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Abstract

Frequency combs are astounding optical systems that aid to solve many technical and scientific
problems. Those known as kerr frequency combs rely on the non-linear kerr effect to produce combs
from a monochromatic light source in devices known as whispering gallery mode resonators. The goal
of the thesis is to characterize the effect of fluctuations and to identify the scenario under which a
series of modes around the pumping frequency are randomly excited. This result was obtained in the
laboratory and it was not previously predicted. To that extent a spatio-temporal model 1D partial
differential equation, the Lugiato - Lefever Equation, is reviewed and validated as a tool to study
the dynamics of frequency combs. Consequently the stochastic version of the model is numerically
solved, using a pseudo-spectral algorithm. Contributions come by characterizing fluctuations for
different types of noise and comparing the numerical with the experimental results, identifying the
more important mechanisms supporting such fluctuations.
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Chapter 1

Introduction

1.1 Frequency Combs

The nobel prize in 2005 was half awarded both to John L. Hall and Theodor W. Hänsch for
their contribution to spectroscopy sciences and the development of Frequency Combs techniques.
An ideal Frequency Comb (FC) is basically a frequency spectrum composed of an evenly spaced
sequence of discrete delta dirac peaks. The frequency domain is given by

f (q) = f0 + qfr, q ∈ Z (1.1)

Where integer q labels the peak, f0 is called the carrier offset frequency and fr the comb tooth
spacing. In reality such exact spectrums can not exist due to the ideal properties of the dirac delta
function. More realistic combs are achieved performing the fourier transform to trains of evenly
spaced short pulses. This still leads to the formation of discretized spectrums. The envelope of the
pulse is related to the amplitude of fourier coefficients, Fig. 1.1.

Figure 1.1: The fourier transform of a train of pulses is a frequency comb. fr = 1/t where t is the
temporal distance between pulses [1].
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Figure 1.2: Basic purpose of Frequency Combs as frequency ruler. Figure shows a section of the Sun
absorption spectrum around 189.3THz (1584nm) in dark stripes. As bright shorter vertical lines the
spectral calibration of a particular frequency comb [19].

Access to control of these systems has vastly contributed to many fields. The underlying nature
of frequency comb based tecnology is optical. That is the reason these systems are usally named
Optical Frequency Combs [1]. Visible light oscillates at about 1015 cycles per second. An adequate
knowledge of light manipulation would lead to use those high frequencies to explore similar high
frequency phenomena. In spite of for microwave regime, tecnology is available and easily accesible to
accomplish such kind of tasks for a long time, that remained unveiled for optical light until recently.
In this context optical frequency combs would play a similar role to the traditional oscilloscope, but
opening the direct manipulation of optical frequencies.

Some of the areas benefited from the use of frequency combs are: development of Optical
Atomic Clocks [2], Exoplanets Search [3], measurement and Validation of Fundamental
Constants constancy [4], Photonic sciences [5], LIDAR techniques [6], and of course high pre-
cision Spectroscopy [7] to time scales without precedents as seen in Figure 1.2, among many others.

The analogy to a spectral rule is partially exact. Even though the resemblance is clear, to take
advantage of the comb one just does not overlap spectrums to make direct measurements. Instead
the procedure is detecting the effect of adding up the frequency to be determined with its closest
frequency in the comb. After channeling the combination through nonlinear mixers, the output
presents components that are product of harmonic functions involving the sum and difference of
the input frequency. These “beatings” are of smaller frequency and easy to measure, therefore the
desired frequency too. This technique is known as Heterodyne Detection.

Prior to the development of combs, a regular laser was used to obtain light at a very precise
frequency. In comparison to a musical instrument, it is similar if a violin could only produce one
single note. In that way to create music with light one requires an orchestra of single frequency
lasers. The comb stands as that entity at once. As it is suggested by the very beginning of this
thesis, such improvement could be accompanied by a source of light capable of output a periodic rate
of short pulses. Those devices, responsibles for the Nobel prize award, are known as Mode-Locked
Lasers [8].

A laser is mainly composed of an active medium capable of exhibiting spontaneous emission, a
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pumping process to induce population inversion and optical feedback elements such as mirrors. The
last component forces the light to be trapped in a kind of optical cavity. It helps to increase the
number of photons enhancing the spontaneous emission process before being emitted through the
number of roundtrips they are able to perform.

The modes supported by the laser cavity are those that satisfy the boundary conditions. Hence,
axial modes must be an integer number of times half roundtrip length assuming at the mirror-ends
electric field is zero.

fq = q
c

2L
(1.2)

The quantity fr = c/2L where c is the light speed in the medium and L the cavity length, is
known as Free Spectral Range. This is the lowest admitted frequency and the separation between
modes.

In principle a single frequency laser may excite several modes which oscillates independently if
losses are undertaken. In addition relative phases would be selected at random. Nevertheless a
mode-locked laser precisely makes this quantity a fixed magnitude φq − φq−1 = cte. Under this
assumption the combination of 2n+ 1 modes with amplitude E0 around a central mode fc reads

E (t) =

n∑
q=−n

E0e
i(fc+qfr)t+iφq (1.3)

Expressing φq = qC +φ0 plus carrying out a translation of time t→ t−C/∆ν the sum becomes

E (t) = E0e
ifct+iφ0

n∑
q=−n

eiqfrt = A (t) eifct (1.4)

Thus this basic examples appears as a carrier frequency ν0 modulated by a time varying envelope
A (t). This particular example allows to compute analytically such envelope

|A (t) |2 =
sin ((2n+ 1) frt/2)

2

sin (frt/2)
2 (1.5)

This is a periodic function, which resembles a train of pulses that shortens as n increases. Pre-
cisely its fourier transform converges to the comb spectrum, centered at mode fc. The result is
similar if amplitudes follow some distribution meanwhile phases are locked. There exists 3 basic
mechanisms to induce mode-locking of modes:

Active Mode Locking An electro-optical or acousto-optical modulator placed inside the cavity
acts as a shutter opening only at times the light completes a roundtrip. Providing the frequency
is fr this technique atenuates radiation outside the intensity peak interval of the pulse train.

Passive Mode Locking An absorber medium is placed inside the cavity, whose radiation ab-
sortion capacity depends on the light intensity. Intense peaks are not affected meanwhile small
amplitude fluctuations diminish. The pulse train is reinforced this way.

Self Mode locking Analogous to the passive mode locking case, but the active medium itself
presents the absortion intensity dependence.
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Figure 1.3: Left: Spherical Optical Whispering Gallery resonator already excited by a laser [9].
Right: Monolithic Optical Whispering Gallery Resonator build on a Silicon Wafer [11].

Experimental work of such systems was carried out from 70s to 90s to adress comb like spectrums
really displays the properties of a frequency comb. Another reality that has to be taken under con-
sideration is the spectral span of the comb, or the domain size where spectrum lines are mensurable.
The simple mathematical result displayed before stated a finite combination of modes. It is not only
a matter of a broader measurement capability. To be of practical usage the comb attributes need to
be calibrated.

The presence of the offset frequency in the spectrum is an unknow quantity after building the
system. Its presence is due to the particular phase shift happening between the carrier frequency
and the amplitude envelope maximun. To tackle the determination of this magnitude, the most
simple process is Self Referencing. Part of the comb light is passed through a non linear crystal
which doubles all comb frequencies. Then, given the peak corresponding to the first detectable line
labeled by n, f1 = nfr + f0 the non linear process yields fd = 2 (nfr + f0). Adding back together
both pulsed beams, there should be a frequency f2 = 2nfr + f0 at the other side of the spectrum.
Hence the location of f2 differs from fd only by f0. Finally in the self-referenced comb this offset
frequency is detectable as a beating radio frequency by heterodyne detection. This is general for all
combs. To that extent, the comb needs to span a full Octave. An octave is defined such as

octave = log2

(
f2

f1

)
(1.6)

This is the requirement for high spanning frequency combs. Otherwise such measurement is not
simple. New optical systems appeared as different actors producing optical frequency comb, and
also contributing with better performance for some capabilities. For instance in 1999 fiber based
lasers, through a non linear medium, were able to output octave spanning spectrums easily [20].

Most recently approaches to develop frequency combs come by the use of Whispering Gallery
Modes Resonators (WGMR) [10]. These are optical microresonators, with spherical or torus
geometry, capable of trapping light inside, devices displayed in Figure 1.3. Made of several materi-
als, its name comes by the analogous acustic effect taking place in certain galleries that also traps
sound waves. Indeed the microresonator is characterized by optical modes at which the electric field
resonates.
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As in many resonating systems, the efficiency at storaging the radiation is given by the Quality
Factor Q. Providing the cavity is made of non linear optical material, the resonating modes interact
within each others. That is the case of the kerr effect. The collective behaviour of the interacting
modes leads to the formation of complex patterns in which some frequencies are enhanced and oth-
ers suppressed. Finally light escaping the whispering gallery resonator shows frequency comb like
spectrum, as indicated in Fig. 1.4, even in the case only one mode is initially coupled to the device.
Results presented in this thesis stems from frequency combs obtained through modeling these kerr
frequency combs. Next subsection will detail the physical characterization of this phenomena.

Figure 1.4: Tunable octave-spanning microresonator based frequency comb. The horizontal axis
shows the measured frequency comb at different pump laser frequencies (vertical axis). The brightest
line corresponds to the pump laser. Right panel shows a zoom of the spectrum [18]
.
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1.2 Kerr Frequency Combs (KFC)

First high quality spherical resonators were introduced in 1989 by melting optical fiber tips made
of Quartz [21]. For toroidal-geometry resonators they recieve the name of microtoroid [22] and they
can be sculpted on oxidized silicon wafers (fused silica). The strong confinement in microresonators
gives rise to nonlinear optical effects at very low optical power levels and enable the observation of
Raman lensing [23], parametric oscillations [24], four wave mixing [25], frequency doubling [26]
and tripling [27]. In particular four wave mixing is the responsible for the appeareance of KFC in
WGMR.

The mechanism leading to the creation of optical patterns only requires a single frequency tun-
able light source such a laser. Nevertheless to excite modes in the cavity the beam needs to be
coupled to the WGMR [11]. To this extent the most simple experimental set up is using a tapered
optical fiber adjoining to the microcavity. Within the narrow gap among both structures, there
exists an evanescent light that couples the resonator to the its nearest mode. The difference between
those frequencies is an important parameter called detunning. Geometry is also adjustable to help
the process.

Figure 1.5: Top: Top and side images of a real coupling set-up. Lower part of top left picture is
the reflexion of the microtoroid and fiber on the silicon wafer. Below Different coupling methods
for microresonators [11].
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Non linear optical effects are described by the response of the non linear medium on which
the resonator is built to an electromagnetic wave. The interaction is expressed by the dielectric

polarization ~P
(
~E
)

. This polarization can be expanded in a power series on the electric field.

~P
(
~E
)

= ε0ξ ~E + ε0ξ
(2) ~E ~E + ε0ξ

(3) ~E ~E ~E + · · · (1.7)

Kerr effect appears when assuming inversion symmetry (~P ( ~−E) = −~P ( ~E)) on this magnitude
and hence neglecting ξ(2) keeping up to ξ(3)

~P
(
~E
)
≈ ε0ξ ~E + ε0ξ

(3) ~E ~E ~E (1.8)

What follows outlines the analytical derivation of the Modal Expansion Approach [11], [12]
which describes the collective interaction of light modes in the microresonator. The optical field in
mediums with kerr nonlinearity fullfills the maxwell wave equation, with the nonlinear polarization
~PNL = ε0ξ

(2) ~E ~E ~E as driving term.

∇2 ~E − n2

c20

∂2 ~E

∂t2
= −µ0

∂2 ~PNL
∂t2

(1.9)

Figure 1.6: Confination of WGM in a microresonator cavity. The confination has approximately
circular symmetry. Due to high quality factor Q and the small confinement volume, the high intensity
of modes traveling inside leads to non linear kerr effects [11].

Restricting to Whispering Gallery Modes in microresonators. Those are cavity radial fun-
damental eigenmodes enhancing the light confinement as displayed in Figure 1.6. These, solutions
to Eq. (1.9) with cylindrical symmetry, read

~El (r, φ, z, t) =
1

2
Al (t) Ẽl (r, z) e

i(lφ−ωlt) (1.10)
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This set corresponds to the homogeneous solution of Eq. (1.9) times a time-varying amplitude
due to the driving term. They characterize light modes by a single integer l regarding to the angular
symmetry and photons angular momentun. Since here is only considering the fundamental radial
eigenmodes, the frequencies ωl only depend likewise on l. Though the interpretation of |Al|2 goes

beyond its equivalence to | ~E|2, essentially it can be considered as the amplitude of the electric field
inside the microresonator [11]. Inserting ansatz (1.10) into Eq. (1.9) yields

−µ0
∂2 ~PNL
∂t2

=
∑
l

Al (t)

(
∇2 − n2

c20

∂2

∂t2

)
Ẽle

i(lφ−ωlt)

−
∑
l

Ẽl (r, z) e
i(lφ−ωlt)

(
n2

c20

∂2Al (t)

∂t2
+ 2iωl

n2

c20

∂Al (t)

∂t

) (1.11)

The first summatory from the right hand side vanishes since it is the evaluation of the homo-
geneous wave equation solution. There is another approximation arising from the fact that Al (t)
varies slowly relative to its carrier frequency.∣∣∣∣∂Al (t)∂t

∣∣∣∣ << ωl |∂Al (t)| (1.12)

This is known as Slow varying envelope approximation. This formulation finally repro-
duces the governing temporal rate dAl (t) /dt, applying the previous approximation and using the
orthonormality property of maxwell wave equation solutions. Projecting them to extract the tar-
geting amplitudes, the modal expansion approach is demonstrated

dAη
dt

= −1

2
∆ωηAη − ig0

∑
α,β,µ=1

Λαβηη AαA∗βAµe−iω̄αβµηt +
1

2
∆ωηFηe−i(Ω0−ωη)t (1.13)

Expression (1.13) appears with a set of coefficients and new magnitudes. Aη a rescaled ampli-
tude measuring number of photons. ∆ωα corresponds to the modal bandwidth related to the modal
photon lifetime, hence this term corresponds to the cavity losses. Fα is the external pumping term,
being Ω0 its frequency. An external pumping is needed in order to generate the frequency comb,
this factor quantifying how it interacts with the WGM. g0 is called the four wave mixing reference
gain. Finally Λαβηη is the intermodal coupling factor, a term involving how the 4 modes for each
differential equation encompassed in Eq. (1.13) are coupled. The complex exponential oscillates
according to ω̄αβµη, which receives the name of molda fourwave mixing frequency detunning These
parameters are deeper explained in [12]

The modal expansion allows to explain physically the emergence of frequency combs. Due to
~PNL each differential equation composing the set of equations (1.13) contains the term∑

α,β,µ=1

Λαβηη AβA∗γAδe−iω̄αβµηt (1.14)

responsible for the contribution to the dynamics of Aη. To have an effective interaction among
modes, these need to be in resonance condition, thus the complex exponential has to oscillate slower
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than the time scale of the dynamics in order to not vanish in average the interaction. The modal
four wave mixing frequency detuning reads

ω̄α,β,µ,η = ωα − ωβ + ωµ − ωη (1.15)

The ideal resonance condition occurs for ω̄α,β,µ,η = 0. The four wave mixing process is viewing
this interplay of modes as a photon creation/anihilation process, that is able to excite unpopulated
states. The previous condition precisely states energy and angular momentun conservation of the
involved photons.

~ωα + ~ωµ = ~ωβ + ~ωη
lα + lµ = lβ + lη

(1.16)

There are many possible combinations of Ax, dividing them in two cases, either α 6= µ 6= β 6= η
(not degenerated) or α = µ 6= β 6= η (Degenerated). Figure 1.7 summerizes this process including
the two cases.

The series expansion provides analytical results such as the threshold for frequency comb gener-
ation. To generate a qualitative idea of the role taken by FWM mechanism it has to bear in mind
that both degenerated and non-degenerated process involve 3 to 4 coupled differential equations.
Initially only the pumping frequency from the laser (coupled to the cavity) is non zero, hence it is
only possible to have 2 photons of the same mode to get involved in the generation of new frequenies,
i.e. degenerated case. Quantum fluctuations in the no-photon modes make that at a certain pump-
ing threshold to have dA/dt > 0 for these new frequencies. In this way the new populated modes
can mix with previous to yield new populations. This happens sequentially and the microresonator
is outcoming a combination of frequencies.

Figure 1.7: Illustration of both degenerated (1) and non-degenerated (2) FWM processes in the
frequency comb generation [11].

10



1.3 Noise in microresonator based frequency combs

Shortly after the generation of microresonator based frequency combs, the existence of noise has
been reported and intimately linked to these spectrums. Potential noise mechanisms considered are
thermorefractive noise, thermoelastic noise, thermal Brownian motion, photothermal noise, laser
phase noise and quantum noise [13]. These can be characterized from the microcavity point of
view. Nevertheless the problem seems to be universal and independent of the experimental set up.
Moreover parameters such as intracavity intensity or detunning seems to play an important role in
its performance.

Noise outcomes are basically two; broadening of frequency comb peaks, and noise in the spacing
between peaks. There has been experimental works describing it. Experimentally noise properties
are studied along heterodyne beatnotes and RF beatnote detections. heterodyne beatnote detects
broadening in frequency comb lines meanwhile RF beatnote (see Figure 1.8) detects noise in comb
line spacing.

Figure 1.8: Noise detection in frequency combs. A broad frequency comb is captured by a broad
heterodyne beatnote. A noise in spacing between comb lines is captured by RF beatnote through a
cw laser [13].

The broadening of frequency peaks is a big issue, mainly because distorts the precision of these
peaks and in the worst scenario destroy the frequency comb. Figures 1.10, 1.9 show obtained spec-
trums from different microcavities and the effect of noise in the detection measurements.

This master thesis deals with the numerical characterization of the noise effect in spectrum,
adding (from the numerical stochastic point of view) additive and multiplicative noise, and a further
discuss of both within its physical interpretation will be include. To accomplish this task a nonlinear
model will be obtained which in fact coincides with the Lugiato Lefever Equation (LLE) in the
context of temporal systems.
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Figure 1.9: Frequency comb spectra generated in a MgF2 resonator (blue) within RF beat notes
(red). In this case the pump power increases from 50 to 200 mW. Each comb (a,b,c) are shown in
early stage (a-1,b-1,c-1), and after increasing the intracavity power (reducing detuning). Broadening
and collapse of peaks are shown. [13].

Figure 1.10: a Evolution of optical frequency comb in a MgF2 microresonator within a picture
in b. The RF beatnote evolves while reducing the detunning between laser and cavity resonance.
b As in (a) but for a Si3N4 microresonator (shown in d) including now a heterodyne beat note
measurement also varying the detunning. The appearence, broadening and collapse of peaks is a
consequence indicating an increasing in noise [13].
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Chapter 2

Modeling

2.1 A spatio-temporal representation

The laws of physics in kerr micro optical cavities yielded the set of coupled ODEs (1.13). The
nonlinear multi-mode competition it stablishes can be tracked numerically, since the system remains
intractable to be fully solved purely by analytical approach. Nevertheless the numerical complexity
due to the FWM processes cause the computation time to increase in a cubic power fashion with te
number of modes [12]. A comb with 200 modes requieres few days of simulation for a regular laptop.

Spatio temporal models have provided good results for mode locked lasers [14]. These determine
the evolution of the mode amplitudes as a single spatio-temporal field. Hence implying less costly
computational schemes. Besides It succesfully predicted comb generation through mode-locking and
pulse formation. This section is devoted to the derivation of such equivalent model for kerr-comb
generation in WGMR [15] and the related approximations. As starting point the modal expansion
in the following notation,

dAl
dt

= −1

2
∆ωl0Al +

1

2
∆ωl0Fl exp {i (Ω0 − ωl0) t}δ (l − lo)

− ig0

∑
lα,lβ ,lη

Λ
lα,lβ ,lη
l AlαA∗lβAlηe

[i(ωlα−ωlβ+ωlη−ωl)t]δ (lα − ln + lη − l)
(2.1)

The kronecker deltas are included to stress the driving field only excites the nearest mode to its
frequency, noted by l0 and considering the FWM process only taking place for the ideal resonance
condition. Following the toroidal symmetry, eigenfrequencies can be expanded in a Taylor series
around the central mode l0,

ωl = ωl0 +

N∑
n=1

ξn
n!

(l − l0)
n

(2.2)

A similar approach is adopted for the coupling term, in this case simple retaining up to linear
order in l, lα, lη, lβ around l0. Implicitly only valid in a neighbourhood of l0.

Λ
lmlβlη
l ≈ 1 + ηl (l − l0) + ηlm (lm − l0) + ηlβ (lβ − l0) + ηlη (lη − l0) (2.3)
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The spatio temporal varying envelope can be casted as the inverse fourier transform of all
amplitude modes in the toroidal domain.

A (θ, t) =
∑
l

Al (t) exp {i (ωl − ωl0) t− i (l − l0) θ} (2.4)

In pursuance of the equation governing this spatio temporal envelope we perform the temporal
derivative

∂A (θ, t)

∂t
=
∑
l

[
dAl (t)
dt

+ i (ωl − ωl0)Al (t)
]

exp {i (ωl − ωl0) t− i (l − l0) θ} (2.5)

For the sake of clarity it is convenient to split this expresion in two terms to work independently,

∂A
∂t

=
∂A(1)

∂t
+
∂A(2)

∂t
(2.6)

∂A(1)

∂t
=
∑
l

dAl (t)
dt

exp {i (ωl − ωl0) t− i (l − l0) θ} (2.7)

∂A(2)

∂t
=
∑
l

i (ωl − ωl0) exp {i (ωl − ωl0) t− i (l − l0) θ} (2.8)

First inserting the individual amplitude rates from the set (1.13) into ∂A(1)/∂t yields a series
over l,

∑
l

dAl
dt

e[i(ωl−ωl0)t−i(l−lo)θ] =

∑
l

{−1

2
∆ωl0Ale[i(ωl−ωl0)t−i(l−lo)θ] +

1

2
∆ωl0Flei(Ω0−ωl0)e−i(l−lo)θδ (l − lo)

− ig0

∑
lm,lβ ,lη

Λ
lα,lβ ,lη
l AlmA∗lβAlηe

[i(ωlm−ωlβ+ωlη−ωl0)t]e−i(l−l0)θδ (lm − ln + lη − l)}

(2.9)

Where the term including the coupling factor Λ
lmlllη
l expands,
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− ig0

∑
l

∑
lm,lβ ,lη

∆
lα,lβ ,lη
l AlαA∗lβAlηe

[i(ωlα−ωlβ+ωlη−ωl0)t]e−i(l−l0)θδ (lα − ln + lη − l) =

− ig0

∑
l

∑
lα,lβ ,lη

AlαA∗lβAlηe
[i(ωlα−ωlβ+ωlη−ωl0)t]e−i(l−l0)θδ (lα − ln + lη − l) +

− ig0ηl
∑
l

∑
lα,lβ ,lη

(l − l0)AlαA∗lβAlηe
[i(ωlα−ωlβ+ωlη−ωl0)t]e−i(l−l0)θδ (lα − ln + lη − l) +

− 2ig0ηlα
∑
l

∑
lα,lβ ,lη

(lα − l0)AlαA∗lβAlηe
[i(ωlα−ωlβ+ωlη−ωl0)t]e−i(l−l0)θδ (lα − ln + lη − l) +

− ig0ηlβ
∑
l

∑
lα,lβ ,lη

(lβ − l0)AlαA∗lβAlηe
[i(ωlα−ωlβ+ωlη−ωl0)t]e−i(l−l0)θδ (lα − ln + lη − l)

(2.10)

The presence of the common δ (x) factor involves a contraction on the sum over l index due to
the fact that for each set of given indexes {lα, lη, lη} only the term l = lα − lβ + lη is non-vanishing.∑

l

∑
lα,lβ ,lη

(· · · ) δ(lα − lβ + lη − l) =
∑

lα,lβ ,lη

(· · · ) (2.11)

The resulting g0 series is,

− ig0

∑
lα,lβ ,lη

AlαA∗lβAlηe
[i(ωlα−ωlβ+ωlη−ωl0)t−i(lα−lβ+lη−l0)θ]∆

lα,lβ ,lη
l =

− ig0

∑
lα,lβ ,lη

AlαA∗lβAlηe
[i(ωlα−ωlβ+ωlη−ωl0)t−i(lα−lβ+lη−l0)θ]+

− ig0ηl
∑

lα,lβ ,lη

(lα − lβ + lη − l0)AlαA∗lβAlηe
[i(ωlα−ωlβ+ωlη−ωl0)t−i(lα−lβ+lη−l0)θ]+

− 2ig0ηlα
∑

lα,lβ ,lη

(lα − l0)AlαA∗lβAlηe
[i(ωlα−ωlβ+ωlη−ωl0)t−i(lα−lβ+lη−l0)θ]+

− ig0ηlβ
∑

lα,lβ ,lη

(lβ − l0)AlαA∗lβAlηe
[i(ωlα−ωlβ+ωlη−ωl0)t−i(lα−lβ+lη−l0)θ]

(2.12)

From the previous 4 terms it is simple to distingish the following spatiotemporal relations,
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− i |A|2A = −i
∑

lα,lβ ,lη

AlαA∗lβAlηe
[i(ωlα−ωlβ+ωlη−ωl0)t−i(lα−lβ+lη−l0)θ] (2.13)

− ηlβA2 ∂A∗
∂θ

= −iηlβ
∑

lα,lβ ,lη

(lβ − l0)AlαA∗lβAlηe
[i(ωlα−ωlβ+ωlη−ωl0)t−i(lα−lβ+lη−l0)θ] (2.14)

ηl
∂
(
|A|2A

)
∂θ

= −iηl
∑

lα,lβ ,lη

(lα − lβ + lη − l0)AlαA∗lβAlηe
[i(ωlα−ωlβ+ωlα−ωl0)t−i(lα−lβ+lη−l0)θ]

(2.15)

ηlα |A|
2 ∂A
∂θ

= ηlη |A|
2 ∂A
∂θ

= −iηlα
∑

lα,lβ ,lη

(lα − l0)AlαA∗lβAlηe
[i(ωlα−ωlβ+ωlη−ωl0)t−i(lα−lβ+lη−l0)θ]

(2.16)

The remaining term to be analyzed from expression (2.9) is another spatio temporal term

−1

2
∆ωl0

∑
l

Al (t) exp [i (ωl − ωl0) (l − l0)] = −1

2
∆ωl0A (2.17)

Gathering everything up

∂A(1)

∂t
=− 1

2
∆ωl0A + g0

(
−i |A|2A + ηl

∂
(
|A|2A

)
∂θ

− ηlβA2 ∂A∗
∂θ

+ 2ηlm |A|2
A
∂θ

)

+
1

2
ωl0Fl0 exp {i (Ω0 − ωl0) t}

(2.18)

The analysis for the term (2.8) is straightforward. Using Eq. (2.2) let expressing

∂A(2)

∂t
= i
∑
l

(
N∑
n=1

ξn
n!

(l − l0)
n

)
Al (t) exp {i (ωl − ωl0) t− i (l − l0) θ} (2.19)

Separately, one performs the spatial derivative of the spatio-temporal expansion (2.4),

in
∂nA
∂θn

=
∑
l

(l − l0)
nAl exp {i (ωl − ωl0) t− i (l − l0) θ} (2.20)

Hence exchanging sums in expression (2.19) it has the following more compact spatiotemporal
expresion

∂A(2)

∂t
=

N∑
n=1

in+1 ξn
n!

∂nA
∂θn

(2.21)

Finally the resulting evolution for A (t) is
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∂A
∂t

=− 1

2
∆ωl0A + g0

(
−i |A|2A + ηl

∂
(
|A|2A

)
∂θ

− ηlβA2 ∂A∗
∂θ

+ 2ηlα |A|2
A
∂θ

)

+
1

2
ωl0Fl0 exp {i (Ω0 − ωl0) t}+

N∑
n=1

in+1 ξn
n!

∂nA
∂θn

(2.22)

This is a general expresion. First of all, the span of the spectrum is not infinite and the eigenfre-
quency taylor expansion can have a low cut off. It is the case when l ≈ l0 is a valid approximation
such that ξn∀n ≥ 3 can be neglected. Within a heavier approximation in the coupling factor assum-

ing Λ
lβlmlη
l ≈ 1 it reads

∂A
∂t

+ ξ1
∂A
∂θ

= −1

2
∆ωl0A − ig0 |A|2A +

1

2
ωl0Fl0 exp {i (Ω0 − ωl0) t} − i ξ2

2

∂A2

∂θ2
(2.23)

This is the desired final approximation. The notation can be compacted by further transforma-
tions. First noting σ = Ω0−ωl0 and performing the transformation A→ A exp (iσt) the oscillating
dependence on σ is removed. Thereafter the group velocity dependence is also removed making the
transformation θ → θ − (ξ1t mod [2π]).

=⇒ ∂A
∂t

+ ξ1
∂A
∂θ
− iσA = −1

2
∆ωl0A − ig0 |A|2A +

1

2
ωl0Fl0 − i

ξ2
2

∂A2

∂θ2

=⇒
(
∂A
∂t
− ξ1

∂A
∂θ

)
+ ξ1

∂A
∂θ
− iσA = −1

2
∆ωl0A − ig0 |A|2A +

1

2
ωl0Fl0 − i

ξ2
2

∂A2

∂θ2

=⇒ ∂A
∂t

= −1

2
∆ωl0A + iσA − ig0 |A|2A +

1

2
ωl0Fl0 − i

ξ2
2

∂A2

∂θ2

(2.24)

This equation can be rewritten in the form of the normalized Lugiato-Lefever equation

∂ψ

∂τ
= − (1 + iα)ψ + i |ψ|2 ψ − iβ

2

∂2ψ

∂2θ
+ ψo (2.25)

The first term on the right hand side describe cavity losses, α measures the cavity frequency
detuning between the frequency of the input pump and the nearest cavity resonance. ∂2

θ models
dispersion and the cubic term represents the interaction among modes. F corresponds to the in-
put field wich here is considered to be an homogeneous wave. New field envelope and time are

consequence of rescaling such that ψ = (2g0/∆ωl0)
1/2A∗, τ = ∆ωl0t/2. Dimensionless parameters

are the frequency detuning α = −2σ/∆ωl0 , the dispersion β = −2ξ2∆ωl0 and the external pump
ψo = (2g0/∆ωl0)Fl0 . β = 2 is chosen and the dimensionless time parameter τ is noted back as t for
the remainder thesis.

The LLE equation has been extensively mathematically studied, spetially in the context of cavity
solitons [16] . This previous work helps us to understand the emergence of frequency combs.
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2.2 Linear stability analysis

The spatio temporal envelope representation allows to study the collective evolution of modes
inside a cavity. In order to retreive their individual information, recalling Eq. (2.4) the proccedure
would be to perform the fourier transform of the field. Linear analysis is an analytical tool usefool to
determine, in parameter space, the stability or instability of individual fourier modes when studied
as small perturbations around a stationary solution. Perturbations are considered small enough such
that non linear terms can be neglected and a linearized differential equation describes the evolution.
Therefore linearization is only valid until non linear terms come into play.

Through the development of this thesis the system under study is excited by a monochro-
matic electric plane wave. Thus the frequency comb is expected to grow from an homogeneous
and stationary background. The equation needs to be linearized around solutions ψsh fulfilling
∂tψsh = ∂θθψsh = 0.

0 = − (1 + iα)ψsh + i|ψsh|2ψsh + ψo (2.26)

This is a cubic, complex, polynomial for ψsh. It is more appropriate to work with its amplitude,
the Intracavity Field Is parameter yielding the following relation

ψshψ
∗
sh = Is =

ψoψ
∗
o

1 + (α− Is)2 (2.27)

In the position to undertake the linearization of Eq. (2.25), ψ is complex so that the field is
described by Re (ψ), Im (ψ) or rather by ψ and ψ∗. Without any simplification the following system
describes completely the solution.

∂tψ = −(1 + iα)ψ + i∂xxψ + i|ψ|2ψ + ψo

∂tψ
∗ = −(1− iα)ψ∗ − i∂xxψ∗ − i|ψ|2ψ∗ + ψ∗o

(2.28)

ψo is removed from the system provided the following expression for perturbations; ψ = (1 +A)ψsh.
A is the normalized deviation from ψsh. Thus

ψsh∂tA = ψo − (1 + i (α− Is))ψsh − (1 + i (α− Is))Aψsh+

+ iψsh∂xxA+ iIs
(
A∗ +A+A2 + 2|A|2 + |A|2A

)
ψsh

(2.29)

It is noticeable that ψo − (1 + i (α− Is))ψsh = 0 from Eq. (2.27). System (2.28) finally reads

∂tA = − (1 + i (α− Is))A+ iIs
(
A∗ +A+A2 + 2|A|2 + |A|2A

)
+ i∂xxA

∂tA
∗ = − (1− i (α− Is))A∗ − iIs

(
A∗ +A+ (A∗)

2
+ 2|A|2 + |A|2A∗

)
− i∂xxA∗

(2.30)

Linearizing is straightforward by means of neglecting cubic and square terms, assuming the order
of A is small enough,

∂t

(
A
A∗

)
=

(
− (1 + i (α− 2Is)) + i∂xx iIs

−iIs − (1− i (α− 2Is))− i∂xx

)(
A
A∗

)
(2.31)
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The trial solution for such systems is the exponential. Altogether with its derivatives result in(
A
A∗

)
∝ 1eλteikθ ⇒ ∂t

(
A
A∗

)
∝ λ

(
A
A∗

)
, ∂xx

(
A
A∗

)
∝ −k2

(
A
A∗

)
(2.32)

This defines an eigenvalue problem, whose solution comes by the determination of the charac-
teristic polynomial

λ

(
A
A∗

)
=

(
−
(
1 + i

(
α− 2Is + k2

))
iIs

−iIs −
(
1− i

(
α− 2Is + k2

)))( A
A∗

)
(2.33)

λ (k) are the temporal rates for modes with wavenumber k. They can be obtained by solving the
characteristic polynomial

λ2 + 2λ+
(

1− I2
s +

(
α− 2Is + k2

)2)
= 0 (2.34)

With two solutions corresponding to A,A∗

λ± = −1±
√
I2
s − (α− 2Is + k2)

2
(2.35)

λ− < 0 ∀k. Any perturbation around ψsh described by this dispersion relation will decay
(stable modes). On the other hand for λ+ it is not longer the same. The condition for instability
reads,

λ+ > 0⇒
√
I2
s − (α− 2Is + k2)

2
> 1⇒ I2

s −
(
α− 2Is + k2

)2
> 1 (2.36)

As it was stated before, stability relies on the system’s parameters; α and Is. In order to check

the conditions that the discriminant ∆ = I2
s −

(
α− 2Is + k2

)2
fullfils the previous condition, one

can compute its maximun and constraint ∆ (kmax) > ∆ (k) ∀k to the critical condition (2.36) such
that ∆ (kmax) = 1. The extremals of ∆ are computed

d∆

dk
(k∗) = −2

(
α− 2Is + (k∗)

2
)

(−2k∗) = 0 (2.37)

There are 3 possibilities; k1 = 0, k2,3 = ±
√

2Is − α. When the second derivative evaluated at
the point of interest is negative it is a maximun.

d2∆

dk2
(k1) = −4α+ 8Is (2.38)

d2∆

dk2
(k2,3) = 8α− 16Is (2.39)

The condition for maximun d2∆/dk2 < 0 is exclusive for each k1 and k2,3 with transition at
α = 2Is. Scheme (2.1) indicate which k is maximun for α− 2Is values.
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Figure 2.1: Parameter region where k1 and k2,3 are maximuns.

k1 corresponds to an homogeneous instability while k2,3 are symmetric wavenumbers which
introduce a pattern forming instability according to their periodicity. Condition (2.36) stablishes
for which parameters the modes will grow as a consequence of any perturbation. The following
adresses the thresholds to meet such instabilities and critical wavelengths.

∆ (k2,3) = I2
s ⇒ Ics = +1 (2.40)

∆ (k1) = I2
s − (α− 2Is)

2 ⇒ (Ics)
2 − 4

3
αcIcs +

(
(αc)

2
+ 1
)

3
= 0 (2.41)

As far as k2,3 are the maximun, no matter the parameter α to present pattern forming instability
with periodicity given by kc =

√
θ − 2. The requirements to encounter homogeneous instability

(kc = 0) are met on the curve (αc, Ics) defined by the expression (2.41). Since it is a second order
polynomial, the curve has two branches

Ics± =
1

3

(
2α±

√
α2 − 3

)
(2.42)

It is easily verified that for Ics+ k1 is not maximun anymore (2Ics+ > α). Homogeneous instability
can only develop on the negative branch. Figures (2.2) displays graphically this information.

Intracavity field is not necessary single valuated for all possible ψ0ψ
∗
0 taking into account Eq.

(2.27) is cubic in Is. For certain values of the pumping the equation provides three possible station-
ary solutions in a phenomena denoted by bistability. Physically such possibilities cannot exist at
the same time. Through the linear stability analysis previously performed it can be proven that two
of the solutions will always be unstable (λ+ > 0 for some k) in case the system is found in this regime.

Bistability requires (2.27) to have to extremals respect to Is. With I0 = ψ0ψ
∗
0

Io = Is
(
1 + α2

)
+ I3

s − 2αI2
s (2.43)

Looking for extremals
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dIo
dIs

= 1 + α2 + 3I2
s − 4αIs = 0

=⇒ I2
s −

4

3
αIs +

(
α2 + 1

)
3

= 0

(2.44)

Exactly equivalent to the homogeneous instability threshold (2.41). In this case bistability re-
quires to have 2 real solutions, which implies the condition α2 > 3, a result complementary to the
previous analysis.

In the monostable regime plotted in Fig. 2.3 following Eq. (2.41), for α2 < 3 the homogeneous
stationary solution is stable all the way to Is = 1 because implicitly α < 2, taking place the pattern
forming instability.

On the other hand in the bistable regime plotted in Figure 2.4, if
√

3 < α < 2 the homogeneous
stationary solution is stable all the way to Is = 1 ocurring the pattern forming instability and being
the other two solutions unstable. If α > 2, the homogeneous instability takes place at Ics− (α),
once again being the other two solutions unstable. In this way bistability settles down a qualitative
different mechanism leading to instability and pattern formation since homogeneous instability only
happens in the bistable regime.

Figure 2.2: Left Thresholds for unstable homogeneous steady LLE solutions in parameter space.
Blue line is the separation representing the domains from (2.1). Right Graphical transition from
k2,3 −→ k1 maximun in discriminant ∆ (k) for several detuning α parameter values. Evolution of
maximas can be interpreted as a horizontal trajectory crossing the blue line at Is = 0.5 from left
figure, hence critical transition happens for α = 2Is = 1. To stress that ∆ < 1 thus all modes are
stable.
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Figure 2.3: Monostable regime with α =
√

3− 0.5. Ic = 1

Figure 2.4: Bistable regime with α =
√

3 +0.5. Ic = Ics−
(
α =
√

3 + 0.5
)
≈ 1 almost indistinguishble

compared to Figure 2.3.
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2.3 Characterization of noise excited sidebands

A fully analytical approach to Equation (2.25) is not affordable. In that context, exploring the
patterns provided by the instabilities predicted in the previous section requires numerical integra-
tions techniques. Results, that are presented in chapter 3 are split in two: Deterministic Combs
and Stochastic Combs.

A deterministic comb is the pattern resulting from solving the Lugiato Lefever Equation with-
out stochastic terms in an initially homogeneous background, under proper unstability conditions.
Provided small random fluctuations over the initial field, modes are excited and start growing based
on their eigenvalue. The Fourier transform yields the frequency spectrum, integrated by the non-
vanishing modes.

Stochastic terms, so far not included in the theoretical derivations, are introduced a posteriori
according to phenomenological reasonings. Solving the LLE within these yields stochastic frequency
combs. Theoretically, the main effect of noise is the damped excitation of modes aside to the main
comb, modes called Soft-Modes [17]. These broaden the peaks with k 6= 0. As main motivation
for this work, it has been recently discovered that this is no longer true in certain experimental
set-ups, seen at Figure 2.5.
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Figure 2.5: An experimental comb from experiments. Red curve correspond to theoretical prediction
for soft modes, broadening comb peaks. Central peak is out of predictions. Background noise can
correspond to experimental precision.
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To that extent numerical integrations of stochastic combs will be adressed in an attemp to
recover such kind of spectrums. The terms introduced match possible physical deviations from LLE
elements. Hereafter some considered schemes will be mentioned and briefly discussed. In every case
white noise, purely spatial, temporal or rather spatio temporal is involved.

µ (t) | 〈µ (t)〉 = 0

〈µ (t)µ (t′)〉 = δ (t− t′)

µ (θ) | 〈µ (θ)〉 = 0

〈µ (θ)µ (θ′)〉 = δ (θ − θ′)

µ (t, θ) | 〈µ (t, θ)〉 = 0

〈µ (t, θ)µ (t′, θ′)〉 = δ (θ − θ′) δ (t− t′)

(2.45)

Fluctuations in the Electric field rates. Quantum fluctuations inside the WGMR may
provoke modes at random to be excited by spontaneous creation and annihilation of photons, directly
perturbing the spatio temporal field ψ. This can happen at any time at any place, independently
from the current magnitude of the field. Hence it can be modeled by additive spatio temporal white
noise

∂tψ
s = µ0µ (t, θ)

=⇒ ∂ψ

∂t
= − (1 + iα)ψ + i |ψ|2 ψ − iβ

2

∂2ψ

∂2θ
+ ψo + µ0µ (t, θ)

(2.46)

Static fluctuations in the detunning parameter. Detuning parameter measures the differ-
ence between pumping frequency and the nearest cavity mode. Due to cavity imperfections, that
modal frequency can fluctuate inside the resonator at any section of it. It would be a built-in prop-
erty implying to be static in time. The structure of the equation leads to a multiplicative noise,
hence these fluctuations affect more (less) those high (low) populated modes

iαψ −→ iαψ + iµ0µ (θ)ψ

∂tψ
s = iµ0µ (θ)ψ

=⇒ ∂ψ

∂t
= − (1 + iα)ψ + i |ψ|2 ψ − iβ

2

∂2ψ

∂2θ
+ ψo + iµ0µ (θ)ψ

(2.47)

Spatio-temporal multiplicative noise. Altogether with cavity imperfections, the presence of
thermal fluctuations produces homogeneous thermal expansion/contraction along the WGMR size.
These last fluctuations would be modeled using purely temporal multiplicative noise in the LLE.
The combination of both yields the introduction of spatial-temporal multiplicative noise

iαψ −→ iαψ + iµ (t, θ)ψ

∂tψ
s = iµ0µ (t, θ)ψ

=⇒ ∂ψ

∂t
= − (1 + iα)ψ + i |ψ|2 ψ − iβ

2

∂2ψ

∂2θ
+ ψo + iµ0µ (t, θ)ψ

(2.48)
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Static long wavelength fluctuations. These perturbations try to model the fact that perfect
monochromatic light is not technically feasible. The pumping term is assumed to be monochromatic
and wavelengths are described respect its value in the model. Long wavelength perturbations to this
pumping, implies that the fourier spectrum of such is a decaying gaussian centered at the pumping
wave peak (k = 0, after renormalizing variables). Taking the fourier transform of the pumping term

F̂ ∝ δ (k) −→ µ̂ (k) e−
k2

2σ2

∂tψ̂
s
k = µ0µ̂ (k) e−

k2

2σ2

=⇒ ∂ψ

∂t
= − (1 + iα)ψ + i |ψ|2 ψ − iβ

2

∂2ψ

∂2θ
+ ψo +

µ0√
2π

∫ +∞

−∞
dkµ̂ (k) e−

k2

2σ2 ei2πkθ

(2.49)

Where µ̂ (k), ∂tψ̂
s
k are white noise and the contribution to the fourier mode k time evolution in

fourier space, respectively.

Spatio-Temporal long wavelength fluctuations. This work will also explore the possibility
that the laser frequency broadening changes in time.

F̂ ∝ δ (k) −→ µ̂ (t, k) e−
k2

2σ2

∂tψ̂
s
k = µ0µ̂ (t, k) e−

k2

2σ2

=⇒ ∂ψ

∂t
= − (1 + iα)ψ + i |ψ|2 ψ − iβ

2

∂2ψ

∂2θ
+ ψo +

µ0√
2π

∫ +∞

−∞
dkµ̂ (t, k) e−

k2

2σ2 ei2πkθ

(2.50)

The numerical approaches to solve the LLE including these noise schemes are detailed in appendix
chapter 5.
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Chapter 3

Results

This chapter presents the solutions of LLE by means of a pseudo spectral numerical method.
In a nutshell, the method translates the PDE problem into a set of coupled ordinary differential equa-
tions. To that extent the fourier transform of the equation is taken, in particular following the
discrete fourier transfrom (DFT), its numerical analogue. Each of these ODEs consists of a
linear and a non-linear part. Hereafter the algorithm iteratively solves each fourier mode computing
first the non-linear term in real space, being the linear part fully analytical solvable. The integration
scheme is detailed in Appendix A.

As in any numerical technique, time and space are inevitably discretized, consequently the ac-
cesible fourier modes. Part of modeling WGMR relies on their circular symmetry approximation.
This is built-in in the LLE (see Eq. 2.2). This symmetry is interpreted using periodic boundary
conditions when solving the equation, which naturally introduces the discretization of resonator
modes in the numerical model.

ψ (t, 0) = ψ (t, L) (3.1)

Once defined the minimun wavenumber interval ∆k (the free spectral range) the system size is
determined

L = λmax =
2π

fr
=⇒ L =

2π

∆k
(3.2)

Therefore, given the number of grid points N the minimun spatial interval comes by ∆x = L/N =
(2π)/(N∆k). Patterns are expressed as ψψ∗, the square modulus of the complex field ψ. Likewise
the frequency comb is obtained displaying the power spectral density of the resulting field fourier
transform ψ̂ψ̂∗. Simulations are presented as follows: First the Deterministic Combs, showing the
basic phenomena resulting from the linear analysis stability. Second, using those patterns as initial
conditions the effect of fluctuations into the equation is depicted. Finally results that matches the
experimental results are analyzed.
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3.1 Deterministic Combs

The LLE equation is vastly rich in phenomena depending on its parameter space and the initial
condition. For instance, for high values of Is the appereance of chaotic behaviour is guaranteed [16].
This work restrics the dynamics to the parameter space around the critical conditions derived from
the study of the linear regime done in chapter 2.2. Thus patterns are obtained slightly beyond the on-
set of instability delimited in Figure 2.2 using the steady homogeneous solutions as initial conditions.

Simulations take a time step dt = 10−3 and the discretization contains N = 1024 points. Due
to the use of DFT the numerical problem of Aliasing appears (see Appendix B). In order to avoid
it, the system size given by ∆k as free parameter has to be properly tuned for each set {Is, α}
with the purpose of covering all the meaningful frequencies (see page 31, first paragraph). Figures
3.1,3.2,3.3 are simulations carried out in the monostable regime with pattern forming instability
θ <
√

3, bistable regime with pattern forming instability
√

3 < θ < 2 and in the bistable regime with
homogeneous instability θ > 2, for which qualitative differences were found performing the linear
analysis. In fourier space, to stress the individuality of fourier modes along to the representation
by continous lines, those are denoted by a diamond symbol. The power spectrums are symmetric
around k = 0 because of the discrete fourier transform involves conjugated exponential terms.

Arrays of figures are intended to highlight the basic dynamics of the building process. Within the
parameter region under study, the stationary state in every case corresponds to patterns whose DFT
is a set of isolated nonvanishing fourier modes, legitimizing this mathematical framework for
studying frequency combs. Evolution starts at t = 0 and runs until the stationary state is achieved.
Such stationary state strongly depends on the number of interacting modes for a given detuning
α value. More modes requires a longer time. Comparing simulation 3.1 with cases 3.2,3.3, a final
different time was required to develop the isolated combs.

The final state is related with the dependence of fr and the final power spectrum amplitude
with α. Assuming Is is essentially fixed for each α just beyond the instability region, characterizing
such combs is a unidimensional problem. For instance, for any N such that the system can develop
a valid frequency comb (see page 31, first paragraph) the number of comb peaks increases with a
parallel enhancing in the detuning.

Along with the frequency comb it seems to exist a noisy background. Initially for times t ≈ 1−100,
it corresponds to the fluctuations in the initial condition, exciting in an homogeneous way the modes
with k 6= 0. When the simulation is over it is associated to the numerical precission in the code
scheme. Modes cannot be precisely described past that precision, remaining a fluctuating back-
ground. It does not have any physical meaning.

Figures 3.1,3.2,3.3 show dynamic information of the evolving modes. The most relevant is the
dichotomy among the linear and non linear regime. The transition among both regimes takes place
approximately when the pattern amplitude in real space (left column of figures 3.1,3.2,3.3) exceeds
the threshold in which the forming pattern can be considered a perturbation to the smallest order
to the steady homogeneous solution. There is a difference in time of two orders of magnitude in the
appeareance of such transition among the monostable regime, taking place at t ≈ 1000, whereas for
the other two these quickly go into the nonlinear behaviour at t ≈ 10. On the mode side point of
view the linear regime corresponds for the interval of time when modes evolve exponentially in time
independent of each other according to λ (k).
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Figure 3.1: (Left) Pattern evolution from initial condition and (Right) resulting frequency comb.
α =
√

3−0.5 (monostable regime with pattern forming instability), Is = 1.01, ∆k = 0.05. From top
to bottom: t = 1, 10, 100, 1000, 10000.
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Figure 3.2: (Left) Pattern evolution from initial condition and (Right) resulting frequency comb.
α = 1.8 (bistable regime with pattern forming instability), Is = 1.01, ∆k = 0.07. From top to
bottom: t = 1, 10, 100, 1000, 40000.
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Figure 3.3: (Left) Pattern evolution from initial condition and (Right) resulting frequency comb.
α =

√
3 + 0.5 (bistable regime with homogeneous instability), Is = 1.03, ∆k = 0.1. From top to

bottom: t = 1, 10, 100, 1000, 30000.
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Figure 3.4 displays the individual evolution of two given modes altogether with the linear approx-
imation. During the linear regime, because the pattern is presented as log10 (ψψ∗), the spectrum
resembles Fig. 2.2 so long as λ (k) ∈ R. In case of λ (k) ∈ C by the same token modes evolve ho-
mogeneously with λ (k) + λ∗ (k) = −2. Once the flat spectrum barrier constituted by λ (k) declines
up to approximately the bottom numerical frontier, the nonlinear behaviour emerges as a sudden
collective dynamics of the system meaningful modes. Due to numerical precision the system has
a number of modes that contributes to the system evolution given a set of parameters. These are
those whose numerical amplitude is above such limit. The numerical precision considered in the
simulations is double precision, i.e. 16 significative digits. Extra modes included just decay and do
not participate in the process. Their real amplitude is below that limit indeed. Facing the problem
of aliasing partly consists on choosing the system size (by means of ∆k) such that it guarantees every
mode will have an amplitude lying above the precision limit. As an example, at time t = 10000 Fig.
3.1 clearly shows that modes with k ≥ 15 do not participate in any non-linear dynamics because the
space discretization is too fine.

Thus the role of a particular scheme for ∆k is of great importance as α changes. Computing
the evolution of a limited number of modes implies having the priority that most of them play their
role in the comb. As in the previous paragraph was noted, in Figure 3.1 there are many modes not
participating in the dynamics, meanwhile the system size in Figure 3.2 seems to be perfectly tuned
so that most of the modes are above the precission limit. This means ∆k has to be set according
to the system size that captures only those modes. To give insight into that question a systematic
exploration of this quantity as function of α is carried out. Figure 3.6, (top), represents this result
labeled as L∆k. This quantity is the size of the domain in fourier space on which comb peaks develop
around k = 0 above the noisy. Its meaning is restricted to the context of numerical modeling, other-
wise infinite harmonics would participate. As follows the numerical method to retrieve such quantity
is described. Considering the y-logscale representation, consecutive fourier modes contribute to the
power spectrum with an exponential decay as long as |k| increases. Using this property, fitting the
comb peaks logarithm value to a straight line helps to stablish that the system size corresponds twice
the value of k resulting from crossing such line with the numerical precission limit. Twice because
of the comb is symmetric around the homogeneous mode. The behaviour satisfies two regimes, for
which the first one (involving α ∈ [0, 1.3] approximately) yields a soft linear decrease, meanwhile
the second seems to follow a law of the kind y = xν , ν < 1, hence steadily increasing for higher
detunings. As a consequence the system size L∆k or rather ∆k is adjusted through Equation (3.2)
to this result by means of a piecewise expression for ∆k as function of α. The choice of this scheme
is presented at the (Top Inset) in Fig. 3.6 and every next simulation is computed according to it.

With regard to the nonlinear regime, it emerges as a sudden collective excitation cascade that
can be interpreted with the numerical appereance of the four wave mixing proccess detailed in the
introduction. The power input through the homogeneous state flows equally towards all sideband
frequencies thus exciting every frequency at instants already discussed when transition between
linear-non linear regimes takes place. As the cascade process is over, the frequency amplitudes not
belonging to the final stationary frequency comb start decaying. This decline is clearly depicted in
Fig. 3.1 at time t = 1000 and it can be inferred from 3.2 and 3.3 at t = 1000 when it is starting.
An alternative visualization for the dynamics described is displayed in panel 3.5 following the time
evolution for each of the α used before. The first row exposes the dynamics for those modes whose
discriminant is real, meanwhile the other two for those whose discriminant is pure imaginary. For
α =
√

3−0.5 (Top) the chosen modes are about the limit of real eigenvalue, a transition ocurring at
k = 1.340. Thus it does not show the decay with λ+λ∗ = −2 but with the eigenvalues studied in the
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linear analysis approximation. The succeeding non linear regime is here depicted mainly as a sudden
increase in amplitude followed by a generalized decay for the modes not belonging to the stationary
frequency comb. When looking to the cases α = 1.8 (center), α =

√
3 + 5 (bottom) the selected

modes clearly lie outside the domain of purely real eigenvalue. Therefore initially the behaviour is
purely driven by λ = −2 for all modes since the comb is displayed as the square modulus. It worths
to stress that this linearity appears not as a linear curve due to the x-axis log-scale. As an extra
observation, it can be observed how the linear regime spans for a narrower window time as α is
increased. After the non-linear disruption the amplitude is constrained, finally decaying the comb
peak’s sidebands wavenumbers.

The property of an exactly fixed fr is also tested. The finite number of modes makes fr to
present sudden increases/decreases when the number of modes between two consecutive comb peaks
switches. The apparent continuous variation in the comb tooth spacing is due to the stablished
functional dependence ∆k (α). Therefore for each detuning the separation among modes is slightly
different. Equation kc =

√
2− α predicts the first wavenumber being excited at the onset of in-

stability. Figure 3.6 (middle) shows that in simulations it determines the comb spacing up to a
limiting value of α. Nonetheless there is not in principle any theoretical consideration that after the
non linear regime the frequency comb has to be composed of this frequency and its harmonics. This
switch appears to be precisely at α =

√
3, the transition among monostable-bistable regimes. Right

after this transition the spacing steeply increases. Then it is kept constant to continuedly enter in
a state where this magnitude is highly sensible on α, being able to shift among several values for
really small differences in the detuning. Finally for α ≈ 3 the spectrum is not discrete anymore due
to the appereance of chaotic behaviour in the field. To omit the increase in system size, Figure 3.6
(bottom) shows fr but expressed just as the number of modes separating consecutive comb peaks.
In this representation the big shift in the number of modes is due to the transition between ”small
system size” towards ”great system size” lowering the density of meaningful comb peaks.

The requirement for a different final simulation time was accounted by the higher amount of
participating modes involved as α increases. Nevertheless this time is different for a smaller detun-
ing than other; t = 40000 against t = 30000. There is not a simple criteria for selecting this time,
since patterns relatively fast evolves towards a definite state but their combs still evolves a great
time more before achieving the complete stationary state, until modes not corresponding to comb
peaks decays to the numerical precision limit. Several computational methods were tested to find
such a criteria, as constraining the numerical computation while ∂t|ψ|2 < tol where tol is an input
parameter. But this number was not clearly determined. So that the way out was just introducing
a time big enough to ensure the stationary state is obtained. Now the reason for t = 40000 at
α = 1.8 if partly due to the increase in L∆k as defined in Figure 3.6, the excess of time respect to
the realization for α =

√
3−0.5 cannot be accounted exclusively to a higher amount of participating

modes, since this quantity, L∆kfr, is even bigger for higher detunings. It suggests the presence of
unknown effects at the bistable transition and during this regime, for α ∈ [

√
3, 2]. So the election

of simulation times when obtaining comb realizations is as follows; t = 20000 in the monostable
regime, t = 40000 in the bistable regime, and t = 30000 when the pattern forming instability takes
place.

Considering the patterns in real space, the periodicity is given by the excited mode with smallest
wavenumber, the first non-homogeneous comb peak. Pattern structures begin to tighten as the total
number of excited modes L∆k

fr
increases, i.e. with larger detuning values.
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Figure 3.4: Validation of linear approximation in frequency comb dynamics with α =
√

3 − 0.5.
(Left) Plot shows the linear approximation dynamics of two modes with a positive (blue straight
line) and negative (red straight line) eigenvalues (indicated at inset legend) in logarithmic scale.
In green the whole evolution is included. (Right) Plot corresponds to the k interval from where
wavenumbers were chosen.
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Figure 3.5: Panel distribution displaying mode dynamics for several detunings; (Top) α =
√

3 −
0.5, (Middle) α = 1.8 ,(Bottom)

√
3 + 0.5. (Left) Curves corresponding to the individual time

behaviour. (Right) Modes labeled by k participating in the plot. Comb peaks are represented in
blue, in purple their sideband frequencies and in yellow the homogeneous mode (only in (top) row).
Time axis is expressed in log-scale.
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Figure 3.6: Characterization of frequency combs over the detuning domain under study. (Top Inset)
System size scheme or minimun wavenumber spacing used in the computation of the deterministic
frequency combs. (Top) Size of the fourier domain L∆k populated by meaningful system modes
as a function of α. (Middle) Numerical value of fr, the comb tooth spacing, in fourier space as
a function of α. In dashed line the critical value kc =

√
α− 2. (Bottom) Same as before but

expressing fr as the integer number of modes separating comb peaks resulting from the numerical
model.
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3.2 Stochastic Combs

Figure 3.6 constitutes the portray of deterministic frequency combs in the detuning regime this
thesis discusses; α ∈ [0, 3]. The effect of stochastic terms, introduced in section [2.3], into the deter-
ministic solutions, altogether with the previous information, is analyzed in this section. Therefore
the new problem now consists in solving the dynamical system LLE + stochastic term, under the
initial condition given as a fully grown stationary deterministic frequency comb. The proccedure
is evolving the new pattern until it achieves the stationary state. Considering a stochastic LLE
equation, the mathematical treatment from section (2.2) is not valid anymore and we are dealing
with a different scenario for each different noise scheme. That is the reason new solutions will not
start from an homogeneous plus small fluctuations background. If in addition the noise amplitude is
of low intensity, this let us to study the effects of noise as first order perturbations in the stationary
frequency comb ψo, also being valid in fourier space.

ψ = ψo + δψ

ψ̂ = ψ̂o + δ̂ψ
(3.3)

Still, ψ is a random field. Patterns were provided as the square modulus of the field. This
thesis proposes the study of the structures generated through noise excitation taking the average of
succesive patterns realizations, both in real and fourier space.

〈ψψ∗〉 = 〈(ψo + δψ) (ψ∗o + δψ∗)〉 = 〈ψoψ∗o〉+ 〈ψoδψ∗〉+ 〈ψ∗oδψ〉+ 〈δψδψ∗〉〈
ψ̂ψ̂∗

〉
=
〈(
ψ̂o + δψ̂

)(
ψ̂∗o + δψ̂∗

)〉
=
〈
ψ̂oψ̂

∗
o

〉
+
〈
ψ̂oδψ̂

∗
〉

+
〈
ψ̂∗oδψ̂

〉
+
〈
δψ̂δψ̂∗

〉 (3.4)

The implementation of noise, through white noise, has not any preference around the stationary
state. Thus fluctuations fulfill 〈δψ〉 = 〈δψ∗〉 = 0. Therefore in Eq. (3.4) cross terms vanish, and the
average turns out to be

〈ψψ∗〉 = |ψo|2 +
〈
|δψ|2

〉〈
ψ̂ψ̂∗

〉
= |ψ̂o|2 +

〈
|δψ̂|2

〉 (3.5)

Simulations let explore the square modulus of perturbations around the stationary pattern. To
begin with, Figures 3.7, 3.8, 3.10, 3.9, 3.11 represent the main outcomes of the simulations. These
are averages of 100 realizations using fluctuations, starting from the initial stationary comb with
parameters remarked in the figure captions and driving the system towards its stationary state. As
for deterministic frequency combs, addressing the question when the stationary state is achieved is
not trivial. In the case of fluctuations the system is very sensible to the perturbation amplitude
used, hence there is no absolute criteria to accurate determine such final situation. Different modes
may achieve stationary state at different times. A generic time of t = 3000 is considered to reach the
stationary state, inferred by means of analyzing the individual behaviour of modes under different
schemes. In case of static noise modes really remain stationary in time while for time dependent
fluctuations what remains stationary is the amplitude of modes oscillations. New spectrums include
two basic properties. Broadly speaking these consist on a continous spectrum due to the excitation
of every mode, overlapping the initial stationary comb and a broadening of the remaining isolated
comb peaks through the excitation of their nearby modes.
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Figure 3.7: LLE with additive spatio temporal noise, Eq. (2.46). (Left Column) corresponds
to single realizations. (Right Column) to averages with 100 realizations. (Top) the stationary

resulting power spectrum ψ̂ψ̂∗,
〈
ψ̂ψ̂∗

〉
, (Center) perturbed patterns δψ̂δψ̂∗,

〈
δψ̂δψ̂∗

〉
, (Bottom)

the same as before but presenting the real space fluctuations δψδψ∗, 〈δψδψ∗〉. For this simulation
the noise amplitude is µ0 = 10−8, α = 0.1428.
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Figure 3.8: LLE with static multiplicative noise in the detuning, Eq. (2.47). (Left Column)
corresponds to single realizations. Right Column corresponds to averages with 100 realizations.

(Top) the stationary resulting power spectrum δψ̂δψ̂∗,
〈
δψ̂δψ̂∗

〉
, (Center) perturbed patterns

δψ̂δψ̂∗,
〈
δψ̂δψ̂∗

〉
, (Bottom) the same as before but presenting the real space fluctuations δψδψ∗,

〈δψδψ∗〉. For this simulation the noise amplitude is µ0 = 10−8, α = 0.1428.
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Figure 3.9: LLE with spatio temporal multiplicative noise in the detuning, Eq. (2.48). (Left
Column) corresponds to single realizations. (Right Column) corresponds to averages with 100

realizations. (Top) the stationary resulting power spectrum δψ̂δψ̂∗,
〈
δψ̂δψ̂∗

〉
, (Center) perturbed

patterns δψ̂δψ̂∗,
〈
δψ̂δψ̂∗

〉
, (Bottom) the same as before but presenting the real space fluctuations

δψδψ∗, 〈δψδψ∗〉. For this simulation the noise amplitude is η0 = 10−6, α = 0.1428.
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Figure 3.10: LLE with static long wavenumber fluctuations, Eq. (2.49). (Left Column) corresponds
to single realizations. (Right Column) corresponds to averages with 100 realizations. (Top) the

stationary resulting power spectrum ψ̂ψ̂∗,
〈
ψ̂ψ̂∗

〉
, (Center) perturbed patterns δψ̂δψ̂∗,

〈
δψ̂δψ̂∗

〉
,

(Bottom) the same as before but presenting the real space fluctuations δψδψ∗, 〈δψδψ∗〉. For this
simulation the noise amplitude is µ0 = 10−10, α = 0.1428 and parameter σ = 0.001.
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Figure 3.11: LLE with temporal long wavenumber fluctuations, Eq. (2.50). (Left Column) corre-
sponds to single realizations. (Right Column) corresponds to averages with 100 realizations. (Top)

the stationary resulting power spectrum δψ̂δψ̂∗,
〈
δψ̂δψ̂∗

〉
, (Center) perturbed patterns δψ̂δψ̂∗,〈

δψ̂δψ̂∗
〉

, (Bottom) the same as before but presenting the real space fluctuations δψδψ∗, 〈δψδψ∗〉.
For this simulation the noise amplitude is η0 = 10−11, α = 0.1428 and parameter σ = 0.0001.

41



There are two exceptions, refering to the cases represented n 3.10 and 3.11. In the case of
long wavenumber fluctuations, both static and temporal, there is not appereance of a continuum
spectrum, but only the broadening around the comb peaks. Such broadening seems to be directly
related to the parameter σ. Meanwhile for static multiplicative noise every comb peak comes with
the excitation of its nearby modes, this does not happen for the schemes involving temporal noise,
both additive and multiplicative spatio-temporal noise. In those two last, removing the comb peaks
one observes that the fourier spectrum is flat excluding the first mode (and its complex conjugate)
which presents a net broadening of their first comb peak. The next observation is the identification
of noise excited sidebands around the homogeneous mode. This happens for outcomes 3.8,3.10,3.11.
It is interesting to note the absence of such kind of sidebands in the spatio temporal schemes which
may led to physical interpretations for the experimental comb presented in the modeling section,
Figure 2.5.

Regarding the patterns in real space, here it is presented the magnitude 〈δψδψ∗〉 altogether
with a single realization of the noise. Before presenting these results the pattern harmonics were
removed. The resulting contribution to the field on average comes from the highest noise-excited
modes. Depending on how these sideband modes are excited, one would expect, once taking the
square of the modulus, to be a pure squared harmonic function with frequency 2fr. This is clearly
seen in Fig. 3.8. Cases 3.10 and 3.11 are different in the sense that they have several excited modes
competing each other at a similar magnitude so that the total contribution to the perturbation
presents beatings that modulate the amplitude over its periodicity. Concerning single realization
simulations, those also present the periodicity approximately of 2fr along with beating modulations
which can be accounted for the presence of many randomnly excited sidebands modes due to noise.

The obtention of more accurate averages with an increasing number of realization is feasible but
would require a huge amount of time. Simulations are carried out in a commun desktop computer,
taking the order of ≈ 3h for averages including n = 50 realizations. This amount of time depends
on the numerical implementation, being the greatest for additive spatio temporal noise. This limits
the accuracy of predictions done when making the exploration into the space parameters.

Displayed results 3.7,3.10,3.8,3.9,3.11 come with a wide parameter choice. In particular the noise
amplitude is different by several orders of magnitude among noise schemes. For instance, fourier
spectrums gathered from the noise perturbed LLE do not show the same continuum background
with the white noise amplitude. Moreover, these combs, altogether with the broadening of comb
peaks, can be destroyed (absence of stationary pattern) if this magnitude is too intense. This is
related to the threshold where the addition of noise is considered to be a perturbation small enough
to be considered of first order. To characterize this, Figure 3.12 presents the comb energy E , the
density power spectrum integral. In particular the difference between the deterministic comb and
the contribution into fourier modes due to the noise.

∆E = E − E0 =

∫
dkψ̂kψ̂

∗
k −

∫
dk|ψ̂k,0|2 =

∫
dk|δψ̂k|2 (3.6)

This quantity is a random variable itself. As already stated patterns in this work are described

according to their average
〈
|δψ̂|2

〉
, hence it is natural to perform the same analysis with this

magnitude. According to Chebyshev’s theorem [29] the average is bounded by its sample average
and sample standard deviation.
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〈∆E 〉 ≈ µ (∆E ) +
σ (∆E )√

M
(3.7)

M is the number of realizations. Given a random variable x̂, µ, σ are expressed as

µ (x̂) =
1

M

∑
i

x̂i (3.8)

σ2 (x̂) =
M

M − 1

(
1

M

∑
i

x̂2
i − µ2 (x̂)

)
(3.9)

Focusing into the pattern’s energy second moment

1

M

∑
i

x̂2
i =

1

M

∑
i

∆E 2
i =

∫∫
dkdk′

1

M

∑
i

|δψ̂k,i|2|δψ̂k′,i|2 =

∫∫
dkdk′ak,k′ (3.10)

Matrix ak,k′ is also retrieved from the perturbed LLE realizations.
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Figure 3.12: Contribution of stochastic perturbations to system’s ∆E δψδψ∗ as function of the
amplitude noise parameter η0. Legend reads as mS multiplicative Static noise, addST additive
Spatio-Temporal noise, mST multplicative Spatio-Temporal noise, Slwf Static long wavelength
fluctuations, STlwf Spatio-Temporal longwavelength fluctuations. α ≈ 1.22 <

√
3, monostable

regime. σ = 0.0001.

Figure 3.12 displays how the noisy combs depends upon the noise intensity, η0, keeping fixed
the detuning at α ≈ 1.22, within the monostable regime. Over a wide range of η0, E seems to
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depend linearly on this parameter. Moreover, with the same slope for all the schemes. Using
logarithmic scale on both axis the plot keeps it linear with η0, showing greater energies as the noise
intensity increases. This result may indicate that noise introduces contributions to the comb such
that it is evenly distributed once the stationary state is achieved after several realizations, and
independent of the kind of fluctuations involved. This happens despite for instance, multiplicative
noise has a preference of perturbing modes contributing more to the field ψ (the spectrum of a
deterministic comb shows the first harmonic is the most intense). Another interpretation, is that
the total contribution to E is such that every mode but the first harmonic sidebands are negligible
in terms of contributing to the integral. Thus based on this analysis, this magnitude does not
clearly indicate differences among how noise schemes excite the comb spectrum. Nevertheless this
result clearly states the relation of systems more efficiently translating random excitations into their
stationary power density spectrum. From greater to lesser degree the relation is, Spatio-Temporal
and Static long wavelength fluctuations (approximately equal) Slwf and STlwf, additive Spatio-
Temporal noise addST, multiplicative Static noise mS and finally multiplicative Spatio-Temporal
noise mST. From this result next information comes about the stability of patterns depending on
η0. Not explicitly stated in the graph, it has been observed that Slwf and STlwf become unstable
for, approximately, η0 > 10−6. On the other hand the others schemes are fearly stable over a great
range for the parameter involved, whose stationary patterns are destroyed when the amplitude of the
random numbers are clearly beyond just a first order contribution to the field. The final observation
is when noise is negligible enougth to produce any excited noise modes. Such limit is displayed for
mST in figure (3.12) for η0 ≈ 10−15, with E not decreasing anymore. Depending E linearly on
η0, the previous limit helps to extrapolate to which noise amplitude the system is not exciting any
extra-mode.

The previous study was carried out just for a particular α. The following step is extending such
analysis to how ∆E changes with the detuning. A sample is taken from static multiplicative noise
results using amplitudes η0 = 10−3, 10−6, 10−9, and displayed in Figure 3.13. First, comprising the
whole range of detuning explored, stands out that the difference among η0 values is the same as indi-
cated in Plot 3.12 for every α. To emphasize this result, what is really plotted is the real output from
η0 = 10−9 over which the others two data sets, times factors of 10−6 and 10−3 respectively, overlap
it, matching in quite good agreement. Thus the pattern noted in Fig. 3.12 can be extrapolated for
every detuning value. There is a sudden and noticeable ∆E with several order of magnitudes above
what seems to be the natural dependence on α. of this quantity. A possible explanation could be
of numerical nature, due to a bad precission on α that leads the underlying deterministic comb to
have a higher density of comb peaks. This interpretation is motivated by the bottom plot of Figure
3.6 where a sudden transition towards higher density of comb peaks takes place at approximately
such α. Along with each data point is also included its standard deviation as y-errorbar. The values
obtained for the last magnitude are small enough to not be significantly differentiated from the data
point markers, at least using logscale axis. Nevertheless, the magnitude under study does not seem

to meet at a very precise curve, even though σ(∆E )√
Naver

is small. Apart from α, the parameter which

this work tries stochastic combs to solely depend on, the system is actually very sensible on other
parameters such that ∆k or L∆k. Thus it is feasible not having a very smooth behaviour, although
those are fixed for each α.

Next, the previous idea is tested but envisaging all noise schemes. Figures 3.14,3.15 illustrate
it for η0 = 10−9. With such value, patterns remain stable under any random fluctuations tested.
Figure 3.14 includes the standard deviation as y-errorbars, but as before it is not distinguishable.
Instead, this magnitude is displayed in 3.14 independently. Assuming the dependence of ∆E on η0

is independent of α, comparing among the different schemes for each α is also independent of the
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Figure 3.13: Results for ∆E obtained with multiplicative static noise as function of α. Results corre-
sponding to η0 = 10−3, 10−6 are presented multiplied by constant factors 10−6, 10−9 respectively to
stress that the noise amplitude constitutes a fixed amount into the comb energy being independent
of the detuning.

noise amplitude. These results states that the relative. The conclusions drawn from Figure 3.12
persist. Again Slwf, STlwf are the most intense followed by addST, mS and finally mST. This
holds true for the whole parameter set. As the detuning increases, ∆E also increases. The main
contribution to that may arise from a larger system size altogether with a higher comb peak density,
resulting in more noisy modes. The most interesting observation comes by the aparent transition
from monostable regime to bistable regime with pattern forming instability and between bistable
regime with pattern forming instability to pattern forming instability with homogeneous instability.
The system notes this by a higher energy contribution at the boundaries of this transitions in α
domain, α = {

√
3, 2}. For detunings near right boundary, multiplicative static noise and additive

spatio temporal noise approach to each other in intensity. On account of the reasons given before,
the higher comb peak density implies that numerically the discretization of N points representing
the WGM is not accurate, and the system’s reaction upon random fluctuations becomes similar, for
every scheme used. Studying the fluctuations of this averages, the behaviour is the same, taking
place higher fluctuations of the noisy modes (hence on the quantity ∆E ) being greater for larger
detunings.
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Figure 3.14: Results for ∆E for all kind of fluctuations versus α. η0 = 10−9. σ = 0.0001.
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Figure 3.15: Results for σ (∆E ) for all kind of fluctuations versus α. η0 = 10−9. σ = 0.0001.
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Once a general overview of the stochastic comb performance is providad, this work moves into
the results yielding the properties seen at the experimental Figure 2.5. At outcomes displayed
3.7,3.10,3.8,3.9,3.11, whenever a scheme produces an effective excitation of noisy-modes around

k = 0, it is shown qualitatively how these decline as the distance to
〈
|ψ̂k=0|2

〉
increases. This

happens until their intensity intersects the corresponding noisy background. The next result gives
insight on how such decay takes place as α varies. As for N = 1024 the density of comb peaks is
large for large detunings, excited noisy modes are highly compacted and it is difficult to distinguish
how they decrease. To overcome this issue it is proposed to study the behaviour of excited modes

around
〈
|ψ̂k=0|2

〉
by means of the following two fourier modes and their complex conjugates.

Ωα =

〈
|ψ̂k=∆k|2

〉
+
〈
|ψ̂k=−∆k|2

〉
−
〈
|ψ̂k=fr/2|2

〉
−
〈
|ψ̂k=−fr/2|2

〉
〈
|ψ̂k=fr/2|2

〉
+
〈
|ψ̂k=−fr/2|2

〉 (3.11)

The difference between the first noise-excited mode, thus the most intense, and the noisy back-
ground, assumed to be at the center between nearest comb peaks1, over the latter. Therefore the
notation of ±∆k, ±fr/2 in the subscripts. To make use of the fourier spectrum symmetry, modes
are presented as the average among complex conjugates around k = 0. This quantity is a measure
of how modes are excited relative to the background spectrum, as long as computational issues let
the task to be studied. Outputs are presented in Figures 3.16,3.17. Systems not producing random
fluctuations around the homogeneous mode corresponding to plots 3.7,3.9 are omitted from the fig-
ures, being bounded by Ωα ≤ 1.

According to previous results, modifying η0 the net effect in ∆E is the same linear dependence
for all systems but it gave not insight into the precise fourier spectrum shape. Results presented
here show static multplicative noise at Fig. 3.17 exhibit no difference for different η0 while in turn
for long wavelength fluctuations there is a clear difference, particularly for small detunings. Hence
it is possibly to hypothesize that power spectral density spectrums for multiplicative noise are in-
dependent of the noise amplitude but a homogeneous factor. In logarithmic scale this is seen as a
rigid displacement of the spectrum, being the shape of excitations independent of this parameter.
On the other hand, the noise intensity seems to scale down this modes, having a net effect on how
fluctuations excites the spectrum.

Comparing the potential of producing homogeneous random excited sidebands, the greater Ωα,
the greater this modes are excited. Longwavelength fluctuations in any case for the whole range of
α overtakes those in static multiplicative noise, hence being a better candidate for the experimental
observations. When including the dependence on the detuning, it is interesting to stress the ap-
pereance, as has been stated in other cases, of a transition at α =

√
3, where while the detuning

increases the excitation of these modes suddenly rise up again. After this transition, the dependence
on η0 seems to reduce for long wavelength fluctuations.

1This is not exactly true, since what happens is the continuum background overlaps, but it is the deepest the
numerical simulation data can compare with
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Figure 3.16: Quantity Ωα for Static and Spatio Temporal long wavelength fluctuations versus α.
Vertical red line indicates transition to bistable regime. σ = 0.0001.
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Figure 3.17: Quantity Ωα for Static multiplicative noise versus α. Vertical red line indicates transi-
tion to bistable regime.
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The last of the results deals with the parameter σ introduced when modeling longwavelength
fluctuations. This time the quantity to be tested is the homogeneous modes, quantized as the energy
they represent above the continuum background,

Ek=0 =

∫ fr
2

− fr2
dk
〈
|δψ̂k|2

〉
− fr

(〈
|δψ̂k=−fr/2|

2
〉

+
〈
|δψ̂k=fr/2|

2
〉)

(3.12)

A magnitude represented in Figures 3.18,3.19,3.20,3.21 versus α and σ. Keeping fixed σ = 10−4,
Figures 3.18,3.19 show the principal behaviour with α presents a peak at intermediate values of the
detuning, from which starts to begin decreasing until α =

√
3, point beyond the bistable regime takes

place, yielding a steady increase. From both pictures, Spatio-Temporal noise is slightly more effective
in generating homogeneous excited modes. The main observation is that for higher detunings, Ek=0

accordingly raises. The dependence with η0 mainly introduces a constant contribution to the energy
regardless of the detuning. Within this scenario, it can be seen according to Figures 3.20,3.21 that
this is no longer true when σ comes into play. Bounding more strictly the wavelength interval where
fluctuations occur, in particular limiting it to longer wavelengths by decreasing parameter σ, there
is a point in which the last statement reverses. Again, η0 does not play a major role. On the
other hand as σ enlarges the increase in Ek=0 quickly saturates to the maximun value presented for
σ = 10−4. The interval of this parameter encompasses the order of magnitude at which stochastic
combs keep stable.
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Figure 3.19: Ek=0 versus α. η0 = 10−6. σ = 0.0001.
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Chapter 4

Conclusions

Throughout the preparation of this thesis the generation of frequency combs has been adressed
via the Lugiato-Lefever equation plus the addition of random fluctuations in a series of numerical
models. The physical context of whispering gallery modes resonators and the Lugiato-Lefever model
is reviewed. Prior probing the effects of random fluctuations in this equation, an extensive study of
deterministic frequency combs is carried out. This study restricts the control of frequency combs to
a single free parameter, the detuning, the difference in frequency between the input frequency and
the nearest resonator mode in the WGR after a proper parametrization. The conditions exposed
in chapter 2 to bring the system towards a critical unstability leads to the formation of stationary
periodic patterns. Therefore this model and the pseudo spectral algorithm is validated to study
frequency combs. Due to the use of discrete fourier transform and numerical issues, the problems of
aliasing and system size are identified and solved by properly tuning ∆k as function of α. Analyzing
fr, its value coincides with the critical wavelength λc up to α =

√
3, transition to the bistable

regime, and thus its depence abruptly changes. The system size L∆k, even though related to the
concept of meaningful modes and the numerical precision used, gives an idea about how succesive
harmonics are excited relative to the pumping. A greater system size is indicative that the pumping
more efficiently transfers more energy. This happens with increasing α. The comb peaks density
being 1

fr
turns out to increase up to α =

√
3, where the behaviour changes and starts to slightly

increase with the remaining detuning interval.

Introducing stochastic combs and their properties, the amplitude of white noise in the algorithms
does not play a major role in the development of spectral features. Small fluctuations yield the same
output but for a homogeneous contribution to the whole comb. Furthermore, all schemes behave
quite similar except for long wavelength fluctuations. An interesting feature, already noted for the
same detuning in deterministic combs, is the appereance of a transition on how noisy modes abruptly
changes at the onset of the bistable regime. This directly affects the noise spectrum and is clearly
seen in Figures presenting Ωα, 3.16,3.17. The width of long wavelength modes that fluctuates in the
pumping frequency, indicated by the parameter σ in the modeling, has also been tested through the
analysis of Ek=0. The main observation is that the dependence with α of the homogeneous modes
inverts if σ is moderate enough. Since this study was carried analyzing Ek=0 the previous statement
can present repercussions if the pumping frequency used is more or less precise.

The main goal of this thesis is to characterize the stochastic combs and to identify which schemes
yield a similar output to Fig. 2.5, corresponding to laboratory measurements. In this respect the
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work also succeeds showing that static multiplicative noise and both static and spatio-temporal long
wavelength perturbations produce homogeneous random excited sidebands. On the other hand both
spatio-temporal additive and multiplicative noise do not reproduce this result. A first claim is that
additive noise, modeling random fluctuations in the electric field inside the resonator, does not play
a role in this mechanism, while on the other side the temporal dependence in multiplicative noise,
motivated by thermal fluctuations either seems to prevent the formation of those spectral features.
Static multiplicative noise comes by introducing imperfections in the resonator, giving rise to local
differences in the cavity modes, thus perturbing the detuning along the whole domain. Hence if the
model has k = 0 assigned to the pumping frequency, these local differences in the detuning can be
interpreted as if the pumping frequency was different, rather than the nearest cavity mode itself
finally yielding the excitation of modes with k ≈ 0. Nevertheless it should imply that the higher
the fluctuations in α, then the wider the range of homogeneous sidebands should be excited. This
feature is not observed during the modeling presented in this work (see Fig. 3.17).

Experimentally it may be difficult to isolate thermal fluctuations. Therefore static multiplicative
noise could not properly predict the unexpected result in a real device. The possibilities are left
with long wavelength fluctuations in the pumping as the most suitable candidate. These perturb
modes with k ≈ 0 and the physical motivation this term relies on states the fact the pumping laser
is not ideally monochromatic. Considering their static or temporal behaviour, the performance is
rather similar independent on their spatio-temporal nature. In addition this fluctuations present the
most intense contribution to

〈
|ψk|2

〉
relative to the fluctuating noisy background. The quantitative

analysis developed shows the excitation of noisy modes is more effective than for static multiplicative
noise comparing Ωα for each scheme.

The problem of aliasing arised during the study of deterministic frequency combs. The presence
of finite size effects also comprises the study of stochastc frequency combs due to a relatively small
discretization of fourier modes. Taking N = 1024 can present problems when the detuning is high
and so the comb peaks density also raises. Due to that the resolution does not allow for noise modes
to evolve. A smoother discretization would dramatically enlarge the computation time for studying
these fluctuations , being out of the scope of this thesis. Thus for large α there is an uncertainty if
results derived are real properties of these stochastic combs or rather those arise due to finite size
effects. Looking into the future, a natural direction for this work could be guided towards studying
another average magnitudes. Correlations among homogeneous noisy modes with comb peaks or the
harmonics noisy sidebands could give insight into how mutually they are influenced. Then extend-
ing to our discussion on α it would characterize these spectral features on the parameter space. A
deeper mathematical treatment of patterns and fourier modes is convenient to properly understand
the model and its fluctuations as well.
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Chapter 5

Appendix

5.1 Appendix A: Pseudo Spectral Method

This appendix will explain this method to solve numerically first order partial differential equa-
tions, involving time and 1D space. In a nutshell, it converts the partial differential equation problem
into a set of ordinary differential equations. To this extent one takes the fourier transform of the
PDE; doing so each ordinary differential equation corresponds to the evolution in wavenumber space
of a single mode. Both deterministic and stochastic cases are described.

5.1.1 Deterministic Differential Partial Equations

A PDE of the previously required form can be expressed as

∂tA (x, t) = L [A (x, t)] + N [A (t, x)] (5.1)

L denotes the equation linear terms. N on the other hand represents the nonlinear contribu-
tion. The field A (t, x) is assumed to fulfill periodic boundary conditions in a domain x ∈ [0, L].
Furthermore the fourier/inverse fourier transform does exist and reads

Ã (t, q) ≡ F [A (t, x)] =
1

L

∫ L

0

A (t, x) eiqxdx

A (t, x) ≡ F
[
Ã (t, q)

]
=

∞∑
k=∞

Ã (t, q) e−i
2π
L kx

(5.2)

Defining qk = (2π/L) k, the discretized wavenumbers. As it has been mentioned, the idea is
taking the fourier transform of the equation.

∂tÃ (t, q) = F [L [A (x, t)]] + F [N [A (t, x)]] (5.3)

From linear stability analysis, the fourier transform of a linear combination of linear operators
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yields an algebraic expresion in fourier space

=⇒ F [L [A (x, t)]] = σqÃ (t, q) (5.4)

Fourier transform of nonlinear terms are taken with field dependence relying on the problem.
Given the field at any time t it is possible to compute the nonlinear term in real space and taking
its fourier transform afterwards.

F [N [A (t, x)]] = ãq (t) (5.5)

The PDE and the system it describes converts into a set of ordinary differential equations, each
modeling the time evolution of modes q.

dÃ (t, q)

dt
= σqÃ (t, q) + ãq (t) ∀q (5.6)

To tackle this infinite dimensional problem, the procedure is to interpret Ã (t, q) as coefficients of
the Discrete Fourier Transform, DFT. It will be mentioned in APPENDIX B, but that approach
let that given the periodic function as a set of discrete evaluations of itself, only a finite number of
q has practical significance being the rest redundant. This is perfect for numerical calculations in
which fields are inherentely discrete.

The final idea underlying the method is to evolve the field in fourier space (every mode) one time
step, and inmediately after to compute the inverse discrete fourier transform to get the expresion
of the field at one time step. Thus iterating until the end of the simulation. Since ãq comes from
the evaluation of non linear terms, it mixes all the modes making the evaluation of system given in
expression (5.6) not so trivial to treat.

Integration scheme

There are many possible integration schemes to solve system (5.6) and some of them are explained
in [29]. For the problem of solving the LLE it will be addressed another method, also valid for other
non linear PDEs [30]. First a formal solution comes by exactly solving the linear problem and
performing a change of variable that absorbs that part of the problem.

∂tÃ
l (t, q) = −σqÃl (t, q) =⇒ Ãl (t, q) = Ãl (t0, q) e

−σq(t−t0) (5.7)

Hence calling

Ã (t, q) = z (t, q) e−σq(t−t0) (5.8)

Inserting variable (5.8) into a mode evolving according to (5.6) yields the equation

∂tz (t, q) = ãq (t) eσq(t−t0) (5.9)
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The formal solution comes by integrating and reinserting the whole field expresion,

Ã (t, q) = e−σqt
(
A (t0) eσqt0 +

∫ t

t0

ãq (s) eσqsds

)
(5.10)

A rearrangement of times can be performed in a way that the solution reads

Ã (t+ δt, q)

e−σqδt
− Ã (t− δt, q)

eσqδt
= e−σqt

∫ t+δt

t−δt
ãq (s) eσqsds (5.11)

Up to now we are dealing with the exact solution. At this point a Taylor expansion of ãq to zero
order around s = t

ãq (s) ≈ ãq (t) + O (s− t) = ãq (t) + O (δt) (5.12)

gives the right hand side of the equation

e−σqt
∫ t+δt

t−δt
ãq (s) eσqsds ≈ ãq (t) e−σqt

∫ t+δt

t−δt
eσqsds+

∫ t+δt

t−δt
O (δt) eσq(s−t)ds (5.13)

The second integral gives the order of the final approximation,∫ t+δt

t−δt
O (δt) eσq(s−t)ds ≈

���
���

��:0∫ t+δt

t−δt
O (δt) ds+

∫ t+δt

t−δt
O (δt) O (δt) ds ≈ O

(
δt3
)

(5.14)

Being the total contribution the following result

e−σqt
∫ t+δt

t−δt
ãq (s) eσqsds ≈ ãq (t)

eσqδt − e−σqδt

σq
+ O

(
δt3
)

(5.15)

Finally yielding the iterative scheme

Ã (t+ δt, q) = e−2σqδtÃ (t− δt) +
1− e−2σqδt

σq
ãq (t) + O

(
δt3
)

(5.16)

The total time step involved is ∆t = 2δt per iteration. Just using this algorithm, numerical
solutions become unstable and may diverge. The expresion makes use of the fourier transform of
the field at an intermediate step t which is not initially given by the problem. A plausible solution
is including an intermediate step in the algorithm where Ã (t, q) is approximated. Starting from the
formal solution expressed as

Ã (t+ δt, q)

e−σqδt
− Ã (t, q) = e−σqt

∫ t+δt

t

ãq (s) eσqsds (5.17)

proceeding with the same steps one is able to reach the iteration

Ã (t, q) = e−σqδtÃ (t− δt) +
1− e−σqδt

σq
ãq (t− δt) + O

(
δt2
)

(5.18)
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Regarding to the different integral time interval, this auxiliar expresion is of order O
(
δt2
)

since
the first term in Eq. (5.14) does not vanish. The Algorithm works, first starting with an initial
distribution of the field, computing its FFT and along with it solving the intermidiate step by (5.18).
Therefore one also obtains the FFT at such intermidiate step. Finally one iterates the whole time
step using expresion (5.16).

5.1.2 Stochastic Partial Differential Equations

The issue of solving stochastic partial differential equations from the master thesis’ point of view
is addressed in this subsecton. In particular to solve the LLE plus those cases included in (2.3).
Not always a nice and complete numerical iteration as (5.16) is found. Each situation is treated
separately

General remarks: Spatio Temporal Additive Noise and Static Multiplicative noise

Fields subjected to spatial-temporal noise considered here are,

∂tA (x, t) = L [A (x, t)] + N [A (t, x)] +
√
Dη (t, x) (5.19)

∂tA (x, t) = L [A (x, t)] + N [A (t, x)] +
√
Dη (t, x)A (x, t) (5.20)

Numerically the field only exists on a grid, both in time and space. This discretization implies
taking a sample of all functions involved over such grid. Nevertheless, dealing with noise this is not
possible since it is not a regular function. The approach taken goes through averaging all functions
involved over the lattice cells resulting from this grid1, including noise. This is known as Course
Grained approach.

η(cg)
n (t) =

1

∆x

∫ xn+1

xn

η (x, t) dx (5.21)

Figure 5.1: Discretization of the space in a regular lattice in one spatial dimension.

This is a stochastic process with average
〈
η

(cg)
n (t)

〉
= 0 and correlations〈

η(cg)
n (t) η(cg)

m (t′)
〉

=
1

∆x
δn,mδ (t− t′) (5.22)

1In fact temporal evolution consists on integrating over the time discretization.
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Taking into consideration the noise gaussian nature, it let’s to write the course grained noise as

η(cg)
n (t) =

1√
∆x

ηn (t) (5.23)

A set of n temporal noises terms. In case of pure spatial static noise, the result is more simple
dealing with the integration of the spatial noise. This result is known [29] and reads

η(cg)
n =

1

∆x

∫ xn+1

xn

η (x) dx =
1

∆x
w∆x =

1√
∆x

un (5.24)

Being un a random gaussian number of zero mean and unit standard deviation. Regarding to
pure temporal noise, even though it is homogeneous over all the spatial domain, likewise the coarse
grained approximation can apply over the temporal grid.

η(cg) (t) =
1

∆t

∫ tn+1

tn

η (s) ds =
1

∆t
w∆t =

1√
∆t

uj (5.25)

Again un being a random gaussian number of zero mean and unit standard deviation. The ex-
tension to spatio temporal noise is similar, characterizing both the average over space and time grid
simultaneously by different gaussian random numbers. For the sake of notation, hereinafter all noise
terms, although not explicitly mentioned, are coarse grained noise.

Turning back to the main problem, the conceptual manner to tackle it is the same; going into
fourier space. This introduces the fourier transform of the noise. Its general relation is

η̃ (t, q) =
1

L

∫ L

0

η (t, x) eiqxdx (5.26)

Which also assumes noise is spatially periodic. its average, 〈ηq (t)〉 = 0 and correlations can be
computed [29],

〈η̃q (t) η̃q′ (t
′)〉 =

1

L
δq,−q′δ (t− t′) (5.27)

Returning to the PDE, linear and non-linear terms remain unchanged. The infinite dimensional
set of ordinary differential equations depend whether noise is multiplicative or additive

dÃ (t, q)

dt
= σqÃ (t, q) + ãq (t) + η̃q (t) ∀q (5.28)

dÃ (t, q)

dt
= σqÃ (t, q) + ãq (t) + F [η (t, x)A (t, x)] ∀q (5.29)

PSM relies on DFT. Using that definition of fourier transform average and correlations can be
computed for η̃q (t). Apart from 〈ηq (t)〉 = 0, correlations satisfy [29]

〈η̃q (t) η̃q′ (t
′)〉 =

N

∆x
δq,−q′δ (t− t′) (5.30)
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This result differs from the continuum FT approach (Eq. (5.27)) by a factor N2. Hence it has to
be taken into account that there is a correspondece between correlations using the noise DFT and
definition (5.26),

η̃(cont)
q (t) ≡ 1

N2
η̃(dft)
q (t) (5.31)

In this representation, each noise fourier coefficients act as white temporal noise. Continuing
this introduction, the integration scheme has to consider the integration steps of noise.

Additive spatio temporal noise

Proposing the same change of variables as in the case for deterministic PDEs one reaches to the
equation

∂tz (t, q) = ãq (t) eσq(t−t0) +
√
Dη̃q (t) eσq(t−t0) (5.32)

Once integrated and after reintroducing the DFT coefficients, the formal solution reads

Ãq (t) = e−σqt
(
Ãqe

σqt0 +

∫ t

t0

ãq (s) eσqsds+

∫ t

t0

√
Dη̃q (s) eσqsds

)
(5.33)

The addition of stochastic terms implies a two time step computation being unphysical. It
would require for each 2δt to simulate an auxiliar noise term at t + δt, being dropped out for the
next iteration. This is not consistent with a physical noise interpretation. Therefore the algorithm
scheme is adapted to a one ∆t = δt step. Anyhow a random contribution into an intermediate field
may be shielded by the random contribution at ∆t = δt.

Ã (t+ δt, q)

e−σqδt
− Ã (t, q) = e−σqt

∫ t+δt

t

ãq (s) eσqsds+
√
De−σqt

∫ t+δt

t

η̃q (s) eσqsds (5.34)

Let’s focus on the noise term

g̃q (t) =
√
De−σqt

∫ t+δt

t

η̃q (s) eσqsds (5.35)

Since η̃q (s) is gaussian, that integral corresponds to a combination of gaussians, thus being a
gaussian random process, with mean zero, and standard deviation given by

〈g̃q (t) g̃q′ (t
′)〉 = De−(σqt+σq′ t′)

∫ t+δt

t

∫ t′+δt

t′
〈η̃q (s) η̃q′ (s

′)〉 e(σqs+σq′s
′)dsds′

= De−(σqt+σq′ t′)
∫ t+δt

t

∫ t′+δt

t′

N

∆x
δq,−q′δ (s− s′) e(σqs+σq′s

′)dsds′
(5.36)

This expresion does not vanish if |t−t′| < δt. In that case, the dirac delta produces a contraction
over one of the integral variables resulting in
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〈g̃q (t) g̃q′ (t
′)〉 = De−(σqt+σq′ t′) N

∆x
δq,−q′

∫ t+δt

t

e(σq+σq′)sds

=
ND

∆x
δq,−q

e[σq′(t−t
′)+(σq+σq′)δt]

(σq + σq′)

(
1− e−(σq+σq′)δt

)
Still both processes are independent and only correlated for q = −q′. For equations fullfiling

σq = σ−q then previous equation leads to

〈g̃q (t) g̃q′ (t
′)〉 =

ND

∆x

eσq(t−t
′+2δt)

2σq

(
1− e−2σqδt

)
(5.37)

Due to practical purposes, in the PSM any instant t is given on a grid defined by ti = t0 + iδt.
In addition to non vanishing condition |t− t′| < δt, variance is written as

〈g̃q (ti) g̃q′ (tj)〉 =
ND

2σq∆x

(
e2σqδt − 1

)
δij (5.38)

Process g̃q (t) can be exactly modeled by

g̃q (t) =

(√
ND

σq∆x
(e2σqδt − 1)

)
ũq (t) (5.39)

Where ũq (t) is the DFT of a set of gaussian random numbers with zero mean and unit variance.
The final algorithm reads

Ã (t+ δt, q) = e−σqδtÃ (t) +
1− e−σqδt

σq
ãq (t) + g̃q (t) + O

(
δt2
)

(5.40)

The most important result here is being able to exactly compute the stochastic contribution,
given by gaussian random numbers.

Multiplicative Spatio-Temporal Noise

Following the previous steps faces a point where the exact derivation of the noise term is not
trivial. The starting point is the following ode

∂tz (t, q) = ãq (t) e−σq(t−t0) +
√
DF [ηn (t)A (t, x)] e−σq(t−t0) (5.41)

Repeating the algorithm presentation as in previous sections of this appendix one gets to

Ã (t+ δt, q)

e−σqδt
− Ã (t− δt, q) =

= e−σqt
∫ t+δt

t

ãq (s) eσqsds+
√
De−σqt

∫ t+δt

t

F [ηn (s)A (s, x)] e−σqsds

(5.42)
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The new unknown term is the stochastic process

Tq (t) =
√
D

∫ t+δt

t

F [ηn (s)A (s, x)] e−σqsds (5.43)

Involving integrals of white noise, it is a gaussian process with average and correlations as follows

〈Tq (t)〉 =

√
D

N

∫ t+δt

t

(
N−1∑
n=0

〈ηn (s)〉A (s, xn) ei
2π
L nq

)
e−σqsds = 0 (5.44)

〈
Tq (t)T ∗q′ (t

′)
〉

=

=
D

N2

∫ t+δt

t

∫ t′+δt

t′

(
N−1∑
n1=0

N−1∑
n2=0

〈ηn1 (s) η∗n2 (s′)〉A (s, xn1)A∗ (s′, xn2) ei
2π
L (n1q−n2q′)

)
e−σqs−σq′s

′
dsds′

(5.45)

Using expresion (5.22) the integral and summation contracts. It is worth to stress that it does
not vanish if |t − t′| ≤ δt. The method relies on a grid where tj = t0 + jδt. Thus numerically the
expression vanishes unless t = t′. The expression arising

〈
Tq (ti)T

∗
q′ (tj)

〉
=

=
Dδi,j
N2∆x

∫ t+δt

t

(
N−1∑
n=0

|A (s, xn)|2 ei
2πn
L (q−q′)

)
e−(σq+σq′)sds

=
Dδi,j
L

∫ t+δt

t

F
[
|A (s, xn)|2

]
e−(σq+σq′)sds

(5.46)

This q-q′ non vanishing correlation prevents from finding an exact algorithm to adress the stochas-
tic computation.

Multiplicative Spatial Noise

Even though noise is purely spatial, the fourier transform of the multiplicative stochastic term
would lead to exactly the same non gaussian process but independent of time. Dropping out the
dependence on time in the white noise terms yields for the correlation

〈
Tq (t)T ∗q′ (t

′)
〉

=

=
D

N2

∫ t+δt

t

∫ t′+δt

t′

(
N−1∑
n1=0

N−1∑
n2=0

〈ηn1η
∗
n2〉A (s, xn1)A∗ (s′, xn2) ei

2π
L (n1q−n2q′)

)
e−σqs−σq′s

′
dsds′

(5.47)

While the mean remains equal. Merely spatial, in this simpler case there is no integral contrac-
tion. Summarizing, it is straightforward to obtain
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〈
Tq (t)T ∗q′ (t

′)
〉

=

=
D

N2∆x

∫ t′+δt

t′

∫ t+δt

t

(
N−1∑
n=0

(A (s, xn)A (s′, xn)) ei
2πn
L (q−q′)

)
e−(σqs+σq′s′)dsds′

=
D

L

∫ t′+δt

t′

∫ t+δt

t

F [(A (s, xn)A (s′, xn))] e−(σqs+σq′s′)dsds′

(5.48)

Hence being corralated for different q wavenumbers. Neither in this case the stochastic contri-
bution is given by an exactly gaussian number amount.

5.1.3 Approximate approaches

The cases discussed, plus the not yet detailed long wavelength fluctuations schemes, show that
not always is feasible a close form of the algorithm. Rather different approaches can numerically
being held to achieve the results. Altogether with long wavelength fluctuations, the work proceeds
as follows. The coarse grained approximation ultimately states that white noise is substituted by
gaussian numbers (see Eq. (5.25) and (5.24)). Numerically time and space are discretized. Thus
the stochastic contribution is introduced in the nonlinear term a (t, x) as gaussian numbers corre-
sponding to particular elements in space and time arrays/grids. Doing so the method is equivalent
as solving for the deterministic case but with varying a (t, x) due to the random numbers. According
to the physical argument given in the explanation of the additive spatio temporal noise situation, a
two time step iteration is inconsistent. Hence here it is uniquely adopted the auxiliar scheme of Eq.
(5.18).

The numerical implementation of these random numbers for spatio-temporal multiplicative noise
follows the formula explicitly given in equation (2.48). On the other hand to model long wavelength
fluctuations, static white noise as random gaussian numbers is generated in fourier space. Then
this profile is screened according to the formulas (2.49,2.50). Altogether each random mode is
transformed to real space where it is added to pumping term, i.e. to the coefficient a (t, x).
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5.2 Appendix B: Discrete Fourier Transform

This appendix will briefly summerize what is the DFT and will mention the library used to
numerically apply it to a 1D grid field.

5.2.1 DFT

In appendix A, Eqs. (5.2) are conventional definitions of fourier transform, in particular applying
periodic boundary conditions over a domain x ∈ [0, L]. DFT entails numerical FT performance.
Numerically, functions are discrete sets of data f (xn), xn = n∆x; n = 0, · · · , N − 1, corresponding
to a certain grid over their domain. Hence a first approximation would be to have a discrete set of
fourier coefficients, computed just using the original discrete set of function evaluations,

f̃k ≈
1

N
f̃ cftk (5.49)

f̃k =

N−1∑
n=0

f (xn) ei
2π
N kn (5.50)

When taking into consideration the inverse fourier transform, the infinite sum has to be replaced
by a finite one using the new coefficients.

f (xn) =
1

N

Λ2∑
k=Λ1

f̃ke
−i 2π

N kn (5.51)

It can be proven that any choice Λ2 − Λ1 = N − 1 leads to an exact correspondence fn ←→ f̃k.

F−1
(
f̃k

)
≡ 1

N

Λ1+N−1∑
k=Λ1

f̃ke
−i 2π

N kn

=
1

N

Λ1+N−1∑
k=Λ1

N−1∑
n′=0

fn′e
i 2π
N (n′−n)k

=

N−1∑
n′=0

fn′e
i 2π
N (n′−n)Λ1

(
1

N

Λ1+N−1∑
k=Λ1

ei
2π
N (n′−n)(k−Λ1)

)

=

N−1∑
n′=0

fn′e
i 2π
N (n′−n)Λ1

(
1

N

N−1∑
k=0

ei
2π
N (n′−n)k

)
(5.52)

In the last statement the identity (1/N)

N−1∑
k=0

ei
2π
N (n′−n)k = δn,n′ applies, finally yielding

F−1
(
f̃k

)
=

N−1∑
n′=0

fn′e
i 2π
N (n′−n)Λ1δn,n′ = f (xn) (5.53)
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Proposing in this way the DFT the application is completely biyective. The choice of Λ1 does
not alter the value of the coefficients at xn but it does affect how approximate the approximation is
assuming the extension to continuum between gridpoints.

Nevertheless, to prevent from a non-desired effect called aliasing, a proper choice of Λ1 would be,
in case of odd sampling number, Λ1 = −(N−1)/2, or in case of even sampling number Λ1 = −N/2+1
or either Λ1 = −N/2.

Aliasing and Sampling Theorem

From Eq. (5.52), DFT coefficients are periodic f̃k+N = f̃k. Meanwhile, fourier transform coef-
ficients decays for large |k|. This is a deviation in the approximation inherently present in DFT.
Looking at Eq. (5.52) again, there is another deviation. Due to peridocity of ei2πkn/N + e−i2πkn/N

for k+N/2, greater values of k only reproduces the same spectrum cell k ∈ [−N/2, N/2], creating an
“alias”. This problem is known as aliasing. The wavenumber spectrum only have real resemblance
to the continuum transform for |k| < N/2, where N refers to the function sampling, as depicted in
Fig. (5.2).

Figure 5.2: DFT fourier transform vs Continuum fourier transform of f (x) = 3/ (5− 4 cosx).
Fourier coefficientes can be analitycally obtained; f̃k = 2−|2|. The two lines that do not decay
correspond to function sampling DFT with N = 8 for the dotted curve and N = 16 for solid one.
Clearly aliasing appears by reproducing the “alias” for smaller |k| > N/2. Picture taken from [29]

A comment about it is that this deviation in the approximation is independent of the biyective
correspondence between fn ←→ f̃k, but relies on the sampling size. Coefficients will retrieve the
same function sampling, but its DFT will differ.

The previous result can be understood as the corollary steming from the Sampling Theorem
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[31]. It states that given the maximun characteristic system frequency ν, then the sampling rate has
to be 2ν to effectively reproduce it seen in Fig. 5.3. That maximun significant system frequency k∗

is such that f̃k ≥ f̃k∗ ∀|k| < |k∗| in the continuum fourier transform.

Figure 5.3: The samples of two sine waves can be identical, when at least one of them is at a
frequency above half the sample rate.

To sum up, a smart choice of N requires ν = (N∆k)/2 so that the simulation captures all the
important modes of the system and does not present aliasing. Not considering nothing else the
system size is defined as ∆k = 2π/L being the smallest system’s wavenumber. So to settle down the
whole system, only N and ∆k are required as parameters. For instance ∆x = L/N = 2π/N∆k.

5.2.2 Subroutine Fast Fourier Transform from the West (FFTW)

The implementation of the DFT comes by the Fast Fourier Transform Algorithm. References
of this algorith can be found in [29]. In particular the FORTRAN subroutine library that was used
is called FFTW [32]. This subroutine has a simple implementation. First as a preamble it needs to
creat two plans.

i n t e g e r f f tw forward , f f tw backward
parameter ( f f tw fo rward =−1, f f tw backward =1)

i n t e g e r f f tw e s t imat e , f f tw measure
parameter ( f f t w e s t i m a t e =0, f f tw measure =1)

i n t e g e r f f t w o u t o f p l a c e , f f t w i n p l a c e , f f tw use wisdom
parameter ( f f t w o u t o f p l a c e =0)
parameter ( f f t w i n p l a c e =8, f f tw use wisdom =16)

c a l l f f t w f 7 7 c r e a t e p l a n ( p l f , n , f f tw forward ,
∗ f f t w e s t i m a t e+f f t w i n p l a c e )

c a l l f f t w f 7 7 c r e a t e p l a n ( plb , n , f ftw backward ,
∗ f f t w e s t i m a t e+f f t w i n p l a c e )

Each plan is labeled by the first integer argument, plf or plb in this case. Next, n is the sampling
size. The third argument indicates if that plan will perform the fourier transform (+1) or either the
inverse transform (-1). Finally the last combination of parameters as the fourth integer argument
indicates that once performed the transformation, the output is stored in the same input sampling
array. A deeper understanding of this parameters is found in the reference.
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To perform the transformation one needs to call the subroutine

c a l l f f t w f 7 7 o n e ( p l f , eant ,dummy) ! Four i e r trans form
c a l l f f t w f 7 7 o n e ( plb , eant ,dummy) ! Inve r s e Four i e r trans form

Where eant is the array introducing the sampling and recovering the transformation. Using this
scheme dummy is an analogous empty array which does not play any role since we it is required
not to storage the output in any different array. Under other parameters it serves as the precceding
consideration. A final consideration has to be considered here, approximation Eq. (5.50) needs to
be included in the array prior to the subroutine plf call.
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