior.



18 Chapter 4. Model results

A special case is given by D = 0 : Even if the average vote sharings assume values
fairly similar to the initial ones (fig.6a), the standard deviations of the majoritarian
parties decay strongly (fig.6b). Having observed that the system always reach a sta-
tionary state, in the next sections we will report only the stationary-vote sharing
distributions.

4.2 Stationary vote sharing distributions

The stationary vote sharing distributions of the three options becomes indistinguish-
able between them for any value of D 6= 0. This is another evidence of the fact that
the model gives rise to a dynamic such that the three options eventually become
equivalent. We have already observed how the width of the distributions (the stan-
dard deviations) increase with increasing D. Different behaviors are showed in fig.
7 a-d; in each figure we plot also a referential gaussian distribution with σ equal to
the standard deviations of the correspondent vote sharings at the stationary regime.
As we can see, for small values of D (fig. 7a) the vote sharing distributions result
to be sharper respect to the referential gaussian. However, higher values of D make
the distribution wider, but destroy the symmetry: the effect is such that in each mu-
nicipality the vote sharings will tend to be more unbalanced in favour of a single
option. As consequence of this, in correspondence of small and high values of v
the stationary distributions will be higher respect the referential gaussian, but it will
be lower for intermediate values (fig. 7 b-d). Higher will be D, higher will be the
unbalance. What said is confirmed by the vote sharing maps. In fig. 9 a-b we report
the maps referred to the IU and PSOE options. A quick look at such maps can con-
firm what stated above even if, according with the result reported in fig. 6 g-h and
fig. 7d, the two parties are characterized by a slightly different behavior. Even if not
reported, we expect that the PP map will be characterized by a behavior similar to
the IU map.

4.3 Stationary spatial correlations

In correspondence of the stationary state, and for every value of D, we observe that
the spatial correlation function C(r) is constantly equal to zero. This means that
differently from the real geopolitical situation, in the stationary states of the model
it is not possible to identify any kind of spatial domain. This results disagree with
the results obtained in [17], contextualized at the american elections, in which initial
correlations grow for small values of D. Further simulations based on the elimi-
nation of the minoritarian option can prove that such difference is not due to the
presence of the third option, and should be caused by different topological proper-
ties of the two commuting networks. We will not go further in this discussion, but
two pictures which stress the differences between the American and the Spanish
commuting networks can be found at the end of appendix A. A quick look at the
vote sharing maps (fig. 9 a-b) will confirm the absence of clusters in the system.
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(6a) (6b)

(6c) (6d)

(6e) (6f)

(6g) (6h)

FIGURE 6:Time evolution plots of the average vote sharing (left column) and standard deviation (right
column) of the different parties, for different values of the parameter D. It is possible to observe that,
for each value of D the system converges to a stationary state . Bigger will be value of D, and faster will
be the convergence to the stationary state. fig (6a-b) Time evolution withD = 0 fig (6c-d)Time evolution

with D = 0.20 fig (6e-f) Time evolution with D = 0.40, fig (6g-h) Time evolution with D = 0.60



20 Chapter 4. Model results

(A) (7a) (B) (7b)

(C) (7c) (D) (7d)

FIGURE 7:Plots of the stationary vote sharing distributions for different values D. The curves assume
different behaviors respect the referential gaussian in function of the value of the parameter. fig (7a)For
D = 0 (and in general small values) the real distributions are more sharped respect the referential
gaussian. fig (7b-c-d)For D = 0.20 and higher values, real distributions lose their simmetry: the higher

D, higher the unbalance of the distributions.



4.3. Stationary spatial correlations 21

(8a) (8b)

(8c) (8d)

FIGURE 8: Plots of the spatial correlation for different values D. Basically, correlations are destroyed for
any value ofD. This in accordance with the fact that it is not possible to identify any spatial domain in the
spatial distribution of the vote sharings fig (8a) D = 0 fig (8b) D = 0.3 fig (8c) D = 0.8 fig (8d) D = 1

(9a) (9b)

FIGURE 9:Plots of the IU and PSOE vote sharing maps at the stationary state, with D = 0.60. According
with the correspondent vote sharing distributions (fig. 7d) the major part of the municipalities are
characterized by low values of vote sharing, even if some peaks can be found all over the map. On the
other hand, the PSOE map result to be more unbalanced in favor of higher value of v. Furthermore,
coherently with the correspondent correlation functions, in both maps it is not possible to identify any

cluster. fig (9a) IU vote sharing map fig (9b) PSOE vote sharing map
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Chapter 5

Some modifications to the model;
introduction and results

We stressed many times the fact that, according with real election data, it is possible
to distinguish between the IU, which cover the role of minoritarian party, and the
PP and PSOE options which result to be majoritarian. This concrete fact is not re-
produced by the dynamics of the original model (chapter 4). To make the IU option
stay minoritarian, what we do is to reduce the probability at which the agents in
the state (0) assume opinion (-1) due to the interactions with the agents holding the
minoritarian opinion. The new probability is obtained multiplying the old one by a
factor γ ∈ [0, 1]

r0−ij −→ r0−
′

ij = γ · r0−ij (5.1)

Such choice must not appear simply as a forcing make by hand. The role of minori-
tarian options as been already studied by Gargiulo et al. in [24], and the reduction of
the value of the transition probability is coherent with the collective behavior typi-
cal of the people holding extreme ideologies: they tend to cluster themselves, so that
interaction with people holding different ideas result to be not so common, as well
as persuading the latter to adopt the extreme position. Again, more than a forcing,
the modification of the rate can be seen as an enrichment of the model, including in
it also this aspect of the social opinion dynamic.
Differently from what we have seen so far, this modification allow the system to
preserve its initial condition in correspondence of the values D = 0.19 and γ = 0.39.
The two parameters affect, both, the stationary values of the average vote sharing
and the standard deviations. In particular, γ strong influences the stationary value
of the quantities related to the minoritarian options. The higher γ, the higher 〈v(−)st 〉
and σ

(−)
st . On the other hand, the higher γ and the lower will be σ(0,+)

st , the station-
ary standard deviation related to the majoritarian parties. The dependence on D of
the same quantities is different: this time, all the quantities cited before (〈vst(−)〉,
σ
(−,0.+)
st ) tend to increase with increasing D. In particular, in correspondence of the

pair of values mentioned before, the system evolution conserves the initial values of
the standard deviations, meanwhile 〈v(−)st 〉 assume a value which is perfectly com-
parable with the original one.
The time evolution plots of the average vote sharings show that the average vote
sharings related to the majoritarian parties tend to become equal, meanwhile the
average vote sharing of the minoritarian option assume a stationary value which
is fairly equal to the initial one, staying minoritarian even during the time evolu-
tion (fig. 10 a). Similarly, the standard deviations of all the parties weakly oscillate
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(10 a) (10 b)

FIGURE 10:Plots of the time evolution plots of the average vote sharings and standard deviations of the
different parties, in correspondence fo D = 0.19 and γ = 0.39, averaged over 100 repetitions. fig (10a)
Basically, the time evolution plot of the average vote sharing shows that the majoritarian parties tend
to assume the same mean value, whereas the IU assume a stationary value which is fairly equal to the
initial one. fig (10b) The evolution of the standard deviations conserve the initial values, and this is

valid for all the three parties

around the correspondent intial values ∀t (fig. 10b). The majoritarian vote shar-
ing distributions continue to be gaussian-like, and the vote sharing distribution of
the minoritarian option keep being characterized by a strong peak on the left, corre-
spondent with the fact that in many municipalities v− = 0 (fig. 11 a-b). Furthermore,
differently from the original version of the model, correlations get not destroyed to-
tally (fig. 12 a-b-c), and in the maps it is possible to recognize domains with char-
acteristic size of r ≈ 200 (fig. 13 a-b). Again, such result is different respect the
one obtained in the study of the american case in [17], where at the stationary state
even the domains conserve their original size, and correlation functions do not de-
cay. On the other hand, this version of the model has all the characteristics we were
expecting for, mantaining the initial state of the system stationary.
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(11 a) (11 b)

FIGURE 11:Plots of the stationary vote sharing distributions in correspondence of D = 0.19 and
γ = 0.39, together with the correspondent initial vote sharing distributions (general Spanish elections
’00). The distributions are averaged over 100 repetitions. fig (11a) Here the vote sharing distributions
of the majoritarian options are reported. A comparison with the initial distributions, and with a gaus-
sian distribution with σ = 0.16 ,permit us to conclude that they tend to be gaussian like. fig (11b)
Vote sharing distribution of the minoritarian option. Coherently with the correspondent initial distribu-
tion, the stationary one result to be not gaussian like, and it is characterized by a peak (lower than the
original one) which indicates that, according with the simulation, the IU keep not being voted in many

municipalities
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(12a) (12b)

(12c)

FIGURE 12:Time evolution plot of the spatial correlation functions of the three electoral options, in
correspondence of D = 0.19 and γ = 0.39. Results averaged over 100 repetitions. It is possible to
observe that at the stationary states, even if lower respect the initial values, the correlations do not

vanish completely. fig (12a) fig (12b) fig (12c)
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(13 a)

(13 b)

FIGURE 13: Maps of the vote sharings of the three parties after an evolution of 100 MCS, with D = 0.19
and γ = 0, 39. fig (13 a)The IU keep remaining a minoritarian option, even if it result to be more spread
all over tha Spain territory. fig (13 b)Again, Red and blue colours indicate respectively a PSOE or a PP
majority. White colour indicates that the two parties obtained both a vote sharing around v = 0.5. The
values in such colorbars are referred respect to the PSOE vote sharings v(−) normalized respect the sum

of PSOE and PP vote sharings:
v
(−)
maps = v(−)/(v(−) + v(+))

. In the picture, even if smaller, it is still possible to recognize the presence of clusters.
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Chapter 6

Conclusions and future work

During this work we have proposed a noisy voter model based on social influence
and recurrent mobility (SIRM). The state of the agents has been defined through
a ternary options a = {−1, 0, 1}, and such states were ordered on a line (opinion
space). The agents have been supposed to change opinion gradually, so that they
could only assume a new opinion which (in the opinion space) was adjacent to the
original one. Said with other words, no interactions has been admitted between
agents holding opinion (-1) and agents holding opinion (+1).
The aim of our work has been to observe whether our model was capable to repro-
duce the time evolution of real general elections, and the Spanish political context
has been chosen in order to do the confrontations.The political parties IU, PSOE, and
PP have played the role of the three (dynamical) options of the model, having been
identified respectively with the options (-1), (0), and (+1). Moreover all the other po-
litical entities has been inglobed inside a fourth (static) option (X), whose role was
to slow down the interactions between agents holding one of the three dynamical
opinions. No transitions have been admitted from the dynamical options and the
static one. (and viceversa).
A key point of the model is the recurrent mobility of the agents: every agent has
been supposed to make a recurrent mobility between the municipality in which it
lived and the municipality in which it worked. At each time, all the agents present
in the same cell (municipality) have been considered neighbours between them. The
commuting network has been constructed coherently with the Spanish census data
of 2001, and the results of Spanish general elections have been used as initial condi-
tions of our system.
The statistical analysis of the Spanish general elections of the years 2000, 2004, and
2008 has showed that electoral results are more or less stationary from a statistical
point of view, and this has been exactly the dynamic we were proposed to repro-
duce with our model. By the way, the basical version of the model did not captured
the stationarity of the initial conditions for any value of the noise parameter D. In
particular, we have observed that, differently from real election data, in which it
is possible to distinguish between minoritarian and majoritarian parties (character-
ized by different statistical features), the stationary states admitted by our model
did not permit such distinction.
So, we have introduced a second parameter γ (bounding parameter), whose role
has been to mitigate the interactions between the agents supporting to the minori-
tarian option (-1) and agents supporting the opinion (0), which was majoritarian. We
have observed that in correspondence of some particular values of the noisy and the
bounding parameter (D = 0.19, and γ = 0.39) the new model reproduces a dynam-
ical evolution according with which the statistical properties of the initial state are
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conserved. The only quantities which change significantly are the correlations func-
tions: they decay until they do not reach a stationary value different from zero, so
that it is alway possible to recognize domains in the vote sharing (even if smaller
than the original ones). This behavior is different respect the results obtained by a
similar model applied to the american, bipartitic, context [17]. However,many trials
done during the preparation of this master thesis showed that this discrepancy is
not caused by the presence of a third party, so, going by exclusion, it could be that
such differences are caused by different properties of the initial conditions or by dif-
ferent topologic properties of the commuting networks.
From the one hand the model proposed result to be a good mixing between many
ideas proposed separately ( in particular [14], [17], [19], [24]). On the other hand,
the results obtained, and the concordances with real data can be interpreted as a
step further toward the comprehension, the description and the formalization of the
wide topic of the opinion dynamics. Many other steps can be done in this direction:
it could be possible, for example, to further extend the model considering more elec-
toral options, possibly of diffent natures (majoritarian and minoritarian, bounded in
regional area or extended to the whole national territory), and observe if the topo-
logical properties of the opinion space, together with an appropriate arrangement
of the parties inside of it, permit still to reproduce behaviors similar to the real ones.
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Appendix A

Construction of the commuting
network

The dynamics of the model is based on the existence of the commuting network.
The vote sharing data that we use as initial values of the model are divided per
municipalities: no information about the places in which people work is included in
such data. So, in order to construct the commuting network, we mix the vote sharing
data with the Spanish census data of the year 2001. In those data we find specified
the population of each municipality and the number of individuals Wij residing
in municipality i and working in municipality j . Let us consider for example the
municipality of Golosalvo, (located in the province of Albacete) (code 02036), whose
vote sharing and the worker network data are reported in the table below:

Residence mun. i Total voters Vi IU V
(−)
i PSOE V

(0)
i PP V

(+)
i Other V

(×)
i

02036 102 0 37 47 18

Municipality i Working municipality j N. of workers Wij

02036 02003 1
02036 02024 2
02036 02034 2
02036 02036 22
02036 02045 1
02036 08019 2

Total number of workers Wi: 30 Total number of voters Vi: 102

As we can observe, the total number of workers is different respect to the total num-
ber of voters: this is a consequence of the fact that not all the voters are registered
workers (freelancers, retirees, students) , and not all the workers have the right to
vote (workers with foreign nationality).
To construct the commuting network, we start from a set of "empty commuting
cells", in which we will dispose the voters steb-by-step. Each one of them, in accor-
dance with the electoral data and even before to be displaced in the spatial structure,
is characterized by one of the four possible opinions. For each municipality i, we
use the following rules:

• If the total number of workers Wi of the municipality i is greater or equal to
the total number of voters Vi, Wi ≥ Vi, proceed directly to the next step. If it is
not the case (Wi < Vi) , calculate the difference ∆ = Vi −Wi, and increase by
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hand the number of people living and working in the municipality i, Wii, of
such quantity1, in order to reduce the situation to the case Wi = Vi.

• Repeat iteratively for N = Vi steps the following:

a) Calculate the probability distribution:

P (n, j) =
W ′

ij(n)

W ′
i (n)

with W ′
ij(n = 1) = Wij W ′

i (n = 1) = Wi (A.1)

where n is the n−th step.

b) Select randomly one of the commuting cells ij,according with the proba-
bility distribution P (n, j). Put one of the voters inside the selected commuting
cell. at the next step we will have:

W ′
ij(n+ 1) = W ′

ij(n) − 1 W ′
i (n+ 1) = W ′

i (n) − 1 (A.2)

The resulting commuting network is reported In fig. 14a, Where only The 20% of
commuting fluxes is shown. A confrontation with the American commuting net-
work (fig 14b) say us that the two network seem to follow two different topologies:
meanwhile the American network remind somehow a regular lattice (apart from
some important regional areas which attract workers all over the cointry), in the
Spanish one it is not possible to recognize any regular spatial pattern. The reason
of such difference could be the different spatial scales which characterize the two
states.

1 The fact that the "missing workers" are added to the commuting cell ii is supported by the
assumption that the majority of such "missing workers" is formed by retirees, and over-18 students
that do not work still.
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(14 a)

(14 b)

FIGURE 14: Representation of the Spanish and the American commuting maps. In each figures, only the
20% strongest links are shown. The two networks show a fundamental difference between them: The
american one remind in some way a regular lattice, even though it is possible to recognize the presence
of important regional parts which attract workers from all over the country. Otherwise, in the Spanish
case it is not possible to recognize any kind of spatial regulat pattern. The reason of such difference
in the commuting network could be the different spatial scales which characterize the two countries

(stressed in the picture). fig (14 a) Spanish commuting map. fig (14 b) American commuting map.
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Appendix B

Preliminar statistical discussion

The calculation of spatial correlation is made through eq(12) which we report here
again for the sake of convenience.

Ca(r) =
〈vai vaj 〉d(i,j)=r − 〈va〉2

(σa)2

We have already stressed the fact that the first term on the numerator represents
an average made considering all the pairs of municipalities (i, j) whose distance is
exactly r. However, the distance r is a continuous variable, so that, in order to make
some statistics calculations with equation (12), we divide the distance values in in-
tervals, and we perform the average over the pairs belonging to the same distance
interval. To do such division, we choose linear bins of 10 km of width, and base-10
exponential bins where the exponents change at steps of 0.1. We want to understand
in which distance intervals we have enough pairs of municipalities to do reasonable
statistics.
As we can see in Fig.(2b-c) the range in which some stastistics appear meaningful is

the interval of 0-1000 (0− 103) km. A secundary peak is present in correspondence
of d ≈ 1800(103.25)km, which approximately corresponds with distance between the
canary islands and the city of Madrid, which in Fig (2a) is located more or less in
correspondence of the center of the black cross. In fact, this peak is constituted by
the pairs of municipalities such that one of the two is located in the canary islands,
meanwhile the other one of the pair stays in the rest of Spain; according with we
stated before, such pairs will be excluded by the statistical analysis.
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(2a)

(2b) (2c)

FIGURE 2:fig 2a An image of Spain, in which some characteristic distances are reported.fig 2b
(2c) Number of pairs of municipalities in function of the distance, data divided in linear (Base-
10-exponential) bins. We observe two peaks: the first one collects most of couples made selecting
both municipalities in the Spanish peninsula, or Balearic islands. the second one in constituted by
the pairs formed selecting one of the two municipalities in the canary island, the other one in the

rest of Spain.




