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Abstract

The continuously growing amount of data, commonly referred as Big Data,
represents two challenges for the scientific community. First, the large size
datasets require the development of methods for a scalable analysis, like machine
learning or statistical measurements, increasing the capacity for the recognition
of the patterns that characterize the data. Secondly, in order to describe the
underlying mechanisms in those patterns and increase the forecast power, it
highlights the need for simple models that, with very few parameters, are able
to capture the observed dynamical processes.

In this thesis, from the analysis of empirical data to the modelling of processes
in mobility networks, we present five mobility works under the spirit of these
two challenges.

Traditionally, animal movement researchers made remarkable efforts for devel-
oping their studies using small size datasets, as the data collection was expensive
in terms both of human resources and devices. However, the development of
new transmission devices, that are lighter and cheaper, is speeding up the data
collection processes, leading to larger datasets. Complexity science has devel-
oped methods that are fast and computationally cheap for analysing human
movement, and we argue that these methods will help in the study of animal
movement. This aim is tackled in the second and the third chapters, where we
study first the case of southern elephant seals, revealing a universal behaviour
despite the observed idiosyncrasy among individuals, for finding later the rele-
vant drivers of marine megafauna movement, in a joint dataset including fifty
different species. These two studies were developed in the framework of the
Marine Megafauna Analytical Program (https://mmmap.wordpress.com), that
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Abstract

promotes cross-disciplinary collaborations to analyse the movement of marine
animals.

Mobility in the oceans is not only restricted to animals, with most of economic
traffic being transported in vessels, both for goods, raw materials and fuel.
Specifically, according to the 2017 Review of Maritime Transport, ships carry
more than 70% of global trade value. In fact, characterizing the paths followed
by vessels in the oceans is not only important for economical purposes, but also
for the protection of the species living in this environment. This motivates the
analysis of the spatial patterns described by vessel traffic in the ocean, in chapter
4.

The second part of the thesis focuses on dynamical processes and mobility mod-
els. Nowadays, transport networks play a key role in disease spreading in a
global scale, allowing pathogens to travel, within their hosts, for thousands of
kilometres in a few hours. This potential risk needs the formulation of simple
models that reveal the basic mechanisms underlying the spreading in mobility
networks. In chapter 5 we show how, for short interaction ranges, and counterin-
tuitively, the mobility can have a detrimental effect on a contagion process, with
the disease affecting a higher fraction of population when the network is static
rather than in the mobile case. In chapter 6 we review recently introduced coop-
erative disease spreading models, for later studying them in static and mobile
scenarios. While the static scenario allows us to match the short and long range
interaction limits, which were leading to different behaviours, in the mobile case
we show how, for short range interactions, the mobility-induced mixing can lead
to the observed effects in a system with long range interactions. Finally, in an
effort to bridge the gap between the two parts of the thesis, we propose a data-
based model, in which we analyse the effects of cooperative disease spreading
dynamics in an empirical contact network, finding that the temporal correlations
and the specific activity pattern play a key role in our results.
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Resumen

La cantidad creciente de datos, conocida como Big Data, representa dos desafíos
para la comunidad científica. Primero, conjuntos de datos de gran tamaño
requieren métodos para un análisis escalable, como el aprendizaje automático
o las medidas estadísticas, aumentando la capacidad de reconocimiento de los
patrones que caracterizan los datos. Segundo, para describir los mecanismos
subyacentes a esos patrones y aumentar el poder de predicción, subraya la
necesidad de utilizar modelos simples que, con pocos parámetros, son capaces
de explicar los procesos observados.

En esta tesis, desde el análisis de datos empíricos hasta el modelado de proce-
sos en redes de movilidad, presentamos cinco trabajos sobre movilidad bajo el
espíritu de estos dos desafíos.

Históricamente, los investigadores de movimiento animal hicieron esfuerzos
encomiables para desarrollar sus estudios utilizando pequeños conjuntos de
datos porque su recolección era cara en términos de recursos humanos y dis-
positivos. Sin embargo, el desarrollo de nuevos transmisores, más ligeros y
baratos, está acelerando la toma de datos, conduciendo a mayores conjuntos
de datos. La ciencia de la complejidad ha desarrollado métodos que son rápi-
dos y no requieren gran esfuerzo computacional para analizar el movimiento
humano, y nosotros argumentamos que estos métodos ayudarán al estudio del
movimiento animal. Este objetivo corresponde a los capítulos 2 y 3 donde, en
primer lugar, estudiamos el caso de los elefantes marinos del sur, mostrando
un comportamiento universal pese a la idiosincrasia observada entre los in-
dividuos, y después buscamos las variables que explican el movimiento de
megafauna marina, en un conjunto de datos que agrupa cincuenta especies.
Estos dos estudios se desarrollaron en el contexto del Marine Megafauna Ana-
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Resumen

lytical Program (https://mmmap.wordpress.com), que promueve colaboraciones
interdisciplinarias para analizar el movimiento de animales marinos.

La movilidad en los océanos no está restringida a los animales, puesto que la
mayoría del tráfico económico es transportada en barcos, tanto manufacturas,
como materias primas y combustible. Según el 2017 Review of Maritime Trans-
port, los barcos transportan más del 70% del valor del comercio global. De hecho,
la caracterización de los caminos de los barcos en los océanos es importante no
sólo por razones económicas, sino también para proteger las especies que viven
en este entorno. Estos hechos motivan el análisis de los patrones espaciales
descritos por el tráfico de barcos en el océano, en el capítulo 4.

La segunda parte de la tesis analiza procesos dinámicos y modelos de movili-
dad. Hoy en día, los transportes juegan un papel fundamental en la propagación
de enfermedades a escala global, permitiendo a los patógenos viajar miles de
kilómetros en pocas horas con sus portadores. Este riesgo requiere la formu-
lación de modelos simples que revelen los mecanismos de propagación en redes
móviles. En el capítulo 5 mostramos cómo, para interacciones de corto alcance,
contra nuestra intuición, la movilidad puede tener un efecto contra los procesos
de contagio, afectando a una mayor cantidad de población en el caso estático que
en el móvil. En el capítulo 6 resumimos los modelos recientemente introducidos
de propagación de enfermedades cooperativas, estudiándolos después en redes
estáticas y móviles. Mientras que el caso estático nos permite interpolar entre
las interacciones de corto y largo alcance, que conducen a comportamientos dis-
tintos, en el caso móvil mostramos cómo, para interacciones de corto alcance,
la mezcla causada por la movilidad puede conducir a los efectos observados
con largo alcance. Finalmente, en un esfuerzo por unir las dos partes de esta
tesis, proponemos un modelo basado en los datos, analizando los efectos de la
propagación de enfermedades cooperativas en una red de contactos, mostrando
el papel clave de las correlaciones temporales y el patrón de actividad específico.
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Resum

La quantitat creixent de dades, coneguda com Big Data, representa dos de-
safiaments per a la comunitat científica. Primer, conjunts de dades de grans
dimensions requereixen mètodes per a una anàlisi escalable, com l'aprenentatge
automàtic o les mesures estadístiques, augmentant la capacitat de reconeixement
dels patrons que caracteritzen les dades. Segon, per descriure els mecanismes
subjacents a aquests patrons i augmentar el poder de predicció, subratlla la
necessitat d'utilitzar models simples que, amb pocs paràmetres, són capaços
d'explicar els processos observats.

En aquesta tesi, des de l'anàlisi de dades empíriques fins a la modelització de
processos en xarxes de mobilitat, presentem cinc treballs sobre mobilitat sota
l'esperit d'aquests dos desafiaments.

Històricament, els investigadors de moviment animal van fer esforços encomi-
ables per desenvolupar els seus estudis utilitzant petits conjunts de dades perquè
la seva recollecció era cara en termes de recursos humans i dispositius. No ob-
stant això, el desenvolupament de nous transmissors, més lleugers i barats, està
accelerant la presa de dades, conduint a majors conjunts de dades. La ciència
de la complexitat ha desenvolupat mètodes que són ràpids i que no requereixen
gran esforç computacional per analitzar el moviment humà, i nosaltres argu-
mentem que aquests mètodes ajudaran a l'estudi del moviment animal. Aquest
objectiu correspon als capítols 2 i 3 on, en primer lloc, estudiem el cas dels ele-
fants marins del sud, mostrant un comportament universal tot i la idiosincràsia
observada entre els individus, i després cerquem les variables que expliquen el
moviment de megafauna marina, en un conjunt de dades que agrupa cinquanta
espècies. Aquests dos estudis es van desenvolupar en el context del Marine
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Megafauna Analytical Program (https://mmmap.wordpress.com), que promou
collaboracions interdisciplinars per analitzar el moviment d'animals marins.

La mobilitat dins els oceans no es limita als animals, ja que la majoria del tràfic
econòmic és transportada en vaixells, tant manufactures, com matèries primeres
i combustible. Segons el 2017 Review of Maritime Transport, el vaixells trans-
porten més del 70% del valor del comerç global. De fet, la caracterització dels
camins dels vaixells en els oceans és important no només per raons econòmiques,
sinó també per protegir les espècies que viuen en aquest entorn. Aquests fets
motiven l'anàlisi dels patrons espacials descrits pel trànsit de vaixells a l'oceà, en
el capítol 4.

La segona part de la tesi es centra en processos dinàmics i models de mobilitat.
Avui dia, els transports juguen un paper fonamental en la propagació de malal-
ties a escala global, permetent als patògens viatjar milers de quilòmetres en unes
poques hores amb els seus portadors. Aquest risc requereix la formulació de
models simples que revelin els mecanismes de propagació en xarxes mòbils. Al
capítol 5 mostrem com, per interaccions de curt abast, contra la nostra intuïció,
la mobilitat pot tenir un efecte contra els processos de contagi, afectant una ma-
jor població en el cas estàtic que en el mòbil. En el capítol 6 es resumeixen els
models recentment introduïts de propagació de malalties cooperatives, estudi-
ant després en xarxes estàtiques i mòbils. Mentre que el cas estàtic ens permet
interpolar entre les interaccions de curt i llarg abast, que condueixen a compor-
taments diferents, en el cas mòbil mostrem com, per interaccions de curt abast,
la barreja causada per la mobilitat pot conduir als efectes observats amb llarg
abast. Finalment, en un esforç per unir les dues parts d'aquesta tesi, proposem
un model basat en les dades, en el qual analitzem els efectes de la propagació de
malalties cooperatives en una xarxa de contactes, mostrant el paper clau de les
correlacions temporals i el patró d'activitat específic.
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Preface

“The world of humankind constitutes a manifold, a totality of interconnected processes,
and inquiries that disassemble this totality into bits and then fail to reassemble it falsify
reality [...]. If there are connections everywhere, why do we persist in turning dynamic,

interconnected phenomena into static, disconnected things?"

Eric Wolf, Europe and the people without history

The anthropologist Eric Wolf, in this quote that could appear perfectly in the
introduction to any complexity science book, highlights the importance of ad-
dressing problems from a holistic point of view, considering the whole and the
connections between the different components of the systems in a dynamic ap-
proach. This holistic approach needs for cross-disciplinary work in order to join
the knowledge from different fields to achieve a global comprehension of the
system.

Statistical physics has developed some tools for addressing this challenge, un-
derstanding systems as a whole, giving birth to the complexity science. This
complexity science is very useful for characterizing empirical data and reveal-
ing the mechanisms underlying the dynamical processes, but is also a source of
questions for many other disciplines, encouraging the scientific community to
increase the cross-disciplinary work.

Looking for connections everywhere, i.e., considering the systems as a whole,
was one of my motivations to start this PhD. These thoughts lead me to work
in the two clear parts that are included in this thesis, integrating data analysis
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and modelling. However, the connections are also present here, showing for
example how disease spreading models can be applied to empirical mobility
datasets.
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Part I

Introduction
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Chapter 1
Introduction

Our lives are built around spatial and temporal interactions. Oral communica-
tion has spatial constraints, as people separated by high distances cannot talk
directly with each other and, as the level of the external noise increases, the max-
imum distance for a good transmission of the message decreases; specifically,
the speech intelligibility scores, measuring the percentage of words correctly
understood, increase with the speech-to-noise ratio, and show a remarkable im-
provement when the listener has visual contact with the speaker’s facial move-
ments [1]. Time is present as well in our social interactions: we follow circadian
rhythms, typically with valleys of activity at night and peaks at noon. However,
the individual temporal patterns of interactions are more complex than simply
circadian curves shaping a general function, as the frequency of interactions has
a high degree of complexity, with bursty periods characterized by very frequent
interactions, combined with low activity lapses, where there are few interac-
tions. This behaviour appears in the sequence of mobile phone calls, where the
circadian patterns are observed in the collective behaviour, and the individual
patterns reflect a characteristic burstiness [2, 3, 4]. In fact, the times taken to an
individual between sending one letter or email and sending next follow a uni-
versal behaviour, with cascades in which many events happen in a brief period,
shaped by circadian and weekly cycles [5].

The analysis of interactions becomes even more complex when the space and the
time are combined, leading to the study of mobility. According to the mobility,
we can divide the human history in three ages. In the first, starting when the
early humans appeared, the nomad hunter-gatherers included two character-
istic scales in their movement patterns: daily foraging in the search for food,
and a seasonal migration, which implied a longer distance. These two scales
are associated with the two mobility modes introduced by Binford [6]: while

11



CHAPTER 1. INTRODUCTION

in the residential movements all the members of a camp move, in the logistic
movements smaller groups depart from the residential location, coming back
after a period that typically is not larger than several days. Secondly, starting
with the Agricultural revolution, some societies became sedimentary, leaving the
long distance trips for merchants, like the trips associated with the trade along
the Silk Road. Finally, the Industrial revolution changed totally the movement
patterns, facilitating faster displacements, first within more and more populated
cities, and then across a highly interconnected world, where an individual is
able to travel towards his antipodal in less than a day, if the suitable connections
are taken. From the Industrial revolution, new means of transport have been
developed, getting faster operational velocities that facilitate the transport of
people and goods (Fig. 1.1). In fact, these means of transport have changed
the daily distances travelled by people and the way they do, with a decrease in
walked and train daily trip distances from the second half of 20th century, while
those distances have increased for cars, buses and motorcycles, experiencing a
much higher growth in air transportation (Fig. 1.2). With the generalization of
leisure activities, the tourism has become a remarkable driver of human mobil-
ity, combining the movement oriented to working aspects, like migration and
commuting, with tourist trips. In fact, tourism is changing the use of the urban
space, as cities were typically divided into business and residential areas, but
currently more and more space is occupied by coherent tourist areas, which
imply high surfaces whose main activity is tourism [7]. The improvement of
transportation velocities has a long list of advantages, but it requires for research
in order to increase its efficiency. In the other hand, faster is not always better,
because as we travel faster around our planet, carrying many pathogens within
our bodies, we facilitate the spreading of infections that can lead to pandemics
at the planetary scale.

If we have a look into the animal world, despite the social behaviour that is
displayed in several species [8], the groups are restricted to small sizes, in contrast
to human beings, whose group sizes coevolved with the neocortical cortex [9].
Then, having small group sizes may be one of the reasons for the observed
animal movement behaviour, that can be associated only with the first stage
of the human mobility history, including some species that both forage and
migrate [10], and others that do not display long distance seasonal migrations
[11], showing only foraging movement patterns, driven by the search of food,
reproduction mates or shelter.

This chapter, which includes the background for the forthcoming chapters, is
structured in four sections: firstly, we start with a summary of the different
tracking methods for human movement; then, we continue with the analysis of
animal movement; afterwards, we describe the influence of mobility on dynam-

12



ical systems; finally, according to the state-of-the-art reported in the first three
sections, we make a list of the questions that will be addressed in the rest of the
thesis.
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Figure 1.1: Time evolution of the operational speeds. Velocities are shown for
different means of transport between years 1750 and 2010. Source: Ref. [12].
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Figure 1.2: Time evolution of the average daily travelled distance per person
in United States, for different means of transport. Each solid line corresponds
to a different mean of transport, while the solid and dotted line represents the
average and the dashed line is a linear fit. Source: Ref. [13].
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CHAPTER 1. INTRODUCTION

1.1 Human tracking

While the early humans left just some footprints on the floor, which are difficult
to survive for a long time (with few remaining samples, like the steps found
in Laetoli, Tanzania [14], or those found in Goldcliff East in the Severn Estuary,
United Kingdom [15]), the modern people leave continuously some clues of their
presence in the places they visit. The census reflects the commuting mobility
phenomena, happening when a person lives in one municipality and works in
another, and transportation companies collect statistics about their services in
terms of origin, destination, date and number of passengers. On the other hand,
the moving humans are carrying banknotes, making or receiving mobile phone
calls by connecting to the nearest antenna, taking money from ATM, or using
smartphones that attach a location to our posts in social networks [16] (Table
1.1). Another approach to temporal interaction patterns in a group uses Ra-
dio Frequency Identification (RFID) devices that record who is close to whom
[17], leading to empirical temporal networks known as contact networks. The
Sociopatterns collaboration provides access to these networks, offering good ma-
terial to assess the structure and the spreading processes in several environments,
like conferences, hospitals, schools or offices [18]. For example, contact networks
have been recently used to describe the social structure of hunter-gatherers in
Philippines and Congo, revealing that different families were connected through
few strong links, which illustrate how the information was shared [19].

Method N X Reference
Banknotes 4.65×105 1.03×106 [20]

Mobile phone 105 1.63×107 [21]
Credit card transaction 5×1010 NA [22]

Geo-located posts 5.72×105 2.10×107 [23]
Public transport smart cards 2.03×106 1.12×107 [24]

Taxi GPS trajectories 104 2×1010 [25]
Hospital contact network 75 3.24×104 [26]
Commuters from census 3.41×107 NA [27]

Table 1.1: Comparative table of some examples of human movement analyses.
The entries include the tracking unit method, the number of tracked units N, the
number of analysed displacements X, and the reference. In the hospital contact
network, X is the number of detected contacts.
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a b

Figure 1.3: Trajectories from the mobile phone activity record. Region where
users visit a, 22 and b, 78 locations. The position of an antenna (grey dots)
defines a location, including in it all the points such that the antenna is the
closest, leading to a Voronoi lattice whose cell limits are depicted with grey lines.
Each colour corresponds to the trajectory of a different user. Source: Ref. [28].

However, there are issues for the measurement of the properties of the human
mobility according to these tracking methods. For example, the mobile phone
record includes the tower transmitting the information of a calling or texting
event and the time associated with it. Nevertheless, the transmitting towers are
not uniformly distributed in space, with strong differences between urban and
rural areas, leading to different levels of accuracy on the position estimates [16]
(Fig. 1.3). Apart from technical problems, human tracking has ethical issues,
as the availability of a few points in a trajectory leads to a unique identification
between this sample and the whole trajectory, affecting the privacy of the tracked
users [29].

1.1.1 Banknotes

One of the items that humans carry in their daily lives is money. In contrast to
coins, which are really difficult to track, every banknote has a serial number that
identifies it. Then, its movement can be tracked if the citizens report when and
where they found that specific banknote. This information is collected in the
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web page www.whereisgeorge.com, offering a valuable dataset based not on the
human displacements, but on the trips displayed by the currency that they used.
When citizens find a banknote with a stamp that indicates that it participates in
this tracking system, they can introduce the serial number of the bill, reporting
the location where they found it.

Figure 1.4: Dispersion of banknotes in the US. a, Comparison between pop-
ulation, reports and initial entry densities in the studied region. Values are
represented in logarithmic scale after normalizing with the national average. b,
Map of the displacements whose origin is located in Seattle (blue), New York
(violet) and Jacksonville (red) happening with T < 14 days. c, Distribution of
displacements r, aggregating the time lags with 1 < T < 4 days, displaying a
truncated power-law behaviour, p(r) ∼ r−β. The inset represents the distribu-
tions for initial locations in metropolitan areas (triangles), cities (diamonds) and
small towns (circles). d, Fraction of secondary reports P0 in locations that are at
a distance smaller than 20 km from the initial location. Blue squares represent
an average over 25375 initial locations, and the other symbols are associated
with the same datasets as in the inset of c. Blue dashed line is a power-law fit
P0 ∼ t−η with exponent η = 0.60 ± 0.03, the black dashed line corresponds to 2D
diffusion, and the red dashed line is the behaviour associated with a Lévy flight
with spatial exponent β = 1.59. Source: Ref. [20].
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A dataset gathering all these reports in the US was analysed in Ref. [20], con-
sidering the distance r and the time T between two successive reports. The
short-time trajectories (T < 14 days) whose origins were Seattle, Jacksonville
and New York included a majority of short-ranged trips and a small number of
long trips (Fig. 1.4b). The distribution of displacements, including all reports in
the whole country except from those involving Hawaii and Alaska, for time lags
1 < T < 4 days displayed a power-law behaviour between the short-range limit
Lmin = 10 km and the typical distance between West and East coasts, Lmax = 3200
km. This power-law p(r) ∼ r−β had an exponent β = 1.59 ± 0.02 (Fig. 1.4c).
This long tail appeared independently of the size of the initial location of the
trajectories, as trajectories starting in metropolitan areas, cities and small towns
showed the same behaviour for r > Lmin (Fig. 1.4c inset). The power-law shown
in the displacements distribution is compatible with the properties of the Lévy
flight model.

Figure 1.5: Rescaling of the movements data corresponding to banknotes. The
displacements r are normalized dividing by a power of time t1/µ, with µ = δ/α.
Circles represent the probability density Wr(r, t) of observing a bill at a distance
r from origin at time t, with each colour associated with a different value of t,
in the range 10-365 days. Dotted and dashed grey lines depict, respectively, the
asymptotic behaviour for short and long distances. The behaviour associated
with a pure Lévy flight with an spatial exponent β = 1.60 is shown in the blue
(t=10 days) and magenta (t=365 days) dashed lines. Source: Ref. [20].
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However, the first passage times were not those that could be expected in a
movement following a Lévy flight. The time evolution of the fraction P0(t) of
bills remaining in the initial region, which is the complementary cumulative of
the first passage time distribution, had a tail that fitted to a power-law with
exponent η = 0.60, which was different from the expected exponent for 2D
ordinary diffusion (ηdif = 1.0), and different from a Lévy flight with spatial
exponent β = 1.59 (ηLF = 2

β−1 ≈ 3.4) (Fig. 1.4d). This behaviour can be modelled
as a Continuous Time Random Walk (CTRW), where the walkers make jumps
of distance x after a waiting time τ, with p(x) ∼ x−(1+δ) and p(τ) ∼ τ−(1+α), with
δ = β− 1 and α = η. The equation describing the probability of being at time t at
a distance r from the origin is given by

Wr(r, t) = t−α/δLα,δ(r/tα/δ) (1.1)

According to Eq. (1.1), the distribution functions describing the displacements
for different values of the time between reports will collapse in a single function
Lα,δ when the distance is normalized dividing by tα/δ and the distribution is mul-
tiplied by this quantity, such that it remains being a probability density function.
For an interval of time between 10 and 365 days, the universal behaviour was
confirmed as the curves collapse under this rescaling (Fig. 1.5).

1.1.2 Mobile phone users

The analysis of banknotes dispersion is a proxy for the study of human mobility
[20]. However, the measurements around this dispersion process reflect more
the collectively human-induced movement patterns than the individual ones, as
the trajectory described by one banknote is associated with the movement of the
different individuals that carry it for some time. For example, two consecutive
reports may involve the trips performed by several individuals. In order to
investigate the individual mechanisms leading to the observed collective pattern,
other methods for individual tracking are needed. This issue was addressed in
Ref. [21] using data based on cell phone activity, like the emission of reception
of a call or a text message.

In contrast to money, mobile phones are devices that are carried individually by
their users, such that the location of these devices can be used for determining
their owner’s locations. The study in Ref. [21] included the analysis of two
datasets. First of all, the dataset D1 included the information about the location
of the users when their phones were active, whether emitting or receiving a call
or a text message, assigning to each user the location of the tower responsible of
transmitting the information. Typically, the temporal pattern of calling activity

18



1.1. HUMAN TRACKING

a b

Figure 1.6: Human mobility patterns according to mobile phone data. a,
Distribution of displacements ∆r between two consecutive points. Blue circles
are associated with the bursty activity pattern in dataset D1 and red squares
represent the displacements observed in the regularly sampled trajectories in
dataset D2. The solid lines are truncated power-law fits (Eq. 1.2) to each curve.
b, Gyration radius rg distribution. The solid lines indicate truncated power-law
fits, while the dotted, dashed and dot-dashed curves are those associated with
a random walk, a Lévy flight and a truncated Lévy flight, respectively. Source:
Ref. [21].

is bursty, such that users have periods with many calls, one after another, and
then a long period without any activity [3]. In order to check that the results
coming from this temporal pattern were not affected by this burstiness, the
second dataset (D2) was comprised of a regular sampling of the user location,
reported every two hours for a week. The distribution of distances ∆r between
consecutive points was described by a truncated power-law:

P(∆r) = (∆r + ∆r0)−βexp(−∆r/κ) (1.2)

where the fitting exponent was β = 1.75 ± 0.15 (standard deviation) for both
datasets, ∆r0 = 1.5 km, and the cut-off distances were κD1 = 400 km and κD2 = 80
km (Fig. 1.6). This exponent was similar to 1.59, which was obtained for the
trajectories described by banknotes [20], and suggested the possibility of similar
mechanisms underlying both processes. Note that κD1 > κD2 due to the presence
of long periods without activity in the bursty calling pattern in D1, which were
longer than the uniform sampling pattern every 2 h in D2, allowing users to
move further.

Three hypothesis were considered for explaining the mechanisms leading to the
behaviour observed in Fig. 1.6a, which represented the aggregation of multiple
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individual trajectories. First of all, every individual trajectory was described
by Eq. (1.2), such that the aggregated distribution shows the same behaviour
as the individual. Secondly, the aggregated distribution was a consequence of
some idiosyncrasy, such that the shape of Fig. 1.6a emerged from analysing
the aggregated behaviour of a heterogeneous population. Finally, the observed
distribution was the aggregation of idiosyncratic Lévy flights, that would be the
convolution of first and second hypothesis. In order to test the variability among
individuals, it is useful to study the gyration radius rg, which is an indicator of
the spatial spread of the trajectory. First of all, the center c was computed as the
average position along the the trajectory:

c =

A∑
i=1

xi

A
(1.3)

where i runs over the A locations xi describing the trajectory. Secondly, the
gyration radius was the root mean square distance to the center of mass of the
trajectory:

rg =

√√√√√ A∑
i=1

d2(xi, c)

A
(1.4)

where d(x,y) was the geodesic distance between locations x and y. The distribu-
tion of the gyration radii fitted to another truncated power-law (Fig. 1.6b):

P(rg) = (rg + r0
g)−βr exp(−rg/κ) (1.5)

with r0
g = 5.8 km, βr = 1.65 ± 0.15 and κ = 350 km. Although the gyration

radius distributions arising from random walks (RW), Lévy flights (LF) and
truncated Lévy flights (TLF) could reach some levels of heterogeneity, they could
not explain the observed shape (Eq. (1.5), Fig. 1.6b). This suggested that
the observed behaviour in Fig. 1.6a emerged from the heterogeneity among
individuals.

The time evolution of the average gyration radius confirmed that the individual
trajectories are not described by RW, LF or TLF. For these movement patterns,
the average gyration radius scales as a power-law of time, rg(t) ∼ t1/2 in a
RW and rg(t) ∼ t3/(2+β) for LF and TLF. However, the measured average gy-
ration radius grew logarithmically with time (Fig. 1.7a). Splitting the users
according to their gyration radius, the users with larger rg were able to ar-
rive further (Fig. 1.7b inset), and all the displacements distributions collapsed
into a universal curve when rescaling the displacements with the gyration ra-
dius: P(∆r|rg) ∼ r−σg F(∆r/rg), with σ = 1.2 ± 0.1 and F(x) ∼ x−σ for x < 1
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Figure 1.7: Idiosyncrasy and universality in human mobility patterns. a, Time
evolution of the average gyration radius 〈rg(t)〉. Curves are split in users for
which rg(t = 6 months) ≤ 3 km (blue), 20 ≤ rg(t = 6 months) ≤ 30 km (red)
and rg(t = 6 months) > 100 km (green), the dotted line is associated with RW,
and the solid line with LF and TLF. Dashed curves are logarithmic fits to the
data. b, Conditional distributions of displacements for users with different
values of rg(t = 6 months). The curves collapse to a universal shape when
the displacements ∆r are normalized by the gyration radius. The solid line
represents a power-law with exponent 1.2. Source: Ref. [21].

and decreasing sharply for x > 1 (Fig. 1.7b). Then, the individuals exhib-
ited Truncated Lévy flights characterized by power-law distributions until they
reached a characteristic distance related to their gyration radius, and further
displacements were negligible. Finally, the relationship between the different
introduced scaling laws was established through the defined exponents using
P(∆r) =

∫
∞

0 P(∆r|rg)P(rg)drg, leading to β = βr + σ − 1, which agreed with the
measured exponents. In conclusion, the collective pattern observed in Fig. 1.6a
was the consequence of individual truncated Lévy flights and the heterogeneity
in the characteristic travelled distance for each individual.

However, there are three human mobility features that the fitted Lévy flights [21]
and the CTRW model [20] cannot explain, as highlighted by Song et al. in Ref.
[30]:

• The number of visited locations S grew as a power of time, S ∼ tµ, with
µ = 1 for Lévy flights and µ = η in a CTRW with a waiting time distribution
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p(t) ∼ t−η+1. However, the reported exponent in Ref. [30] was µ = 0.6±0.02,
smaller than the expected for a CTRW, η = 0.8 ± 0.1.

• The visitation frequencies to each location were distributed according to
a power-law distribution, while in Lévy flights and CTRW they were ex-
pected to be uniform.

• The evolution of the average square displacements with time was slower
than a power, argued to be a consequence of the tendency to return home.

Alternatively to the Lévy flight and CTRW models, Song et al. proposed a model
that considered a power-law distribution of waiting times, but introducing one
choice between two actions: a) exploration, in which the probability of moving
towards a newly visited location decayed with time, or b) preferential return
to the previously visited locations. Although this model did not capture the
properties of the short-term behaviour, it was able to reproduce the long-term
spatial and temporal scaling [30].

1.1.3 Mobility networks

Complex networks are an extremely useful tool to analyse dyadic interactions,
which are interactions between two items. The complex networks formalism al-
lows to study a broad diversity of systems, like those composed of human beings
[31, 32], species [33], proteins [34], genes [35], airports [36], or web pages [37].
These interactions are described by a graph G = (V,E), that includes the links E
between the nodes V that compose the network. The simplest representation of
the network is the adjacency matrix, whose entry Ai j has a non-zero value if the
nodes i and j interact, and it is null otherwise. The adjacency matrices can include
information about the strength of the interactions, which is called the weight.
Unweighted networks have just binary values in their adjacency matrices. More-
over, the networks can reflect directionality for non-symmetric interactions. For
example, in the network associated with Twitter following activities, one user
can be follower of another user which does not necessarily follow her back.
Another example occurs in neuronal networks, as the excitatory and inhibitory
interactions are not reciprocal. These examples are directed networks, such that
Ai j , A ji. Interestingly, network theory has developed a formalism to study
systems that include different kind of interactions; in those systems, represented
in multilayer networks, each kind of interaction is associated with a layer, with
some coupling between the layers [38]. For example, a multilayer network can
contain three layers that represent the interactions with family, friends or col-
leagues. In fact, this approach is valuable to estimate the robustness of a system
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composed of several interconnected layers, like the coupling between the power
grid network and the Internet communication network, which were involved in
the electrical blackout affecting Italy in 2003 [39].

Weighted and directed networks represent a useful tool for studying movement.
Considering each location as a node, with a suitable spatial discretization (far
from the extremes in which whether one location includes all the visits, or all
locations are visited once), the entry Ai j in the adjacency matrix will be the
number of agents moving from i to j. In this case, the adjacency matrix is
known as origin-destination matrix. Using an origin-destination matrix is a
stationary approach, as it typically assumes that the fluxes in the system are
time independent, focusing on spatial rather than on temporal patterns. The
description and estimation of these fluxes are fundamental, and have a broad
range of applications, like addressing more efficiently the public transportation
demand or preventing epidemic spreading outbreaks that may be facilitated by
the structure of these networks.

Fluxes of mobility have been used to describe the movement of people between
the municipality in which they live and the one in which they work, i.e., the
commuting flux. There are two main theories that try to explain the difference
on the commuting flux between different spatial locations. Firstly, the gravity
model [40] states that the flux Ti j travelling between two locations i and j will be
proportional to a power of their populations Pi and P j and inversely proportional
to a function of the distance di j between them:

Ti j ∝
Pγi Pφj
f (di j)

(1.6)

However, the disagreement in some orders of magnitude of the gravity model
with empirical data (see for example the prediction of gravity law for the number
of travellers between two counties in Utah in Fig. 1.8a) motivated the formulation
of the radiation model [27]. This model, which was applied to calculate the fluxes
of commuters between different counties in the US, considers that a potential
commuter will choose her job in the closest location that provides her with a
better benefit than that associated with the current location. In each county,
there is a population n, and there is one job opening for njobs individuals, i.e.,
all the counties have the same number of job openings per individual, which
is 1/njobs. Then, each job opening is assigned a number z, sampled from an
externally given distribution p(z), and the characteristic benefit for each county
will be the highest among the benefits from the job openings at it (Fig. 1.8b).
With this information, the commuter will decide to move to the closest county
that gives a better benefit than that associated with her own county (Fig. 1.8c).
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Figure 1.8: Examples of the radiation model. a, For a pair of counties, esti-
mation of the amount of commuters predicted by gravity and radiation models,
after fitting the models to the census data for year 2000. b, In the first step of the
radiation dynamics, each county is assigned the highest benefit of its job open-
ings, with the benefits sampled from an external distribution. c, Afterwards, the
potential commuter chooses the closest county among those that have a higher
benefit (with numbers written in green, in contrast to red numbers for lower
benefits) than the benefit in the own county. Source: Ref. [27].

This model leads to a prediction for the average flux 〈Ti j〉 between counties i and
j that is independent of the shape of p(z) and njobs:

〈Ti j〉 = Ti
min j

(mi + si j)(mi + n j + si j)
(1.7)

where mi and n j are respectively the populations of the origin i and the destination
j, si j is the population within the circle centred at i and with j in its border, and
Ti is the number of commuters whose origin is i, calculated as the product of the
total number of commuters in the system and the fraction of the total population
living in i.

When the radiation model was compared with empirical data, in contrast to grav-
ity model, its predictions showed more accurate results focusing, for example,
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on the commuting patterns for individuals departing from New York County
(Fig. 1.9a). In fact, the gravity model considerably underestimated the long

Figure 1.9: Comparison between the radiation and the gravity models. a, For
the New York County, number of travellers for census data, and predictions
arising from gravity law and radiation models. The colour of the link represents
the intensity of the mobility flux, being black for 10 commuters and white for
amounts higher than 10,000. The zoomed area represents includes the pattern
within the state of New York. b, c, Predictions for gravity law for all the pairs
of counties in the US with non-zero commuting flux, for two different spatial
functions, compared with the empirical data. d, Prediction for radiation model.
The grey points represent the scatter of all the possible pairs, with the diagonal
solid lines showing the maximum accuracy. Black points represent the average,
while the boxes are depicted in green (red) if the diagonal line falls in the interval
between the 9th and 91st percentile. Source: Ref. [27].
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distance commuting, with the longest connection being smaller than 400 km in
this case. This particular example was extended to all the pairs of counties in the
US with non-zero commuting flux, leading to a general underestimation (Figs.
1.9b,c), while the radiation model described more realistically the empirical data
(Fig. 1.9d). However, another work showed that the gravity model described
by Eq. (1.6) was making more accurate predictions than the radiation model in
a dataset describing the commuting fluxes between the cities of England and
Wales [41].

The radiation model represents the opportunity to find universal patterns in the
processes that it describes, as a rescaling of the population in Eq. 1.7, making
mi → λmi, n j → λn j, and si j → λsi j, leaves the probability to go from i to j (i.e.
Ti j/Ti) invariant. When the probability of, given an origin with population m,
choosing a destination further than a population s, ps(> s|m) was plotted against
s, there was a broad range of curves, each one associated with a different origin
(Fig. 1.10a). However, these curves converged when they were plotted when s
was normalized dividing by m, as the radiation model predicts ps(> s|m) = m

m+s
(Fig. 1.10b), although they were still far from the curve given by f (x) = 1

1+x .
This issue was solved introducing an advantage to local people to find more
job opportunities, increasing m to m + ε, which for ε = 35, 000 lead to smaller
discrepancies (Fig. 1.10c).

Figure 1.10: Universality of commuting patterns. a, Probability ps(> s|m) of,
from an origin with population m, a commuter chooses a destination which is at a
distance higher than the circle centred at the origin with a population s. b, When
s is normalized by the origin population, the broadness of the empirical curves
is reduced, but still they do not follow the function f (x) = 1/(1 + x). c, These
curves collapse to the function f (x) when a factor ε describing the advantage of
local inhabitants to find jobs is added to the population m. Source: Ref. [27].

Other studies of mobility networks used data from geo-located posts in Twitter,
in order to find the clusters describing a high internal level of flux. In fact,
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network theory has developed some algorithms that detect community structure,
searching for groups of nodes that are strongly connected between them in
comparison with the connections that they have with the rest of the network
[42], which are useful for describing the strongly connected locations through
mobility. For example, Hawelka et al. grouped the countries in a global scale
according to the flux that described the mobility patterns measured from geo-
located posts [43].

These patterns are useful for describing the spatial features of social ties, which
may or not be similar to those arising from mobility. Specifically, using the
location of the the couples of users that shared a phone call, the fluxes of social
interactions lead to a network in which a community search algorithm was used
to draw the map of Great Britain according to this activity [44]. In fact, one model
coupling the social ties and the mobility was able to reproduce several social and
spatial features at a country level [45]. Another work compared the social and
mobility spatial patterns, showing that, although the distributions of distances
showed different behaviours, the distributions of fluxes between locations, given
the distance between them, collapsed to a universal function for all the distances
in both the social and mobility processes, after normalization dividing by the
average flux [46].

Finally, community search methods have been applied for detecting spatial lo-
cations with similar temporal patterns. Network analysis for understanding
human use of the space considers the temporal activity profile observed in dif-
ferent locations, connecting those that are highly correlated. These networks are
called functional networks, connecting nodes that have similar activity patterns,
in contrast to the physical networks, which represent those nodes that are con-
nected physically. In fact, these two kind of networks, applied to urban studies,
represent for example, the different uses of the space (functional network), or
the places that are directly connected by a means of transport (physical net-
work). This idea was recently applied to data reporting the transmitting tower
for each mobile phone call emitted or received by a user, considering five Span-
ish cities [47]. A clustering method for the strongly connected locations in the
functional network partitioned the system into zones whose temporal patterns
were associated with leisure, business or residential activities.

1.2 Animal movement

The empirical measurement of animal trajectories addresses many challenges
for the movement ecology community. Apart from technical problems related
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with tagging processes and tracking devices, the sampling process is a remark-
able issue, as the real trajectories are approximated by straight lines connecting
the sampled locations. Following these concerns, Turchin defined a path as the
spatio-temporal record of a tracked organism [48]. The paths have been de-
scribed following two main approaches: for many species, the set describing the
spatial coordinates when behavioural events occur, like a butterfly landing [49]
or a wandering albatross in contact with water [50]; in contrast, other species
display continuous trajectories exhibiting no clear break points, with their paths
being described by the position of the tracked individual at regularly spaced
times. Considering that several terminologies have been used in the literature,
we introduce two key terms that will be used along this thesis. First of all, a dis-
placement includes two consecutive points in a path composed of the positions
at regularly spaced times. Secondly, a step includes two consecutive behavioural
events. Both the displacement and the step lengths will be the distances between
the two points that they include.

1.2.1 Lévy or not?

There are two traditional theoretical approaches to the study of animal move-
ment: Brownian motion, characterised by a jump length distribution with well-
defined mean and variance, and Lévy-like models, for particles displaying many
short jumps, but a non-negligible probability for long jumps, leading to a jump
length distribution whose second (and in some cases first) moment diverges, and
distinguishing between the Lévy flight and the Lévy walk. In the Lévy flights,
the moving particles display jumps between two consecutive position updates
(∆t = 1), of a distance d sampled from a distribution p(d) ∼ d−β, with 1 < β ≤ 3
and d > dmin, in a direction that is randomly chosen at each step from a uniform
distribution; this distribution of jumps p(d) is a heavy-tailed distribution and
implies that the particles can travel with no limit velocity. In order to solve
this issue, in the Lévy walk model the particles travel with a finite and constant
velocity v (i.e., ∆t = d/v), from one location to another, again with a power-law
distribution of distances, and when they arrive to the destination their direction
is updated. Movement patterns described by the Lévy-like models have been
reported to be optimal in the random search processes of sparsely and randomly
distributed targets, with an optimal exponent βopt = 2 [51, 52]. While the number
of visited sites, defined from a discretization of the space, after n movement steps
in a Lévy walk scales as n for β < dim + 1, with dim being the dimension of the
space, for a random walk they scale similarly for dim<2, but as ndim/2 for dim≥ 2
[53]. For testing the optimality hypothesis, the number of found targets after
a long time was studied for different movement patterns [53], reporting that a
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Lévy-like movement pattern with β ≈ 2 was optimal in the case of revisitable tar-
gets (i.e., resources that appear in the same location after being detected), while in
the case of non-revisitable targets (i.e., resources that after being detected appear
in a different location) the Lévy walks performed better than Brownian motion,
but the optimal movement pattern was ballistic motion in a random direction
[54]. In fact, other models, whose trajectories in some cases look quite similar
to those arising from Lévy walks, have also been proposed as optimal strategies
for resource search, like the intermittent motion, which combines a fast phase,
with high velocity and in straight direction, in which there is no detection, with a
search phase, characterized by smaller velocities and more frequent turns, when
targets can be detected [53].

Optimal foraging theory states that if a movement strategy is optimal in search
processes, it increases the fitness of the individuals displaying it, and hence it
is selected by evolution [55]. Then, it is important to assess in which cases the
Lévy walks or the Brownian motion are more efficient. In fact, the efficiency,
measured in terms of encounter rates, does not only depend on the motion of
the searcher, but also on that of the target. Specifically, Lévy walks are more
efficient for finding targets that perform Brownian motion, and this efficiency
increases for lower target densities, lower target velocities and lower target sizes
(these two last features in comparison with the searcher) [56]. However, if the
targets display Lévy walks, the advantages of searchers moving on a Lévy walk
strategy are smaller, in some cases getting better performances with Brownian
motion.

Then, according to optimal foraging theory, Lévy walks will be selected only
when they represent the most efficient search strategy. This lead to some contro-
versy in the movement ecology community about the presence or not of Lévy-
like movement patterns in empirical observations. Initially, these movement
patterns were reported for wandering albatrosses [50], deer and bumblebees
[51]. However, other studies have reported discrepancies with it [57]. In fact, an
intermittent behaviour was observed in marine animals, with a clear switching
between Brownian motion and Lévy patterns, depending on the habitat in which
the animals were moving [58].

1.2.2 Data analysis of marine animals movement

In contrast to human mobility, the data collection for animal movement is expen-
sive, in terms of both devices and human resources. This has been challenging
the movement ecologists in the last decades, but the development of cheaper,
more accurate and lighter position transmitter devices has facilitated the growth
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of the available data for analysis, which currently is arriving to Big Data status,
with some programs that promote the data collection, like Tagging of Pelagic
Predators (TOPP) [59].
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Figure 1.11: Vertical movement patterns of marine predators. Distributions of
step length s for a, basking shark, b, bigeye tuna, c, Atlantic cod, d, leatherback
turtle, e, Magellanic penguin, f, a juvenile basking shark. In the cases a-e,
the distributions fit to a power-law p(s) ∼ s−µ, while the juvenile basking shark
displays a different behaviour. Source: Ref. [60].

The difficulties in the data collection processes are reflected in the analysis, typ-
ically addressed at individual scale or pooling the data arising from very few
individuals. This is the case of a highlighted study on the movement patterns of
marine predators, which analysed 31 individual displacement sequences corre-
sponding to seven species [60]. In this article, the steps s in the vertical direction
were analysed. The one dimensional data facilitates the measurement of steps,
which are defined as the distances between two direction changes, i.e. the dis-
tances between local minima and maxima, and vice versa. The step lengths were
distributed as power-law functions, p(s) ∼ s−µ for 24 individuals belonging to
5 different species, typically associated with Lévy-like movement patterns and
characterized by the exponent µ (Fig. 1.11). These patterns, exhibited by marine
predators, may be associated with optimal search strategies [61], emerging as
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the animals have a deeper experience, in contrast to the pattern displayed by the
juvenile basking shark (Fig. 1.11f).
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Figure 1.12: Switching movement patterns displayed by a blue shark. a-e,
Time series of the observed depth and the window that facilitates splitting the
trajectory in different behavioural sections. f-j, Step length distribution associ-
ated with the sections depicted in a-e. Red and blue lines indicate, respectively,
truncated power-law and exponential fits. Source: Ref. [58].

However, power-law distributions do not explain all the observed regimes in the
movement patterns displayed by marine animals. Specifically, Humphries et al.
showed that Brownian movement, characterized by exponential distributions
of step lengths, was displayed by marine predators when they were moving
in regions with abundant prey, while the movement was described by a Lévy-
like pattern in less productive waters, where resources were scarce [58]. In this
study, they analysed the movement in the depth coordinate (vertical) and the
influence of the properties of the location according to the other coordinates.
i.e. the resource abundance in the ocean for a specific latitude and longitude.
Each individual trajectory was partitioned in different movement regimes called
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sections, and the steps associated with each section were analysed separately,
as shown for the example of a blue shark (Fig. 1.12a-e). Specifically, the expo-
nential model was able to approximate the tail of the distribution on the first
section, although a truncated power-law was fitting all the range (Fig. 1.12f). In
off-shelf environments,the distributions were truncated power-laws in off-shelf
environments (Fig. 1.12g, i, j). However, at the shelf edge, the best fit was an
exponential distribution (Fig. 1.12h). This observed behaviour was related with
the abundance of resources in coastal habitats while they are scarce and ran-
domly distributed in open ocean, highlighting that the marine predators display
switching movement patterns according to the environment they are moving
through.

When the measurement of the position is not performed at the detection of
behavioural events, like the landing on the movement of a butterfly, these events
need to be detected along the paths. Hence, for trajectories that are sampled
continuously, using the step length method requires detecting the turning points,
which are defined as a sudden change in the movement direction. In 1D, this
definition is very clear, as the turning points are those locations where the velocity
changes its sign. However, the trajectories have curvature in higher dimensions,
such that it is harder to define these turning points. The most recent and accepted
proposal suggests projecting the movement into lower dimensions, reaching at
the end 1D movement and measuring the step lengths in the one dimensional
projection [62]; in the context of Lévy-like movement patterns, this method
is valid and it simplifies the problem: considering a 3D movement pattern,
described by steps whose lengths are independently sampled from a power-
law distribution, its projection into a lower dimension and the identification of
turning points lead to a distribution of step lengths that keeps a power-law tail
with the same exponent, although out of the range where the original power-
law was defined the distribution may be different (Fig. 1.13). However, for
other kind of movement patterns, the distribution may not keep the statistical
properties after the projection into smaller dimensions. This problem highlights
the need for new methods that overtake these difficulties.
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Figure 1.13: Example of the projection method applied to a 3D Lévy flight.
a, 3D Lévy flight with step lengths xgenerated from the distribution p(x) = x−µ,
with µ = 2 and x > xmin = 1. b, Rank as a function of the step length, fitting
to a truncated power-law with exponent µ̂ = 1.996. c, Time series of the one
dimensional projection. d, Rank as a function of the step length for the one
dimensional projection. e, Rank as a function of the step length for the one
dimensional projection and x > xmin, fitting to a truncated power-law with
exponent µ̂ = 2.01. f, Rank plot for the one dimensional projection of a Lévy flight
generated with µ = 2 and xmin = 10. Solid red lines in b, e represent truncated
power-law fits, while the dashed blue lines are exponential fits. Source: Ref.
[62].

33



CHAPTER 1. INTRODUCTION

1.3 Dynamical processes in systems of mo-
bile particles

Modelling the behaviour displayed by discrete systems of particles implies both
considering a dynamical process and the topology specifying who interacts with
whom. The proximity between particles facilitates their interactions in many
real systems, which are described by spatial networks where each particle is as-
signed a position in space and the presence and strength of the interactions with
other particles depend on the distance between them [63], i.e., the element Ai j in
the adjacency matrix that represents the network is a function of the distance di j
between particles i and j, Ai j = f (di j). Spatial networks have been proposed to
model processes such as the dispersal of pathogens on plant fields [64], biodi-
versity dynamics in a system of interconnected habitats [65], or synchronization
in wireless networks [66].

There are two main approaches for addressing the study of dynamical processes
in systems of mobile particles, related with the Eulerian description, focusing
on points of the space, and the Lagrangian description, which analyses the tra-
jectories. Many studies have described metapopulation approaches [67], where
the system is considered as a set of patches of particles, with those patches dis-
tributed along the space. In such approach, the adjacency matrix describes the
flows of particles between different patches. On the other hand, we can consider
an agent-based mobility approach, following the specific trajectory of each par-
ticle and considering that the distance to the other particles changes with time,
such that the interactions are described by a temporal network that joins a set of
different spatial networks.

1.3.1 Epidemic spreading

One of the main mechanisms for biological contagion is airborne transmission,
which requires physical proximity between a host and a healthy individual. This
constraint in the contagion process suggests considering interactions that take
into account the distance between the particles that compose the system. In
fact, the interaction pattern of each individual changes in time due to its mo-
bility, which can lead to a faster dispersal of the pathogens [68]. As introduced
above, there are two main approaches to analyse the mobility influence on dy-
namical systems. In the metapopulation approaches, the spatial network, which
describes the jumps between different patches, is constant and the populations
of each patch change in time; within the patches, individuals are assumed to
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be well-mixed, such that there is an all-to-all interaction. In contrast, in the
agent-based mobility approaches, the individuals follow different trajectories,
leading to a spatial network that changes in time, and they only interact with
those located in their proximity.

Early studies on disease spreading used percolation processes to analyse differ-
ences between massive and strategic vaccination campaigns on mobile popu-
lations [69]. In this work, Eubank et al. suggested the simulation of mobility
patterns, from a synthetic population compatible with the census data, estimat-
ing its mobility from the land-use measurements. These simulated trajectories
were analysed as a temporal network that connected the individuals to the loca-
tions that they visited at a given time. Specifically, that network had a bipartite
structure, as each link connected two nodes belonging to different classes, that
is, each link connected one individual with one location. In fact, the contact
network was built from the projection of the bipartite network into the individ-
ual’s space, connecting two individuals that were visiting the same location at
the same time. However, the analysis performed in Ref. [69] did not take into
account the temporal nature of this projected network, focusing on the properties
of its static projection, which aggregated all the links and removed those that
implied a total contact duration smaller than a threshold, and performing perco-
lation analyses on it. Interestingly, both a vaccination campaign with priority for
the nodes with highest degrees and a massive vaccination campaign, i.e. choos-
ing randomly the vaccinated individuals, were not leading to the fragmentation
of the network in several giant connected components, which would avoid the
contagion between them.

Later studies on contagion processes considered global mobility flows, aggregat-
ing the flows that connect different scales: long-range mobility, represented by
the airline passenger connections and short-range mobility reflected in the local
commuting pattern (Fig. 1.14) [70]. After fitting the commuting flows to the
gravity model, with the flows proportional to a power of the origin and desti-
nation populations and an exponential decay with the distance as introduced in
Eq. (1.6), Balcan et al. created a synthetic commuting network representing the
fit to the empirical dataset. This approach facilitated a comparison between the
effects of long-range mobility and those arising from considering both short and
long-range, i.e., including multiple mobility scales. In fact, the comparison of
the outbreak sizes between the cases considering only long-range mobility and
multiple scales lead to small variations, although the commuting flows were one
order of magnitude higher than those associated with flying passengers. Despite
the outbreak sizes were not influenced by the short-range mobility, commuting
was facilitating the synchronization of the epidemic spreading in local scales,
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as dates when the maximum number of infected individuals was reaches were
more sparse when the mobility was only including long-range flows.
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Figure 1.14: Mobility flows at different scales in continental US. a, Flows
arising from airline passenger connections. b, Commuting flows. Link colours
represent the number of travellers between the two connected locations. Source:
Ref. [70].

The previous approach was performing data-driven simulations, using the flows
of people between different locations [70]. However, it did not take into account
that human-beings display a preferential return to very few specific locations
[30]. This problem was analysed by Belik et al., considering a system of indi-
viduals characterized by their base location, with the individuals whose base
location is k being characterized by transition rates wk

mn between two locations
n and m [71]. If the transition and return rates wk

mn does not depend on k, the
disease spreading process on this system is described by a reaction-diffusion
process, which leads to a propagating wave with speed cRD ∼

√
ω, with ω being

the global transition rate. Belik et al. assumed movement between the base and
other locations, with the users following star-like trajectories centred in the base
location, i.e. wk

mn = 0 for k , n and k , m, setting a different return rate to the base
location from than the leaving rate wk

nk , wk
kn. Considering a one-dimensional

lattice, they studied the influence of the mobility of infected individuals leaving
their base with a rate ω+ and returning with a rate ω−. In the case of symmetric
movement, ω+ = ω− = ω, the system displayed waves of infected individuals
whose front moved with a speed c = 2αω

√
3D

α+3ω , with α being the infection rate,
D = l2/2 and l is the distance between two nearest neighbours. In contrast to the
reaction-diffusion approach (cRD ∼

√
ω), this set-up was leading to a saturation

of c(ω) = 2α
√

3D
3 as ω→∞ (Fig. 1.15).

1.3.2 Other dynamics

The agent-based mobility approaches have been used more frequently for mod-
elling other dynamics, like synchronization or game theory. For example,
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Figure 1.15: Disease spreading with reaction-diffusion and star-like trajecto-
ries. Front velocity c as a function of the travel rateω for the stochastic simulation
of different dynamics, for reaction-diffusion approach (blue symbols) and star-
like trajectories (red symbols). Dashed and dashed-dotted curves represent the
analytical results for star-like trajectories and reaction-diffusion, respectively.
Source: Ref. [71].

Fujiwara et al. analysed a model of Kuramoto oscillators moving in a two-
dimensional space [72]. Introducing two time scales, τP and τM, defined as the
time between two consecutive phase and position updates, respectively, and
setting τM = 1, the influence of different τP was studied. The limit τP → 0
represented the absence of mobility; in this limit, there was global synchroniza-
tion just for interaction ranges leading to a single connected component, as for
short interaction ranges the system was composed of many connected compo-
nents, each one synchronizing towards a different phase. However, the mobility
(τP > 0) was leading to global synchronization for all interaction ranges (Fig.
1.16). In fact, higher τP lead to lower synchronization characteristic times, ap-
proaching for τP ∼ 10 an asymptotic value. This asymptotic value represented
the fast-switching approach, which considers that between two updates of the
dynamics the network is changing such that the non-diagonal terms of the ad-
jacency matrix can be approximated to the uniform probability of two particles
being connected.

In a similar approach, Prignano et al. studied the influence of mobility in the
characteristic synchronization time in a population of integrate-and-fire oscilla-
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Figure 1.16: Synchronization of Kuramoto mobile oscillators. While in the
static case (phase update time scale τP → 0) there is global synchronization only
for interaction ranges d higher than the critical percolation distance dc (dotted
line), the mobility facilitates synchronization for all the values of the interaction
range, and higher mobility (higher τP) leads to smaller synchronization charac-
teristic times nT, approaching asymptotically the fast-switching approach (solid
line). Source: Ref. [72].

tors, setting τP = τM = 1 and varying the velocity v, defined as the displacement
of each oscillator between two consecutive updates, and considering only inter-
actions with the closest neighbour. For low velocities, the synchronization time
was decreasing as a power of the velocity until it reached a minimum. Then, the
synchronization time started growing and diverged for a finite range of veloci-
ties. Finally it decreased with velocity, reaching an asymptotic value for higher
velocities (Fig. 1.17) [73].

The coupling between mobility and dynamics has also been studied for the voter
model, which describes the evolution of a population that is characterized by
a binary state, i.e., 0 or 1, with a dynamics defined by updates in which an
individual copies one of his neighbours’ state [74]. As this model has typically
been considered a model of social influence, its behaviour was compared with
the results of US presidential elections [75]. The mobility was introduced from
the commuting fluxes obtained from the census data, assuming that individuals
interacted either at home or work. Considering a probability α of copying the
state of one individual located in home location and 1 − α for copying the state
of one individual located in work location, Fernández-Gracia et al. set α = 0.5
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Figure 1.17: Synchronization of integrate-and-fire mobile oscillators. Charac-
teristic synchronization time Tsync as a function of the velocity v. The dashed
black line represents a power-law decrease, the shaded gray area depicts the
range of velocities with a diverging synchronization time, and error bars corre-
spond to the standard deviation. Source: Ref. [73].

(assuming an individual spending daily 8 h at work and 8 h sleeping and the
rest at home), fitted the noise intensity D = 0.03 and the Monte Carlo (MC)
step duration to the time between elections (10 MC step/election), finding that
the vote-share fluctuations measured in the model were compatible with those
observed in the empirical data, and showing that including long-range links was
important in order to reproduce the empirical spatial correlations in the model.

Meloni et al. analysed the effects of mobility on an evolutionary model of the
prisoner’s dilemma [76]. Prisoner’s dilemma dynamics considers an interaction
between two agents that gives them a pay-off according to their state. Each agent
has two possible states: cooperator (C) or defector (D). The maximum pay-off
is T, obtained by a defector in the interaction with a cooperator, who gets the
minimum pay-off S. Two cooperators have a higher pay-off R than two defec-
tors, receiving P. Hence, T>R>P≥S. An evolutionary version of the prisoner’s
dilemma considers that the agents can change their state if their neighbours have
a better pay-off. Interestingly, while in an all-to-all connection the attractor is
described by a global defector state, the complex networks topology can facil-
itate the survival of cooperative states [77]. Meloni et al. found that, while a
static spatial network has attractors allowing the coexistence of cooperators and
defectors, the mobility lead the system to only two attractors with a uniform
global state, with all the individuals being whether cooperative or defective.
Considering the agent’s velocity v and the temptation to defect T = b > 1 as con-

39



CHAPTER 1. INTRODUCTION

trol parameters, the cooperative strategy survived only for low values of both
parameters, leading to the global defector attractor otherwise (Fig. 1.18).
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Figure 1.18: Evolutionary prisoner’s dilemma with mobility. Phase diagram
showing the fraction Fc of cooperators as a function of the agent’s velocity v and
the temptation to defect b. Source: Ref. [76].

1.4 Conclusions

According to this brief state-of-the-art on movement studies, both for human
and animal scenarios, many questions remain open for the scientific community.
Taking into account these ideas, we will pursue the following objectives:

• To develop methods suitable for the analysis of animal trajectories (Chapter
2).

• To approach the movement analysis from an aggregated point of view
(Chapter 2).

• To compare trajectories associated with multiple species, identifying the
common drivers of marine megafauna movement (Chapter 3).

• To describe the patterns exhibited by anthropogenic activities in the ocean.
Specifically, analysing the transit pattern of vessels (Chapter 4).

• To combine models of dynamics and movement to understand the role of
mobility, focusing on disease spreading processes (Chapters 5 and 6).

• To use empirical contact networks to simulate disease spreading, deter-
mining the features that play a key role in the dynamics and suggesting
strategies for reducing outbreak sizes (Chapter 6).
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This thesis is divided in two main parts, firstly analysing marine movement data
and secondly studying the influence of mobility on dynamical systems. The tasks
performed in these two parts are connected, as the data analysis is fundamental
for obtaining general laws describing the empirical phenomena, and synthetic
datasets following empirical observations can be used for modelling the interplay
between the mobility and the dynamics. Data-driven simulations using large
datasets would be the best approach to this problem, and we will illustrate how
the empirical data can be used in the analysis of dynamical systems, studying
the influence of mobility on a model of contagion dynamics. However, the costs
associated with the tracking of a large number of individuals are high, making
the synthetic trajectories, generated according to the observed general laws, a
key tool for approaching realistic system sizes.
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Marine movement analysis
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Chapter 2
Intraspecies analysis of move-
ment: the case study of south-
ern elephant seals

The movement of individuals of the same species is the effect of a long list
of causes: physiological needs, like food, shelter or reproductive mates, the
interaction with the environment or even genetically programmed behaviours
[58, 78]. The aggregated movement can reflect the characteristic individuals of
a species, or it can emerge as a consequence of the idiosyncratic movement [21].
Hence, the analyses at different levels of aggregation facilitate the inference of
characteristic behaviours for each scale. In this work, we perform an analysis
of the movement at individual and aggregated scales of southern elephant seals
(Mirounga leonina), a top predator living in Southern Ocean [79].

Previous works in animal movement have reported scale-free movement pat-
terns, following the so-called Lévy models [80, 81]. These movement patterns
were reported for several animal species [82, 83], or in modern and hunter-
gatherer humans [84, 85]. The Lévy flight consist of a random walk in which
the animals take steps from one location to other, separated by a step length s
that is sampled from a power-law distribution p(s) ∼ s−γ, and taking a random
direction. This model arises from the standard random walk paradigm, which
assumes that the behaviour between two animal decisions is not abruptly inter-
rupted, displaying trajectories can be described by discrete steps; in fact, each
step starts when an individual chooses a duration, a speed and a direction for
that step [48, 86]. In the Lévy flights, the time taken for every jump is the same,
irrespectively of its length, implying in some cases extremely high velocities.
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This is solved in the Lévy walks model, where the constant value is not the time
taken for a jump, but the walker velocity. Interestingly, a walker displaying
this movement pattern will optimally find randomly and sparsely distributed
targets [51, 56]. When this Lévy-like behaviour is assumed as a hypothesis for
the empirical data analysis, the identification of steps across the trajectories is
required. This problem has been controversial in the movement ecology commu-
nity. The steps are obtained after detecting turning points in the trajectories, and
their lengths are obtained measuring the physical distance between consecutive
turning points. In 1D movement, turning points are easy to identify, as they are
identified as the points where the velocity changes its sign. However, this prob-
lem is more complicated in higher dimensions due to the presence of curvature.
In two-dimensional movement, this issue has been addressed setting a thresh-
old for the turning angles, such that the points in which turning angles higher
than the threshold are considered turning points [87]. However, this method
requires for an externally chosen threshold for the turning angles. The problem
of the curvature is solved using one property of Lévy flights, which states that
the projection of a d-dimensional Lévy flight into a dimension lower than d is
still a Lévy flight with the same tail exponent. Then, the method for the analysis
consists on projecting the movement into 1D for easily identifying the turning
points. This allows to project a d-dimensional Lévy flight into a 1D movement
[62], which can be easily analysed, and also facilitates the identification of spa-
tial anisotropies after comparing projections across different directions when the
projection direction is varied. It is important to highlight that this projection
method leaves invariant the movement patterns that are described by indepen-
dent samples from power-law distributions, but it is not the case for a generic
distribution.

We propose a set-up in which we apply the methods introduced in statistical
physics to animal movement analysis, which typically have been used for as-
sessing huge datasets of human movement. Without defining turning points
along the trajectories, we measure the distance between points separated by a
time window T, computing the probability density function of finding a dis-
placement d between two points that are separated by a time window T, p(d|T).

This method for measuring the statistical properties of the trajectories does not
assume a Lévy-like behaviour, as it does not need to determine which sampled
points in the trajectories are turning points. Then, this approach is model-free,
being able to measure the movement described by a generic distribution. We
will apply this method to the analysis of southern elephant seals movement.

The dataset used for this analysis includes 550, 537 location estimates along the
trajectories of 272 southern elephant seals between 2004 and 2014, obtained with
Advanced Research and Global Observation Satellite (ARGOS) platform trans-
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mitting terminals (PTT), in the format (Id, Latitude, Longitude, Time). The raw
data was processed with state-space models [88] to estimate the location points
along movement paths with a temporal resolution of 2 h. The individuals were
tagged in seven deployment locations: 15 at Macquarie Island, 11 at Campbell
Island, 97 at Kerguelen Island, 29 at Elephant Island, 52 at Livingston Island, 24
at Casey Station and 44 at Davis Station (Fig. 2.1).

2.1 Analysis of displacements

We analysed the trajectories aggregating all the observed displacements for the
272 elephant seals. For a specific time window T, the displacement length di,T(t),
observed in individual i at time t, was the distance between the location of the
seal at time t, xi(t), and at time t + T, xi(t + T):

di,T(t) = dist(xi(t), xi(t + T)) (2.1)

a b

Figure 2.1: Movement data from southern elephant seals trajectories. a, Map
of the trajectories described by the 272 tracked southern elephant seals. Star sym-
bols represent the seven deployment locations, and the colours of the trajectories
are associated with each deployment location: Kerguelen (yellow), Macquarie
(blue), Campbell (orange), Livingston (magenta) and Elephant (cyan) Islands,
Casey (red) and Davis (green) Stations, and land is shown in dark grey. Map
generated with Matplotlib Basemap Toolkit. b, Temporal extent of the trajecto-
ries, with the color associated with the deployment locations introduced in a.
Source: Ref. [79].
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Figure 2.2: Scaling of the displacement lengths with time of southern elephant
seals movement. The q-th root of the q-th moment, 〈dq

〉
1/q, averaging over the

conditional distribution p(d|T), is a power of time T, 〈dq
〉

1/q
∼ Tα. For q = 1 (black

dots), this measurement represents the average displacement, while for q = 2
(red dots) it is the root mean square displacement (RMSD). Source: Ref. [79].

where dist(x,y) is the great-circle distance between locations x and y. Note that
Eq. (2.1) can be used only when the position at t + T is known; otherwise, di,T(t)
cannot be calculated and was not included in the analysis. For each individual,
we measured the observed displacement lengths along its trajectory, and we
aggregated these observations for all the individuals in our dataset. For a pair
of points x and y on the surface of a sphere of radius R, whose coordinates
(latitude, longitude) are given by x = (φx, λx) and y = (φy, λy), the haversine
formula allows the calculation of dist(x,y) between them:

dist(x,y) = 2R arcsin(
√

h) (2.2)

where h = sin2(φx−φy

2 ) + cosφx cosφy sin2(λx−λy

2 ).

First of all, we analysed the scaling of the moments of the observed distribution
of displacement lengths d with the time window T, 〈dq

〉(T) =
∑
i,t

dq
i,T(t), running

over all the observations in one trajectory and over all the trajectories in our
dataset. For intermediate values of T, these moments scaled as a power-law of
T, saturating for high values of T due to the finite size of the regions that the seals
explored. The moments for different values of q > 0 scaled with exponents that
were linearly proportional to q, which suggested the absence of multifractality in
the movement [89]. Then, the q-th root of the q-th moment had an exponentα that
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did not depend on q, 〈dq
〉

1/q
∼ Tα (Fig. 2.2). An ordinary least squares fit to these

curves lead to the exponent α = 0.83, which indicated that the movement was
super-diffusive, as this exponent was higher than the characteristic for Brownian
motion (αdif = 1/2).

Focusing on a specific time window T, the statistical properties of the displace-
ment lengths, aggregating all the observations along a trajectory and all the
trajectories, were studied through the probability density function describing
them p(d|T), which takes the value for the bin centred in d and representing the
range (a, b):

p(d|T) =

∑
i,t

∫ b

a δ(di,T(t) − x)dx

A(T)(b − a)
(2.3)

where δ(x) is the Dirac delta function (
∫ b

a f (z)δ(z − z0)dz = f (z0) if a < z0 < b and
0 if z0 < a or b < z0), A(T) is the total number of observed displacements for the
time window T and b − a > 0 is the length of the bin.

This distribution displayed a power-law scaling p(d|T) ∼ d−γ for displacement
lengths smaller than dL(T) ∼ 〈d(T)〉, followed by a sharp cut-off that appears for
displacement lengths that represent the maximum effective velocities displayed
by southern elephant seals, and this cut-off was higher for higher values of T (Fig.
2.3a). A maximum likelihood estimation (MLE) of the exponent in the power-
law distribution (see Appendix) fitted this parameter to γ = 0.60. The behaviour
was qualitatively the same for different values of T; in fact, after normalizing
the observed displacement lengths for a time window T, dividing them by the
average displacement length, D =

d(T)
〈d(T)〉 , the displacement length distributions

for different T collapsed into a universal function p̃(D) for a broad range of time
windows (Fig. 2.3b). This universal function was obtained after applying the
normalization transformation, which had the same properties as Eq. (1.1) taking
into account that 〈d(T)〉 ∼ Tα and p(d|T) ∼ T−αp(d/Tα), leading to:

p̃(D) = p(d|T)〈d(T)〉 (2.4)

This collapse for a broad range of temporal scales (Fig. 2.3b), happening for
time windows ranging between half a day and around a hundred of days,
showed the temporal invariance of the observed movement pattern. In fact,
the probability density distribution of displacement lengths was described by a
power-law distribution, that exhibits self-similarity, showing the spatial invari-
ance of the movement across several spatial scales. Then, we can conclude that
the behaviour of southern elephant seals at a species level displays a spatial and
temporal invariance.
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Figure 2.3: Displacements analysis of southern elephant seals movement.
a, Distribution of displacement lengths for time windows T of 0.5 (green), 1
(black), 4 (blue) and 10 (magenta) days. b, After normalizing the distributions in
a, the curves collapse into a universal function described by a power-law with
exponent γ = 0.60 (solid black line) and a sharp cut-off. Source: Ref. [79].

Nevertheless, the measured exponent in the displacement length distribution
was outside the Lévy stable regime, according to the central limit theorem, and
it could have been artificially introduced through our measurement method. In
order to check the robustness of the exponent, we used methods introduced in
movement ecology for detecting steps, combining the projection into 1D trajec-
tories [62] and rescaling techniques for different sampling frequencies that allow
the assessment of different temporal scales [90]. For different sampling frequen-
cies, all the distributions of step lengths curves collapsed in a region described
by a power-law which fitted to an exponent 0.62, while for higher step lengths
there was a power-law distribution whose exponent depended on the sampling
frequency (Fig. 2.4).

The generalized central limit theorem states that a distribution with a power-law
tail, described by the function x−θ, with 1 < θ < 3, is stable, meaning that, as
the number of random numbers drawn from this distribution increases, its sum
will converge to a stable distribution [91]. For θ > 3, this sum will converge to
a Gaussian distribution [92]. Our measured exponent γ = 0.60 < 1 was out of
the stable regime, and this suggested that more ingredients were present in the
seal’s movement, like non-Markovian dynamics, which suggested memory as a
driver of this pattern [93].
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Figure 2.4: Step length analysis of the trajectories. a, Probability density
function of the step length d for different temporal rescalings λ, such that the
considered trajectories are those including the 1st, (1 +λ)th, (1 + 2λ)th ... locations
from the original trajectories. The projection for the turning points identification
is done in the latitude axis. b, When the step lengths are normalized dividing by
the average step length, there are two power-laws, with the power-law associated
with smaller displacements collapsing to the same curve, while for higher step
lengths the power-law exponent depends on λ. Source: Ref. [79].

The central limit theorem
Consider X = {X1,X2,X3, ...,Xn} a set of random variables that are in-
dependent and identically distributed, with finite average µn and finite

variance σ2
n. Then, the sum of the variables Sn =

n∑
i=1

Xi converges to

a Gaussian distribution as n → ∞, with mean µn = nµ and variance
σ2

n = nσ2 [91].
However, the central limit theorem cannot be always applied when the
distribution of the random variables has the shape P(x) ∼ x−θ, whose first
and second moments are given by

〈x〉 =

∫
∞

0
xP(x)dx =

x2−θ

2 − θ

∣∣∣∣∞
0

(2.5)

〈x2
〉 =

∫
∞

0
x2P(x)dx =

x3−θ

3 − θ

∣∣∣∣∞
0

(2.6)

Eqs. (2.5) and (2.6) diverge for θ ≤ 2 and θ ≤ 3, respectively, such that
the central limit theorem is valid for power-law distributions with θ > 3.
For 1 < θ ≤ 3, the generalized central limit theorem states that P(x) is
a stable distribution, as the sum of the random variables converges to a
distribution defined by a power-law with the same exponent.
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Figure 2.5: Spatial distribution of southern elephant seals. Map showing the
occupancy ρev of the grid cells visited by southern elephant seals. The colour
scale is logarithmic, from violet (low occupancy) to yellow (high occupancy).
Map generated with Matplotlib Basemap Toolkit. Source: Ref. [79].

In the following step, we analysed the use of space, according to the observed
trajectories. We divided the space into grid cells of 0.25◦ both in latitude and
longitude, calculating the occupation ρi of each cell i as the fraction of recorded
visits to the cell, which is a proxy for the time spent on it, divided by the area of
the cell. The general pattern of this occupation was described by a distribution
that exhibited a long tail fitting to a power-law with exponent 1.88, revealing the
presence of places with extremely high levels of occupation coexisting with many
low-occupied grid cells. In fact, 80% of the observations occurred in the 23.7%
most visited cells (Fig. 2.5). This broad range of values for the use of space and
the exponent of the displacement lengths distribution that was out of the stable
regime of the central limit theorem lead us to split the movement in two different
stages. Hence, we divided the space into high occupancy cells, which were
those located in the first third of the ranking according to occupancy, and low
occupancy, which were the rest. After this split, we assessed the displacement
lengths distributions according to where the displacements were observed: we
separated the displacements originated in highly occupied regions from those
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Figure 2.6: Movement regimes of southern elephant seals. Distribution of dis-
placement lengths d for the time window T = 1 day, splitting the displacements
according to the occupancy of the area in which they occur. Directed movement,
with well-defined and high velocity is displayed in low occupancy regions (red
points), while a slower but highly variable displacement lengths take place in
highly occupied regions (black points). The solid violet line represents a power-
law fit with exponent 1.17. Source: Ref. [79].

located in low-occupied regions, leading to remarkable differences between the
behaviour exhibited in both stages. Specifically, the low-occupied areas were
characterized by long displacements with well-defined characteristic average
and variance, while the movement in highly occupied areas was described by a
broad distribution of shorter displacements (Fig. 2.6). In fact, the distribution of
displacements in the high occupancy regions had a power-law tail with a sharp
cut-off, with an exponent γ = 1.17 that was in the stable regime of the central
limit theorem (Fig. 2.6).

Summing up, southern elephant seals displayed a superdiffusive movement
pattern, which was characterized by a distribution of displacement lengths that
was out of the stable region of the central limit theorem. Considering this be-
haviour and the broad distribution of spatial occupancies, we split the space into
highly and low-occupied regions, observing a remarkably different behaviour.
Specifically, the elephant seals displayed fast and directed movements, which
suggested the memory as a driver of the movement that connected highly occu-
pied locations, in which the displacement lengths distributions were broad.
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2.2 Individual analysis

The analysis of the movement patterns described by southern elephant seals re-
vealed a universal behaviour that was consistent across a broad range of spatial
and temporal scales. We wanted to know if these universal features arose as a
consequence of aggregating a broadly diverse dataset or this pattern was repro-
duced by each individual seal. For this purpose, we analysed the movement of
the elephant seals at an individual scale.
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Figure 2.7: Centres and extensions of individual trajectories. Map of the
centre of each individual trajectory, depicted with circles. The size of the circle
is proportional to the gyration radius of the seal, and the color stands for the
deployment location, which are depicted with star symbols. Map generated
with Matplotlib Basemap Tool. Source: Ref. [79].

We measured the centre of the trajectories. This task was performed in two steps.
First of all, we converted our original coordinates (latitude,longitude) into the
three-dimensional Cartesian coordinates xi(t) = (Xi(t),Yi(t),Zi(t)) associated with
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the points in the surface of a sphere, setting our origin of coordinates in the Earth
centre. Secondly, we obtained the average position along the trajectory of each
seal i in Cartesian coordinates, 〈xi〉t = (〈Xi(t)〉t, 〈Yi(t)〉t, 〈Zi(t)〉t), and the centre of
the trajectory was the projection of this point into the surface of the sphere with
Earth’s radius RE:

ci = 〈xi〉t
RE√

〈Xi(t)〉2t + 〈Yi(t)〉2t + 〈Zi(t)〉2t

(2.7)

With the centre of each trajectory, we calculated the gyration radius for each seal,
which indicates how sparse in the space its trajectory is, following Eq. (1.3). The
gyration radius varied significantly across different individuals, indicating that
the movement had a deep idiosyncratic character. Specifically, the gyration radii
varied from 10 km to 2000 km (Figs. 2.7,2.8).
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Figure 2.8: Ranking of the gyration radii of the individual trajectories. We
observe a broad range of behaviours, with individuals whose gyration radii
are of several thousands of kilometres and others in the order of the kilometre.
Source: Ref. [79].

In the previous section, we showed that the collective movement pattern ex-
hibited by southern elephant seals was directed and it could be split in two
different modes. In the high speed and low occupancy mode, the movement
was described by displacement lengths and turning angles that were consistent
for long temporal scales, suggesting the presence of temporal correlations. This
hypothesis was tested making a reshuffling of the trajectories, in which we kept
the starting and final points of the trajectories, but reshuffled the order in which
the displacements appeared (Fig. 2.9). In depth, we partitioned each trajectory
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Figure 2.9: Occupancy pattern described by reshuffled trajectories. Inset:
examples of three realizations of the reshuffling (red, blue and green trajectories),
in comparison with the real trajectory (black). Map generated with Matplotlib
Basemap Tool. Source: Ref. [79].

in a set of 2D displacements in which the time window was the resolution of
our data (Tmin = 2 h), and then we randomized the sequence in which those
displacements appeared. The first comparison between the original and the
reshuffled data revealed that the original trajectories lead to a higher number of
visited grid cells (Fig. 2.10, inset).

The entropy of the visitation pattern displayed by individual j, S j can be calcu-
lated from pi, j, the probability that individual j visits cell i (i.e. the fraction of
locations in the trajectory of individual j that are associated to cell i):

S j = −

M j∑
i=1

pi, j log pi, j (2.8)

where M j is the number of cells that individual j visits. This measurement
is indicative of the fidelity of the individuals to the cells that they visit most
frequently, where high values of the entropy correspond to uniform visitation
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patterns, and low values are associated with high fidelity to a few cells [22, 94].
In order to allow the comparison across different individuals, we normalized the
entropy with its maximum value, obtaining s j =

S j

log M j
, which ranges between 0

(one visited cell) and 1 (cells are visited with uniform probability). The individual
entropies had in most cases high values (s > 0.6), showing that the seals did not
have fidelity to particular cells.

From the entropy S j and the number of visited cells M j, we calculated the limit of
predictability ΠMAX, which is the maximum probability with which a predictive
algorithm can guess the location of the individual [28], solving numerically the
implicit equation for ΠMAX

j :

S j = H(ΠMAX
j ) + (1 −ΠMAX

j ) log(M j − 1) (2.9)

where H(x) = −x log x − (1 − x) log(1 − x). The distribution of this bound for the
predictability was peaked around ΠMAX = 0.2, decaying smoothly to ΠMAX = 0.8,
with most individuals (60%) falling in the range 0.2-0.4 (Fig. 2.10). However,
some individuals displayed highly predictable trajectories, with bounds that
were approaching one. In fact, straight trajectories in which there were no
repeated visits to the same cell lead to low values of predictability (Fig. 2.10,
left lower panel), while as some cells were visited more frequently, the limit
of predictability increased (Fig. 2.10, central lower panel), reaching maximum
values when most of the points in a trajectory were located in a single cell (Fig.
2.10, right lower panel). In general, the limits of predictability measured from
southern elephant seals trajectories were much smaller that the ones associated
with human movement, which have a distribution peaked around ΠMAX

≈

0.93 [28]. However, despite this limit of predictability was relatively small,
compared with the measurement for human movement, it was higher than the
limit of predictability measured in the reshuffled trajectories (Fig. 2.10), which
had an average bound for the predictability of 0.18 ± 0.07 (standard deviation),
and displaying smaller predictabilities in the randomized trajectories for most
individuals.

Recapitulating, the individual analysis of the movement of the seals revealed
a high heterogeneity, first with a broad range of gyration radii, from some in-
dividuals that stayed close to the deployment location to others that displayed
migrations of thousands of kilometres, and secondly through the use of space
analysis, revealing in general low predictabilities, but in ranges that were higher
and broader than in the randomized trajectories.
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Figure 2.10: Predictability of the trajectories displayed by southern elephant
seals. Distribution of the limits for predictability ΠMAX measured for each seal.
The red line shows the average of ΠMAX for the reshuffled trajectories with a
standard deviation (shaded area). Inset: number of visited grid cells for the
reshuffled (Mresh) and original (Morig) trajectories. Symbol size is proportional
to the limit of predictability of the original trajectory. Lower panels show three
examples of trajectories with low (left), average (centre) and high (right) limits
of predictability. Source: Ref. [79].
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2.3 Spatial networks of flows

After studying the displacements, the spread of the trajectories and the anisotropies
due to the use of space, we considered another approach that has been used for
the analysis of human mobility, building a transition probability matrix Ω(T), in
parallelism with the Origin-Destination matrix. Setting a time window T = 1
day, the entry i j in the transition probability matrix is the fraction of visits to cell
i leading to cell j after one day:

Ωi j(T) =

N∑
n=0

tmax−T∑
t=t0

δcnt,iδcn(t+T), j

N∑
n=0

tmax−T∑
t=t0

δcnt,i

(2.10)

where n runs over individuals, cnt is the cell in which individual n is located at
time t, and δi, j is the Kronecker delta, taking value 1 if i = j and 0 otherwise.
Note that, as Ωi j is a transition probability matrix,

∑
j

Ωi j = 1 ∀i.

This matrix represents a weighted and directed network that includes the infor-
mation of the flows in space described by the movement of southern elephant
seals. Using network theory, we looked for communities, which are sets of
nodes that are strongly connected between them, in comparison with the num-
ber of connections with the rest of the network. This provided us with the
marine provinces defined by this movement pattern, which are the areas vis-
ited coherently. The community search in spatial networks has been applied to
human-based datasets, using telecommunications networks [44], functional net-
works derived from activity patterns [47] or flows described by human mobility
[95]. Infomap was the community search algorithm chosen for this analysis, as
it studies the dispersion of random walkers along the network and then splits
the communities according to the regions in which the random walkers stay for
a long time [96]. This algorithm produces an output in which the communities
are organized in hierarchical levels, from the most inclusive to the most local
levels. In our analysis, we considered the two first levels of aggregation.

We found two communities at level 0, which had internal structure at level 1,
giving rise to 6 different communities (Fig. 2.11a). At level 0, the deployment
location of the seals was clearly correlated with the community associated with
the cells that they visited, as seals tagged in Kerguelen Island, Casey and Davis
Stations were visiting one community and seals tagged in Macquarie, Campbell,
Elephant and Livingston Islands were associated with the other province (Figs.
2.1a and 2.11a,c). However, more structure was discovered at level one, finding
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a b

c
MP1 MP2 MP3 MP4 MP5 MP6

KI 27 30 91 65 3 0
DS 8 11 44 23 0 0
CS 4 3 12 24 3 0
LI 0 0 0 0 8 51
MI 0 0 0 0 15 0
CI 0 0 0 0 11 0
EI 0 0 0 0 0 29
Total 39 44 147 112 40 80

Figure 2.11: Marine provinces according to the movement of southern ele-
phant seals. a, Map of the marine provinces detected by Infomap in the network
defined by the transition probability matrix Ω(T). Red and blue colours corre-
spond to the provinces at level 0, while the different levels of darkness separate
provinces at level 1. Map generated with Matplotlib Basemap Tool. b, Fraction
of time that each seal spent in each province. Seals are ordered according to their
deployment location. c, Number of different seals, organized according to their
deployment location, that visited at least once each province. Source: Ref. [79].

that most individuals spent most of their time in a single community. Specifically,
80% of the individuals were located in more than 80% of the tracked time in the
cells belonging to a single community at level 1 (Fig. 2.11b).

2.4 Conclusions

The movement of southern elephant seals was described by universal laws that
were invariant across several spatial and temporal scales, despite we detected
high levels of idiosyncrasy at individual levels. The presence of a distribution
of displacement lengths described by a power-law with a low exponent, which
was out of the stable regime of the generalized central limit theorem, suggested
that non-Markovian processes were present in these movement patterns. This
was confirmed through the split of trajectories happening at highly occupied
areas, in which the displacements were described by a distribution with a stable
shape, and the trajectories in low-occupied regions, which were more directed,
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with a well-defined and higher velocity, in which our conclusion was that the
memory was driving the movement. This behaviour is compatible with the
analysed trajectories, which were representing return journeys between breeding
colonies and foraging grounds. In fact, southern elephant seals display a long-
term fidelity to the foraging regions, visiting the same locations along scales of
several years, with a higher probability of returning to the locations leading to
higher levels of foraging success in the previous year [97]; this fidelity is also
displayed in the diving behaviour, as elephant seals show preferred specific
foraging depths [98].

The collective analysis of the transition probabilities in the space provided us
with the marine provinces defined by southern elephant seals, which were con-
sistently visited by the individuals, as most individuals spent most of their time
in a single province. We also detected that, at the most inclusive level, the seals
which were tagged in the same location were associated with the same commu-
nity, making a split between three different populations: 1) the seals tagged in
Kerguelen Island, Casey and Davis Stations, 2) the seals tagged in Macquarie and
Campbell Island, and 3) those tagged in Elephant and Livingston Island. These
provinces were consistent with previous knowledge of the regions explored by
each population. For example, the seals from Kerguelen Island were travelling
to either sub-Antarctic or high-Antarctic foraging grounds [99].

An analysis at individual level showed idiosyncrasy. This behaviour was re-
flected in a broad range of gyration radii. The seals were visiting a higher
number of spatial grid cells than in a randomization of the trajectories due to
the presence of low-occupied cells in which they moved directly. In general,
the seals visited the regions of the space with a probability that was close to
the uniform visitation, with high values of the normalized entropies. However,
the random case was even more uniform, leading to smaller values of the pre-
dictability, although the number of visited cells in the reshuffled trajectories was
smaller, and this could make the predictability rise. The general result was that
the use of space displayed by elephant seals was highly unpredictable, especially
compared to the one associated with human behaviour.

This case study was a sample of how these methods, used from the statistical
physics community for the analysis of human mobility, can be applied to animal
movement, specially when the availability of tracking data is increasing. In the
next chapter, some of these methods will be applied to an interspecies analysis,
identifying the general drivers of the marine megafauna movement.
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Chapter 3
Interspecies analysis of marine
megafauna movement

Satellite tracking has become the main data source in movement ecology [100,
101]. This community has made remarkable efforts to overcome the difficulties
related with technical limits, like the price of the devices or the deployment
process, focusing on studies that analyse the recordings of the presence of a
species in a specific location, or the description of its movement in a confined
area. These recordings were based on previous knowledge of the studied species.
For example, the awareness that a region is visited by a species could lead to
a project for assessing the frequency and the abundance of individuals visiting
that area [102, 103]. The analysis of trajectories in well-defined areas is also an
important research line, leading to the analysis of collective movement phenom-
ena, as reflected in the studies of school fish [104], starling flocks [105], or sheep
confined in a field [106]. In contrast, satellite tracking provides data describing
the trajectories displayed by the individuals for long periods of time, leading to
new discoveries about the movement in places where previous tracking tech-
niques could hardly work. This is especially important for the study of marine
megafauna movement [107], as it facilitates more accurate assessments of the
movement behaviour in areas of hard accessibility, like open oceans [108], skies
[109], or the polar regions [110]. Moreover, some sensors allow studying the
diving behaviour, enhancing for the comparison between horizontal and verti-
cal movement [111]. The availability of longer tracks for more and more species
allows for multispecies analysis of animal movement [60, 59, 112].

In this chapter, we present the analysis of the movement of 50 marine species
that flight, walk and swim [113]. Firstly, we characterize the observed movement
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Figure 3.1: Global map of the gathered dataset. Colours represent each of the
nine guilds with data: cetaceans (yellow), eared seals (blue), flying birds (green),
penguins (cyan), polar bears (orange), sharks (dark green), sirenians (violet), true
seals (red), and turtles (magenta). Mixed colours appear in locations visited by
species belonging to different guilds. Map generated with Matplotlib Basemap
Tool. Source: Ref. [113].

with a few measurements. Secondly, we use these measurements as response
variables of the known features of the species, working at species and individual
level. Our challenge is to detect the relevant features that explain the observed
response variables, which are measured in the tracking datasets, that is, we
search the general drivers of marine megafauna movement.

3.1 Data description

The original data used in this work is the result of collecting the data obtained
across three decades (1985-2015), comprised of ∼2.8 million locations corre-
sponding to 2557 individuals that belong to 50 marine vertebrates, covering
a significant fraction of the Earth’s oceanic surface. The analysed species are
grouped in nine different guilds: cetaceans, eared seals, flying birds, penguins,
polar bears, sharks, sirenians, true seals and turtles (Fig. 3.1). The information
in the datasets included the horizontal coordinates, (i.e., latitude and longitude)
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in which an individual i is located at position xi(t) at time t. These datasets were
coming from different tracking systems:

• Advanced Research and Global Observation Satellite (ARGOS) is a satellite-
based system that uses Doppler effect for determining the position of the
transmitter.

• Global Positioning System (GPS), which is supported by a network of 24
satellites orbiting around the Earth, and when the transmitter receives a
signal from one of these satellites, it computes the distance to the satellite
emitting that signal. If there are three or more signals, the location of the
transmitter can be calculated from these distances.

• Global Location Sensor (GLS), which records the light level sequence, such
that the latitude and the longitude of the sensor can be inferred.

There were some datasets based on processed information, while in others the
information was raw. There were several species for which both ARGOS and GPS
tracks were available, which allowed for comparison. After checking that the
statistical measurements for trajectories obtained from ARGOS and GPS systems
were compatible, we gathered the trajectories tracked with different tracking
systems. A similar analysis was performed for raw and processed trajectories,
obtaining no significant differences. However, the species that were tracked with
GLS system could not be compared, so these species were initially discarded.
After further pre-analysis, requesting a high number of observations such that
the results were statistically significant, the final analysis was performed on the
data descibing the movement of animals belonging to 38 different species (Table
3.1).

The movement data was complemented with information about basic features of
each species. Specifically, we initially considered taxonomy (taxa, family, group),
allometry (body length and mass), life history traits (e.g., breeding and foraging
strategies), energy requirements, locomotion mode and the habitat region (polar,
temperate, tropical). The main aim of this work was to connect these species fea-
tures with the observed movement. For this purpose, we obtained the statistical
properties of the movement data, and then we assessed the correlations between
movement statistics and the species features, i.e., the species features were used
as explanatory variables of our response variables, which were the movement
statistics.
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Common name Scientific name # Indiv # Loc
Polar bear Ursus maritimus 62 102499

Western gull Larus occidentalis 41 221209
Laysan albatross Phoebastria immutabilis 122 13545

Short tailed shearwater Ardenna tenuirostris 47 12649
Black footed albatross Phoebastria nigripes 72 11741

Macaroni penguin Eudyptes chrysolophus 91 18318
King penguin Aptenodytes patagonicus 8 13125
Little penguin Eudyptula minor 102 5009

Beluga Delphinapterus leucas 31 37089
Bottlenose dolphin Tursiops truncatus 3 1681

Southern right whale Eubalaena australis 3 1130
Humpback whale Megaptera novaeangliae 12 707

Pilot whale Globicephala macrorhynchus 2 510
Northern elephant seal Mirounga angustirostris 321 1027839
Southern elephant seal Mirounga leonina 272 554003

Weddell seal Leptonychotes weddellii 96 62873
Crabeater seal Lobodon carcinophaga 30 12614

Australian sea lion Neophoca cinerea 236 85507
Northern fur seal Callorhinus ursinus 158 80863
California sea lion Zalophus californianus 75 52333

New Zealand sea lion Phocarctos hookeri 26 25256
Long-nosed fur seal Arctocephalus forsteri 102 23502

Southern sea lion Otaria flavescens 20 17448
Galapagos sea lion Zalophus wollebaeki 64 14896
Australian fur seal Arctocephalus pusillus doriferus 8 1342

Cape fur seal Arctocephalus pusillus 6 1066
Mako shark Isurus oxyrinchus 16 16153
Tiger shark Galeocerdo cuvier 70 10430

Whale shark Rhincodon typus 16 3350
Blue shark Prionace glauca 6 1755
Bull shark Carcharhinus leucas 26 1301

Great hammerhead shark Sphyma mokarran 20 1059
West Indian manatee Trichechus manatus 10 121668

Dugong Dugong dugon 6 3728
Leatherback turtle Dermochelys coriacea 32 72805

Green turtle Chelonia mydas 20 13901
Flatback turtle Natatos depressus 11 12205

Loggerhead turtle Caretta caretta 6 5863

Table 3.1: Information about the 38 datasets used for this analysis. Colours
represent the guilds introduced in Fig. 3.1.
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3.2. GLOBAL AND INDIVIDUAL CONVERGENCE

3.2 Global and individual convergence

First of all, we analysed the scaling properties of the displacement lengths d(T)
with the time window T [48, 114]. Secondly, we characterized the distribution of
displacement lengths observed for a fixed time window T, and the distribution
of turning angles connecting two consecutive displacements.

Figure 3.2: Scaling of the root mean square displacement length with time.
The exponent µi for each species i was obtained after fitting to a power with the
shape dRMS ∼ Tµ, where dRMS is the root mean square displacement length and
T is the time window. We obtained µ averaging over individuals, and the y-axis
depicts the standard deviation of that average. Inset: histogram of the number
of individuals with a specific value of µ. Source: Ref. [113].

The movement of the species was associated with a superdiffusive regime, as
the root mean square displacement length dRMS(T) =

√
〈d2(T)〉, where d(T) was

measured according to Eqs. (2.2) and (2.3), scaled as a power of time, dRMS ∼ Tµ,
with an exponent µ that for most of individuals fell in the range between 0.5
and 1. If the exponent µi, j was the scaling exponent associated to individual i of
species j, the average exponent for species j was:

µ j =

∑
k

∑
i
µi,kδkj

n j
(3.1)

where δkj is the Kronecker delta, taking value 1 when k = j and 0 otherwise,
and n j is the number of individuals of species j in the dataset. We averaged the

67



CHAPTER 3. INTERSPECIES MOVEMENT ANALYSIS

exponents over individuals belonging to a species, rather than aggregating all
the observed displacements at the species level, in order to weight equally all the
individuals, avoiding with this average the biases to the values corresponding
to individuals with longer tracks.

The two limits of the observed exponents are characteristic for the ordinary
Brownian (µ = 0.5) and uniform motion (µ = 1). We observed a great variability
among species, with bull sharks having the closest exponent to the Brownian
motion exponent, and leatherback turtles, which displayed a migration in the
Atlantic Ocean, the closest to the uniform motion (Fig. 3.2).

Setting a time window T = 1 day, assumed to be a natural scale for movement
analysis due to the circadian periodicity, we computed the displacement length
as the great circle distance between the location of one individual at time t and
at time t + T, following Eq. (2.2). For raw data, which was not uniformly
sampled, we considered a resolution ∆t = 0.05, such that the end location of
a displacement starting at t was the location measured at a the closest time to
t + T in the set of observations in the range (t + T − ∆t, t + T + ∆t). After mea-
suring the displacement lengths, we computed the probability density function
(PDF) describing them, considering one PDF for each individual. In order to
compare these PDFs, we introduced the coefficient of spread CS= 〈d2

〉

〈d〉2 , which is a
dimensionless measurement of how broad the distribution is, with high values
of CS associated with broad distributions with heavy tails, such as power-law
or lognormal. For example, for an exponential distribution PDFexp(d) = λe−λd,

CSexp = 2, while for a lognormal distribution PDFln(d) = 1
dσ
√

2π
e−

(log d−µ)2

2σ2 , whose

moments are 〈dn
〉 = enµ+n2σ2/2, CSln = eσ2

.

Boosted regression trees (BRT) [115], are a machine learning method that esti-
mates the influence of multiple explanatory variables. This method consists of
two algorithms. Firstly, the decision trees divide the explanatory variable space
in regions with observed homogeneous observations in the response variable,
and consider branching events that explain the connections between those re-
gions. Each split point is related uniquely with one of the explanatory variables,
and it represents a binary choice, i.e., the split point is a question that has two
answers, each one associated with one of the branches leaving from it. Secondly,
the boosting method improves the accuracy of the models as, after one fit to
a decision tree, it fits a new decision tree to the residuals of the previous fit,
which are the changes in the response variable that were not explained by the
previous decision fit. At the end, the boosted regression tree model will be a
linear combination of all the obtained decision trees. In our measurement, BRT
detected the species and the coastal affinity as the highest ranked explanatory
variables for the individual CS, with relative importance of 74.0 and 21.5%, re-
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spectively, identifying an interaction between these two variables (Fig. 3.3a).
Specifically, individuals in open oceans were moving with patterns leading to
low CS, which are associated with well-defined velocities, while we found a
high variability in the movement patterns in the coast. Following this result,
we grouped species in three main groups, according to their coastal affinity, and
compared their displacement lengths PDF, finding that in general species with
high coastal affinity had broader displacement lengths distributions than those
with mixed and low coastal affinities (Fig. 3.3c). Finally, the species with mixed
shelf affinity contained enough statistics both in coast and open oceans, such that
we could compare the coefficient of spread associated with each environment,
confirming the higher spread observed for movements located in open ocean
(Fig. 3.3b).

Measuring the coastal affinity (CA)
We measured the coastal affinity of each individual as the fraction of
observed displacements whose origin and destination were located in
the coastal ocean. We considered coastal oceans as the land and the areas
whose depths were smaller than 150 m. The depth was obtained from the
General Bathymetry Chart of Oceans (GEBCO, http://www.gebco.net).

Global bathymetry. Land is depicted as dark red.

This analysis was complemented studying the turning angles displayed by the
tracked individuals. The triangle formed by the origin and end points of two
consecutive displacements defines a turning angle (Fig. 3.4a). Setting the same
time window as in the displacement length analysis (T =1 day), we analysed
the distribution of angles. This distribution was peaked for straight and return
angles, with significant differences between the behaviour displayed in open
oceans and in the coast (Fig. 3.4b). While in open oceans the individuals were
more likely to move in directed trajectories, with very few turning angles far
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from zero degrees, close the coast the angles were distributed more uniformly.
In fact, the peak for straight angles was higher than the return peak in the open
ocean, while the return probability was higher than the straight displacement
probability in the coastal environments (Fig. 3.4b). Despite the observed high
variability, this difference was also detected in the exponents of the root mean
square displacements, which were closer to uniform motion for open oceans (Fig.
3.4c). In fact, these differences between movement in open and coastal oceans
were also observed in the southern elephant seals movement after splitting it
between highly and low-occupied areas [79].
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a b

c

Figure 3.3: Observed displacement patterns in open and coastal oceans. a,
Average values over individuals of the coefficient of spread for each species, for
a given average coastal affinity. Error bars indicate standard deviation, while
the colors indicate species with coastal affinities classified as low (blue), mixed
(green) and high (red). b, Coefficients of spread measured for movement hap-
pening in the coast (red) and open oceans (blue), measured for species with
mixed coastal affinity. c, Examples of the tracks for species with low (laysan al-
batross, blue), mixed (California sea lion, green) and high (West Indian manatee,
red) coastal affinities, and displacement length distributions for the species in
each group according to their coastal affinity. The distributions coloured in black
are those associated with the species whose track is represented in the example.
The tracking points are coloured in red and blue for points in the coast and in
open ocean, respectively, and the black and white bar shows a scale of 100 km.
Source: Ref. [113].
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Figure 3.4: Global patterns on open and coastal oceans. a, An example of
a track and the turning angle defined by two consecutive displacements. b,
Distribution of turning angles for coastal (red) and open (blue) oceans. The black
circle represents the uniform distribution and the arrow indicates the straight
movement direction. c, The exponent of the root mean square displacement
length displays a high variability, but it leads to higher values for individuals
moving most of time in open ocean (blue), than for those moving in coastal ocean
(red). Source: Ref. [113]
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3.3 Analysis of movement similarities

The differences in the coefficient of spread of the displacement lengths could
be explained firstly from the species to which the individuals belong to and,
secondly, from the coastal affinity of the individual, identifying an interaction
between these two variables. Next, we addressed the analysis at a species level,
comparing the displacement lengths distributions across all the species.

Black footed albatrosses

Laysan albatrosses

Short tailed shearwaters

Pilot whales
Southern right whales

Mako sharks

Northern elephant seals

Leatherback turtles

Whalesharks

King penguins

Tiger sharks

Macaroni penguins

Blue sharks

Northern fur seals

Humpback whales

Cape fur seals

Southern sea lions

Australian sea lions

Belugas

Southern elephant seals

California sea lions

Great hammerhead sharks
Long-nosed fur seals

New Zealand sea lions

Australian fur seals

Little penguins

Polar bears

Loggerhead turtles

West Indian manatees
Dugongs

Western gulls

Green turtles

Galapagos sea lions

Crabeater seals

Flatback turtles

Weddell seals

Bottlenose dolphins

Bull sharks
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0.8 1.00.60.0 0.40.2

Figure 3.5: Analysis of the similarities between displacements observed in
different species. Dendrogram obtained from the distance matrix after applying
the neighbour joining method. The colors indicate the coastal affinity measured
for each species. Source: Ref. [113].

We computed the distance between the PDFs describing the displacement lengths
for each pair of species. This distance was the Kolmogorov-Smirnov dKS

ij distance
that, for a couple of set of samples i and j for the variable x, is the maximum dis-
tance between the cumulative density functions (CDF(x), defined as probability
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for an observation being smaller than x) associated with them, i.e., CDFi(x) and
CDF j(x):

dKS
ij = max | CDFi(x) − CDF j(x) | (3.2)

 0

 0.2

 0.4

 0.6

 0.8

 1

d
K

S

Figure 3.6: Kolmogorov-Smirnov distances between the sets of displacement
associated with each species. The species have been ordered according to their
positions in the dendrogram (Fig. 3.5). Source: Ref. [113].

This distance measurement, which is bounded between 0 and 1, takes the value
1 for distributions whose nonzero probabilities are associated with regions that
do not overlap, and 0 for the distance between a distribution and itself, can be
mapped to a similarity measurement, following Si j = 1− dKS

ij . For measuring the
Kolmogorov-Smirnov distance between species, we considered displacements
in the tracked individuals belonging to each species. When this distance was
calculated for all the pairs of species, we built a distance matrix, with the aim of
grouping the species that had more similar displacement distributions. Several
methods are available for inferring structures from distance matrices [116, 117].
We used neighbour joining [117], which iteratively selects the connection i j that
represents the shortest distance and the elements i and j into a new element,
recomputing the distances between the other elements k and the new one as the
average of dKS

ik and dKS
jk ; this process is performed until there is just one remaining

element in the matrix. These iterations can be visualized in a dendrogram, in
which each iteration is a split point giving rise to two branches. Using the
distance matrix whose entry i j was dKS

ij , the neighbour joining method lead
to a dendrogram that showed a split between two main branches, one being
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representative of the low coastal affinity and the other including most species
that have intermediate and high coastal affinity (Fig. 3.5). Specifically, we did
not identify a relationship between the phylogeny of these species and the shape
of the tree, highlighting the importance of the coastal affinity as a explanatory
variable. The Kolmogorov-Smirnov distance matrix, after ordering the species
according to the dendrogram, with the most different in the extremes, showed
three main blocks of species with low dKS, with the first one associated with
low coastal affinity flying birds, which were black footed albatrosses, laysan
albatrosses and short-tailed shearwaters (Fig. 3.6), clustering together the pairs
of nodes that have closer common roots.
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Figure 3.7: Comparison between the cumulative density functions of displace-
ment lengths for species a, in the highest branch of Fig. 3.5 and b, in the lowest
branch. The cumulative density functions corresponding to species with high
coastal affinity (CA ≥ 0.6) are depicted with red curves, grey for middle coastal
affinity (CA∈ [0.4− 0.6)) and blue for low coastal affinity (CA< 0.4). Source: Ref.
[113].

Finally, the plot of the cumulative distributions showed the differences between
the two main branches, including displacement lengths that were typically high,
with a low degree of spread, and associated with low coastal affinity in the species
associated with the highest branch of the dendrogram (Fig. 3.7a), while smaller
displacement lengths, with broader distributions, were observed in species mov-
ing in the coast (Fig. 3.7b).

From this analysis at species level, we focused on an analysis of movement
similarities at individual level, that confirmed the species as the main driver of
movement. We computed the Kolmogorov-Smirnov distances between the sets
of displacement lengths observed for all the pairs of individuals, obtaining the
similarity between their movement patterns. After setting a threshold on the
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similarity, keeping the similarities higher than 0.5, we plotted the network of
similarities, observing a high amount of high similarity links across individuals
of the same species, and also confirming the influence of the environment, with
many links across individuals that belong to different species but exhibit similar
coastal affinities (Fig. 3.8).
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Figure 3.8: Network of individuals according to the similarity of their dis-
placement lengths pattern. The links connect the pairs of individuals i and j
with a similarity Si j > 0.5. Individuals are grouped by species, with color depict-
ing the nine guilds: cetaceans (yellow), eared seals (blue), flying birds (green),
penguins (cyan), polar bears (orange), sharks (dark green), sirenians (purple),
true seals (red), and turtles (pink). Figure generated with Circos [118].
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3.4 Conclusions

Thousands of years ago, Aristotle wondered about the drivers of animal move-
ment. Now, the availability of movement tracking datasets covering a significant
part of the oceans and the development of both big data techniques and machine
learning algorithms facilitate the aim of codifying the general drivers of marine
animal movement. Specifically, we addressed this challenge following the sug-
gestions of Nathan et al. for the development of a unified paradigm of animal
movement research [119].

We collected a dataset including species from nine different guilds, exhibiting
different locomotion modes, and living in regions with strong climatic difference,
and detected two explanatory variables as the main drivers of movement, with
a significant interaction between them. First of all, the species, as an internal
driver, with a relative importance of 74%, explained the observed differences.
Secondly, the environment was detected as another explanatory variable (22%
of relative importance), showing that movement displayed in the coast was
much more highly variable than movement observed in open oceans, where
the displacement lengths distributions were narrower and the motion direction
was strongly biased to the straight motion. We suggest that these features
are related with the complexity of the habitats where the animals move: high
complexity in the coastal habitats lead to highly variable displacement lengths,
while the movement displayed in open oceans was described by a narrow range
of displacements. In fact, the open oceans are a more uniform habitat, where
the movement is constrained by oceanographic features, like fronts, eddies and
currents [120, 121]. Another approach to the analysis of movement patterns was
showing that the movement behaviour was leading to different modes related
with the environment: while the environments with more abundant resources
were leading to Brownian movement, the animals moving on regions with a
lower resource availability displayed Lévy-like movement patterns [58].

One key question for the marine habitats conservation is how the anthropogenic
impact on the coastal environments affects the movement behaviour of marine
species. In fact, the human activities have effects in all the oceanic environments,
and 41% of the oceanic area is strongly affected by anthropogenic impact [122].
For example, the routes described by vessels in the Arctic region are overlapped
with the habitats of species like polar bears, beluga whales or narwhals, leading
to possible disturbances, collisions or acoustic impact [123]. From our work,
there are two relevant points to address how this issue may influence animal
movement behaviour. On the one hand, the individuals show a capacity to
adapt to the environmental condition despite the species they belong to, shifting
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from frequently turning and highly variable movement patterns in the coastal
oceans to more directed and well-defined velocity movement when they are in
the open ocean. On the other hand, endangered coastal habitats may lead to the
loss of key movement behaviours for the stability of the marine ecosystems.
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Chapter 4
The global transit pattern de-
scribed by vessel trajectories

Nowadays, more than 70% of the global trade value is transported through the
sea, mainly by cargo and tanker vessels [124]. This trade requires suitable infras-
tructure to deal with the delivery processes in an efficient way, in terms of time
and safety of the routes, leading to considerable amounts of money invested on
it. From other point of view, vessels are moving through an ecosystem in which
thousands of species live, some of them endangered, and these routes may affect
deeply their populations [123, 125]. Hence, not only for economical reasons, but
also for conservation, it is fundamental to describe the spatial patterns described
by vessels in the seas and the oceans.

Previous studies have described the cargo ship movement with a complex net-
work approach, considering every harbour as a node of the network, and the
direct trips from one port to another as directed links (origin-destination), with
repeated trips considered in the weight of each link [126]. This network, with 951
ports connected through 36,351 links, had an average degree (number of routes
arriving and departing from one port) 〈k〉 = 76.5, with an average clustering
coefficient 〈C〉 = 0.49 and an average shortest path length 〈L〉 = 2.5, with the
maximum shortest path length found between Skagway (Alaska) and Lampe-
dusa (Italy) (Lmax = 8). The degree distribution was reported to be broad, but not
fitting to a power-law distribution (Fig. 4.1a), while the link weight distribution
did, P(w) ∼ w−µ, with µ = 1.71 ± 0.14 (Fig. 4.1b). The strength s of a node,
computed as the sum of the weights into and out from it, scaled as a power law
too, P(s) ∼ s−η, η = 1.02 ± 0.17 (Fig. 4.1c). Finally, it was reported a power-law
scaling between the strength of a node and its degree, with the average strength
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for a given degree scaling as 〈s〉 ∼ k1.46±0.01 (Fig. 4.1d). These results represent a
broad range of behaviours in the system: the power-law distribution of the link
weight implies that there are very few highways, connecting pairs of ports very
frequently, and then having a huge activity, and many connections that are less
frequently used. In fact, the harbours show a broad level of hierarchy, including
a few ports that register most of the trips, i.e. with a big strength, and most ports
with a very low strength.

Figure 4.1: Properties of the global cargo ship movement network. a, Degree
distribution P(k). b, Link weight distribution P(w), scaling as a power-law with
exponent µ = 1.71 ± 0.14. c, Strength distribution P(s), fitting to a power-law
with exponent η = 1.02 ± 0.17. d Average node strength 〈s〉 as a function of the
node degree k, scaling as a power 〈s〉 ∼ k1.46±0.01. The insets of a, b, c represent
the distributions for container ships (squares), bulk dry carriers (circles) and oil
tankers (triangles). Source: Ref. [126].

The broad variability of levels of activity in the harbours, measured as their
strength, showed a hierarchy between them and suggests the presence of high-
ways connecting them. In this chapter, from the spatial occupation patterns in
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the ocean, we will assess the presence of these highways, their properties and the
hierarchy of harbours, comparing our results with null models of ship transit.

4.1 Models of ship transit

We introduce a simple model of ship transit in 2 dimensions, setting a source in
the origin of coordinates (0,0) and a set of destinations, which can be understood
as the set of ports. We will consider two scenarios for the distribution of desti-
nations in space, being located in a) a straight line from (1,0) to (1,1), and b) a
circle of radius R = 1. In each trip from the source, a destination port is chosen
at random. We assume that the particles are travelling following a straight line
from the source to the destination, and our aim is to calculate the distribution of
densities.

a b

Figure 4.2: Null models of spatial spreading in two dimensions. The particles
follow a straight line from the source, located in the origin of coordinates, to the
destination, which is randomly located in a, a point at (1, y), with y ∈ (0, 1] and
b, a circumference of radius R = 1.

In first scenario, we describe the positions in the space with Cartesian coor-
dinates (x, y), and the density ρ(y|x), such that ρ(y|x)dy is the probability of
finding a trajectory crossing the vertical line between (x, y) and (x, y + dy), and∫
∞

0 ρ(y|x)dy = 1. We consider a uniform probability for the destinations at x = 1,
i.e., ρ(y|x = 1) = 1. As the vessels follow straight lines, for a given x, the max-
imum y for a trajectory is that associated with the vessels whose destination is
(1, 1), such that the locations with a non-zero density are those placed between
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y = 0 and y = x. Hence, the density takes the value ρ(y|x) =
ρ(y|x=1)

x = 1
x for y ≤ x

and 0 otherwise (Fig. 4.2a). The complementary cumulative density function Q
for the density ρ, defined as the probability of finding an element with a den-
sity higher than ρ, is the ratio between surface covered by regions with density
higher than ρ and the surface covered by regions with nonzero density:

Q(ρ) =
A[ρ(y|x) > ρ]
A[ρ(y|x) > 0]

(4.1)

These surfaces can be calculated using the Heaviside step function H(z), that

takes the value 1 for z > 0 and 0 otherwise, leading to A[ρ(y|x) > 0] =
∫ 1

0

∫ 1

0 H(ρ(y|x)−
0)dxdy and, as ρ(y|x) > 0 between y = 0 and y = x, the Heaviside function

modifies the limits of the integral: A[ρ(y|x) > 0] =
∫ 1

0 dx
∫ x

0 dy = 1/2. Analo-
gously, we obtain the surface covered by regions with density higher than ρ:

A[ρ(y|x) > ρ] =
∫ 1

0

∫ 1

0 H(ρ(y|x) − ρ)dxdy and, taking into account that ρ(y|x) = 1
x ,

the values of x such that ρ(y|x) − ρ > 0, range between 0 and 1/ρ, leading

to A[ρ(y|x) > 0] =
∫ 1/ρ

0 dx
∫ x

0 dy = ρ−2/2. Substituting in Eq. (4.1), we find
Q(ρ) = ρ−2. From Q(ρ), the probability density function (pdf) is obtained tak-
ing the derivative, leading to pdf(ρ) = 2ρ−3, with ρ ranging between 1 (at the
destination) and∞ (at the origin).

In the second scenario, we consider that the destinations are uniformly dis-
tributed along a circumference at a distance R = 1 from the origin. In this
scenario, the density at a given point (x, y) depends on the polar coordinates
r =

√
x2 + y2 and φ = tan−1(y/x), as the contours of equal densities have a con-

stant value of r. At R = 1, the density ρ(x, y)r=1 = 1
2π , such that the integral

of the density along the circumference that includes all possible destinations is
1. In fact, ρ(x, y) = 1/(2πr), such that integral of ρ(x, y) in the circumference of
radius r is 1. In this case, the area of the region with ρ > 0 is the area of a unit
radius circle, A[ρ(x, y) > 0] = π, and the area of the region with a density higher

than ρ is A[ρ(x, y) > ρ] =
∫ 2π

φ=0

∫ 1

r=0 H(ρ(x, y) − ρ)rdrdφ; the Heaviside function
modifies the limits of integration, leading to r ranging between 0 and 1/(2πρ):

A[ρ(x, y) > ρ] =
∫ 2π

φ=0

∫ 1/(2πρ)

r=0 rdrdφ = 1/(4πρ2). Hence, Q(ρ) = 1/(4π2ρ2), that

leads to pdf(ρ) = ρ−3/(2π2), for ρ ranging between 1/(2π) (at the destination)
and∞ (at the origin).

These models provide us with several conclusions that may be useful for the
analysis of the vessel transit empirical data: 1) uniformly distributed destina-
tions and the transit to them in a two-dimensional space lead to occupancy
distributions scaling as power-laws with exponent 3; 2) as we would obtain the
same transit pattern if we set the origins in the line connecting (1,0) to (1,1) and
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the destination in (0,0) in model a), we expect an increase of density close to
the narrowing locations in the ocean, i.e., canals, straits and regions connecting
different oceans; 3) from model b), the density in the regions located close to the
sources scales as the inverse of the distance to the source location.

4.2 Data description

The data used for this analysis reports the monthly number of unique vessels in
grid cells of 0.25◦ both in latitude and longitude, from July 2010 to May 2015. For
this analysis, we will aggregate the data corresponding to the recorded months
and divide it by the number of months. This data also contains the category the
vessels belong to, split in fishing, passenger, cargo, tanker and other. We analyse
the distribution of densities ρ, which are calculated normalizing the number
of events reported for a cell with the cell area (Fig. 4.3). The distributions
of ρ for different categories are broad, with heavy tails that fit to power-law
scaling with exponent α, pdf(ρ) ∼ ρ−α, fitting to exponents that are smaller than
those calculated for our models for uniform spatial transit (Fig. 4.4a, Table 4.1).
Interestingly, the highest deviation from uniform spreading arises in passenger
category, with a fitting exponent αpassenger=1.70, which could arise from the
different nature of this category, in contrast with other categories, like cargo. In
fact, the exponents, which are smaller than those associated with the uniform
spreading, can be related with the presence of highways that join the routes
communicating the oceans, with an increase in the density close to the straits or
man-made canals (Fig. 4.3). However, when the density is normalized, dividing
by the average density in each category, there is a functional shape that describes
all the categories (Fig. 4.4b). We analyse the same density distributions for
each month, finding three different regimes: the most frequent has an exponent
α ≈ 2.3, while the other two have α ≈ 3 and α ≈ 2.0, with this one being frequent
in the summer months for Northern hemisphere (Fig. 4.5).

Normalizing the cell density ρc
i of cell i for category c with the average over all

the cells, 〈ρc
〉 for each category, ρ̃c

i = ρc
i /〈ρ

c
〉, we select the category which has the

highest relative density for detecting the main activity in each cell. This leads
to coherent fishing areas, that are out of the main oceanic highways, allowing to
split those highways into cargo, tanker and passenger highways, with a strong
presence of the vessels categorized as other in the coast (Fig. 4.6).
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Figure 4.3: Spatial pattern of vessel transit in oceans.
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Figure 4.4: Distributions of vessel densities in the oceans. a, Density distribu-
tions for different categories. b, When normalized with the average density 〈ρ〉,
the distributions collapse to a general shape. Colours represent different vessel
categories: fishing (red), passenger (green), cargo (blue), tanker (magenta), and
other (brown). The total number of vessels in a cell is represented in the black
curve.
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Category Exponent (α) ρmin (vessels/km2)
Total 2.43 0.19

Fishing 2.66 0.026
Passenger 1.70 1.5×10−4

Cargo 2.42 0.12
Tanker 2.22 0.029
Other 1.98 3.9×10−3

Table 4.1: Fits to the distribution of densities for different vessel categories.
The values are obtained from a power-law fit to the data (see Appendix A),
fitting the minimum density ρmin for observing a power-law exponent and the
exponent α.

Ju
l 1

0

Ja
n 

11

Ju
l 1

1

Ja
n 

12

Ju
l 1

2

Ja
n 

13

Ju
l 1

3

Ja
n 

14

Ju
l 1

4

Ja
n 

15

2

2.2

2.4

2.6

2.8

3

α

Figure 4.5: Scaling of the density distributions for different months. Exponents
α obtained for the fit pdf(ρ) ∼ ρ−α.
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Figure 4.6: Strongest relative density for each cell. The colors indicate the
category: fishing (red), passenger (green), cargo (blue), tanker (magenta) and
other (brown).
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4.3 Ports hierarchy

We characterize the activity distribution of ports, considering those included in
the World Port Index 1, assigning to each port an activity A that is the measured
density ρ in its cell, and considering the different ports located in the same cell
as a single port (Fig. 4.7). The distribution of activities shows a broad variability,
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Figure 4.7: Spatial location of the ports with detected activity. Symbols are
centred in ports coordinates, and the sizes are proportional to the activity, in
logarithmic scale.

with the activity that joins all the categories (correspondent to the total number
of vessels), having a heavy tail that follows a power-law pdf(A) ∼ A−β, with
exponent β = 2.18. Similar exponents, around the value β = 2, are found for
fishing, cargo and tanker vessels, while for passenger and the category other the
exponents are around β = 3 (Table 4.2).

The comparison of these exponents with well-known processes that lead to
power-law distributions suggests some mechanisms underlying these broad dis-
tributions. For exponents around β = 2, we consider the Zipf’s law for cities,
which states that the population P of a city of rank R behaves as P(R) ∼ R−1.
For a high enough number of cities, this behaviour implies distribution with a
power-law tail with exponent β = 2. The distribution scaling as pdf(P) ∼ P−2

arises as the steady distribution for a growth process in which all the cities have

1World Port Index, from Marine Safety Information:
https://msi.nga.mil/MSISiteContent/StaticFiles/NAV_PUBS/WPI/PUB150.ZIP
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Category β Amin (vessels/km2)
Total 2.18 0.20

Fishing 1.61 3.1×10−3

Passenger 3.01 1.9 ×10−2

Cargo 2.13 0.15
Tanker 1.83 2.2 ×10−2

Other 3.22 0.23

Table 4.2: Fits to the distribution of port activities. The fits consider a power-
law tail, fitting the beginning of the power-law scaling, at Amin, and the exponent
β.

a growth rate, which at each time step is sampled from a universal distribution
of finite average and variance [127]. However, this mechanism does not lead to
the exponents for the categories other and passenger, in which other processes
may be involved.

4.4 Clustering and highways

As stated previously, the pattern displayed by the vessels traffic in the oceans
shows some highways, which are typically the shortest paths between the pro-
duction centres and the destinations, crossing through interoceanic straits and
canals (Fig. 4.3). First of all, we define a network in which the nodes are the cells
that were visited at least by one vessel (ρ > 0), and connecting each cell with its
four nearest neighbours (up, down, right and left). For our analysis, we consider
the giant component of that network, disregarding the small connected compo-
nents, for example the Caspian sea. Then, we define as control parameter the
threshold density ρth, removing those cells with a density that is smaller than our
threshold density. For this set-up, we find the critical point for the percolation
process in the system, looking for the global maximum of both the susceptibility
and the second largest connected component, which appears at ρth = 2.88× 10−2

vessels/km2 (Fig. 4.8a). At this point, the largest connected component splits
in two, which represent the highways associated, in the largest connected com-
ponent, with Indian and Atlantic Oceans, and in the second largest connected
component, with the Pacific Ocean (Fig. 4.8c). In this critical point, the network
has 724 connected components, whose areas S are distributed following a power-
law pdf(S) ∼ S−τ, with τ = 2.06 from Smin = 1.80 × 103 km2 (Fig. 4.8b). Then,
the cluster sizes are distributed according to a power-law for sizes bigger than
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Smin = 1800 km2, a size that is approximately the size of Tenerife Island in the
Atlantic Ocean (2034 km2). The measured exponent is compatible with the site
percolation critical exponent in 2D regular lattices, where the control parameter
is the probability of occupying a site p, a cluster is defined as the set of cells that
have at least one nearest neighbour connection within the set, and at the critical
percolation point pc the cluster sizes are distributed following a power-law with
exponent τ2D = 187/91 ≈ 2.05 [128].

Next, we study the pattern displayed by low density clusters instead of the high
density highways, analysing the complementary percolation diagram that re-
sults from keeping in the network the cells with densities ρ satisfying ρ < ρth. In
contrast to the ordinary percolation, in the complementary percolation the limits
of low and high threshold densities lead to many small connected components
and one large connected component, respectively. When the threshold density
is decreased from the maximum density in the system, our system experiences a
fragmentation transition, where the giant component is fragmented into several
smaller components (Fig. 4.9a). In this case, the global maxima for the suscep-
tibility and the size of the second biggest cluster do not correspond to the same
value of ρth, and we choose for our study the highest threshold density among
these two, ρth,c = 9.50 × 10−2 vessels/km2, as it represents the first fragmentation
that the system experiences, which is a local maximum for the susceptibility and
a global maximum for the second largest connected component. In this case, the
largest connected component is fragmented in two clusters at the critical point,
with the largest cluster including Pacific, Indian and Southern Atlantic Oceans,
while the second largest connected component includes the Northern Atlantic
and the Arctic Oceans (Fig. 4.9c). At ρ = ρth,c, the cluster sizes are distributed
according to a power-law for sizes S > Smin = 1.54 × 103 km2, pdf(S) ∼ S−τ, with
τ = 1.52 (Fig. 4.9b).
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Figure 4.8: Percolation in the spatial network described by the vessels densi-
ties. a, Percolation diagram keeping cells satisfying ρ ≥ ρth. The three graphs
show, from top to bottom, the size Smax of the largest connected component, that
is our order parameter, the square susceptibility χ2 and the size S2 of the second
largest connected component, showing these last two a maximum that defines
a critical point for ρth = 2.88 × 10−2 vessels/km2. b, Complementary cumulative
distribution function (CCDF) of cluster sizes S at ρth,c, described by power-law
CCDF ∼ S−τ+1 with τ = 2.06 for S > 1.80 × 103 km2. c, Map of the clusters
that result from keeping the cells with a density ρ ≥ ρth,c, with different colours
representing different clusters. The largest cluster includes the highways in the
Atlantic and Indian oceans (light green), while the cells in the second largest
component are located in the Pacific ocean (blue).
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Figure 4.9: Complementary percolation in the spatial network described by
the vessels densities. a, Percolation diagram keeping cells satisfying ρ < ρth.
The three graphs show, from top to bottom, the size Smax of the largest connected
component, that is our order parameter, the square susceptibility χ2 and the
size S2 of the second largest connected component, showing these last two a
maximum that defines a critical point for ρth,c = 9.50 × 10−2 vessels/km2. b,
Complementary cumulative distribution function (CCDF) of cluster sizes at ρth,c,
described by power-law CCDF ∼ S−τ+1 with τ = 1.52 for S > 1.54 × 103 km2. c,
Map of the clusters that result from keeping the cells with a density ρ < ρth,c,
with different colours representing different clusters. The largest cluster includes
Pacific, Indian and Southern Atlantic oceans (green), while the second largest
includes cells in the Northern Atlantic and Arctic oceans.
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4.5 Conclusions

In this study, we characterized the global spatial pattern emerging from the ves-
sels movement. First of all, we analysed the spatial patterns associated with
two models of regular spatial spreading, leading to a density distribution that
decayed with the inverse cube density, with this exponent 3 related with the
dimensionality of the problem. The pattern that we analysed displays a smaller
exponent, α = 2.43, which is smaller due to the presence of low dimensionality
highways connecting the most important harbours in a hierarchy that is also
distributed according to a power-law. However, several features extracted from
the uniform spreading model were compatible with the empirical data, like the
increase of density when in the narrow transit areas (see for example the regions
around the Cape of Good Hope and the Strait of Malaca in Fig. 4.3), or the
increase of density next to the sources, as observed in Southeast Asia. We iden-
tified the kind of traffic that is going through each region in a remarkable way,
after normalizing the density associated with each category with the average
density for that category, finding some coherent regions in which one activity
is dominant, like for example the remarkable tanker traffic around the main oil
reserves, or the passenger routes connecting islands with mainlands. Finally, we
studied the structure of the highways and the clusters between them, describing
them with a percolation and complimentary percolation analysis, respectively.
The highways display a pattern with a distribution of cluster sizes compatible
with 2D ordinary percolation, which recently has been also reported in the scal-
ing of the lake sizes in the Earth [129], where it is proposed as a mechanism the
asymmetry between area and abundance. In our case, we consider a distribution
of densities in a 2D surface and that mechanism of asymmetry may work, as the
bigger that two different clusters covering a fraction of Earth’s surface are, the
more likely to collide and become a single cluster they are.

The study by Kaluza et al. [126] introduced the analysis of networks describing
the movement of ships. Here, although in our dataset the specific trajectories
described by the vessels were not specified, we studied the spatial properties
of the transit pattern described by vessels, classifying the regions according
to the category with strongest relative density. We find hierarchies of ports,
and also detect the routes with the highest transit in the oceans, with special
importance for future assessments of how the marine animals are influenced
by the marine traffic. We also show that the percolation transition points are
different if we perform the usual percolation, i.e., keeping the cells with ρ ≥
ρth, or the complementary (ρ < ρth). We understand this different behaviour
considering that our system is composed of highways, which are the sets of
cells with highest density, including paths that are followed consistently, i.e. the
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density inside a highway does not significantly vary. Hence, if we start looking
at high values of ρth, i.e., fragmenting for ρ < ρth and assembling for ρ ≥ ρth, the
clusters which include parts of a highway are easy to be fragmented, leading to
a soon fragmentation. However, the highways have some hierarchy, such that
not all the highways are visited with the same frequency, such that the system
needs to include cells with smaller densities such that the ordinary percolation
(ρ ≥ ρth) leads to a percolating cluster.
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Part III

Dynamical processes in
mobile networks
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Chapter 5
Disease spreading in tempo-
ral geometric graphs

The development of modern means of transport, especially the air transport
system, allows passengers to travel along distances of thousands of kilometres
in a few hours, increasing the connectivity of the global network describing
human mobility [130]. These means of transport provide societies with faster
levels of diffusion of information, ideas, goods and help, but also they provide
pathogens with highways to propagate with velocities considerably higher than
those associated with natural propagation of an infection in space. In recent
years, several infections have been able to spread at threatening velocities and,
although they were controlled after several months, it was impossible to keep
them confined in small areas, as infected individuals may remain asymptomatic,
and then they cannot be effectively isolated before they travel, leading to a fast
human-induced trip of the infection.

There are simple mathematical models that reproduce processes like disease
spreading [131, 132], facilitating the inference of the mechanisms driving the
disease spreading phenomena, allowing for forecasting and estimating the in-
fluence of variables like the connectivity or the level of vaccination in the most
influential areas in the spreading. At population level, several disease spreading
models have been studied in empirical interaction networks [133, 134].

Studies of disease spreading in complex networks help us determine who are the
influential spreaders and then allow for more effective vaccination campaigns,
giving priority to these individuals [135]. The most intuitive way of selecting
which individuals should be vaccinated with priority is the number of connec-
tions that they have, which in network theory is known as their degree. However,
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the global structure of the network is very important, and other measures, like
the number of shortest paths connecting each pair of nodes and going through
an individual, known as betweenness centrality, may be more relevant to avoid
effectively the disease spreading.

The combination of mobility and disease spreading leads to a reaction-diffusion
process, where the disease spreading is associated with the reaction, while the
mobility is responsible for the diffusion. In this framework, several studies
have assessed the role of transport networks on disease spreading [70, 136, 137],
considering the traveller flux between two locations. These studies are based on
metapopulation approaches. In a metapopulation model, the nodes are locations
on space, i.e., cities, towns and villages, which contain populations performing
trips to other nodes according to the traveller fluxes. Recently, interesting phe-
nomena has been reported for both abstract and empirical mobility networks
[138], showing the counter-intuitive effect of mobility being detrimental for dis-
ease spreading.

Motivated by the continuous effort made on understanding the mechanisms that
drive disease spreading on systems allowing for individual mobility, we study
in this chapter this reaction-diffusion process in an agent-based model where
the agents are allowed to move in space, assessing both the critical point for
the outbreaks to occur and the influence of the velocity on the outbreak size.
Hence, we will follow the individual specific trajectories instead of focusing on
the fluxes that arise from then. First of all, we will explain the analysed model
in section 5.1, introducing the topology and the dynamics and highlighting the
relevant features reported in the literature. Secondly, we will present our results
on this model, studying the limit of infinite velocity and then focusing on finite
velocities.

5.1 Model

5.1.1 Topology: temporal random geometric graph

The topology in which the disease will spreads is defined by a network that
is both spatial [63] and temporal [139]. Specifically, we consider N nodes that
have a position in a square space of side L, and they interact with the nodes that
are located at a distance smaller than an externally fixed interaction distance d;
then, each frame is described by a random geometric graph (RGG) [140, 141].
After interacting, the nodes move with a velocity v, which has module v and its
direction is randomly set and fixed as initial condition. The sequence of all the
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frames defined by RGGs will be the temporal random geometric graph that, due
to the geometrical definition of the interactions, is spatial, and also temporal due
to the time evolution.

The interactions in the temporal random geometric graph are reflected in the
adjacency matrixA(t) = {Ai j(t)}whose entries are defined by

Ai j(t) = H(d − di j(t)) (5.1)

where H(x) is the Heaviside step function, taking value 1 for x ≥ 0 and 0 oth-
erwise, and di j(t) ≥ 0 is the Euclidean distance between the locations of nodes i
and j at time t. For the measurement of the distance, we will consider periodic
boundary conditions. The expected average degree 〈k〉 of a RGG is calculated
from the expected number of nodes that a randomly picked node will find in the
circular region of radius d:

〈k〉 = (N − 1)
πd2

L2 (5.2)

Figure 5.1: Examples of random geometric graphs. Orange dots represent the
nodes, while black lines are the links and the blue dotted surfaces show the
interaction area of a specific node. For the same spatial distribution of the nodes,
the RGG is composed of many infinitesimally small connected components (d <
dc), several connected components whose sizes are distributed according to a
power-law distribution (d = dc) and a finite giant component (d > dc).

In a static RGG (v = 0), several scenarios arise as d is varied. For d ≥ dmax = L
√

2
,

the system is described by a fully connected network, in which every node
interacts with every other [140]. As d is decreased, the interactions become

99



CHAPTER 5. DISEASE SPREADING IN MOBILE NETWORKS

local, and for lower values of d the network starts breaking apart in several
connected components due to a percolation transition (Figs. 5.1,5.2). Finally,
there is a critical interaction distance dc below which the size of the largest
component tends to zero in the thermodynamic limit. In two dimensions, the
critical connectivity for a RGG with periodic boundary conditions is 〈k〉c =
4.52 ± 0.01 [140], which in our system, with N = 4096 and L = 1280 (setting
the same density of particles σ = N

L2 = 2.5 × 10−3 as in Ref. [72]), substituting in
Eq. (5.2), corresponds to dc ≈ 24.0.
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Figure 5.2: Percolation diagram in a two-dimensional random geometric
graph. Size of the largest connected component G as a function of the inter-
action radius, for different system sizes, keeping the same density of nodes
σ = N

L2 . Inset: the square susceptibility χ2 = 〈G2
〉 − 〈G〉2 has a maximum at the

critical interaction radius.

We use a simple mobility model with a single parameter, the module v of the ve-
locity. Every node moves a distance v between two consecutive steps according
to the following equations:

xi(t + 1) = (xi(t) + v cosθi) mod L
yi(t + 1) = (yi(t) + v sinθi) mod L (5.3)

where the pair (xi(t), yi(t)) is the position of node i at time t, xi(t = 0) and
yi(t = 0) are random numbers uniformly distributed in the interval [0, 1), and
θi is a uniform random number in the interval [0, 2π). Interesting phenomena
have been reported for this simple mobility model in dynamics associated with
synchronization [73] and game theory [76] like, for example, the divergence of
the characteristic synchronization time for intermediate velocities.
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5.1.2 Dynamics: Susceptible-Infected-Recovered

We will consider the classical model Susceptible-Infected-Recovered (SIR) with
synchronous update [132]. An infected node transmits the disease to its sus-
ceptible neighbours with probability p, and it goes to the recovered state with
probability pr that, in our model, we will set to 1, meaning that the nodes remain
in the infected state for one time step. Then, the probability that a susceptible
node j becomes infected at time t is given by

p(S→ I) j,t = 1 − (1 − p)
∑

k A jk(t−1)Ik(t−1) (5.4)

where Ik(t) = 1 if node k is in the infected state at time t and 0 otherwise. In
our simulations, we will consider an initial condition where one node is in the
infected state and the rest are in the susceptible state.
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Figure 5.3: Disease spreading in a static random geometric graph. Diagram
showing the fraction ρ of recovered at the end of the dynamics for different
values of p〈k〉 and d. The white horizontal line represents dc, while the white
vertical line depicts the limit p〈k〉 = 1.

Random rectangular graphs are similar to RGG, but they consider a rectangular
space instead of square [142]. In random rectangular graphs, there is an epidemic
critical point in the infection probability pc separating the disease-free and the
endemic phases, which increases linearly with the inverse of the average degree
[143]. Considering that a RGG is one particular case of the random rectangular
graph, in which the size lengths of the rectangle are the same, we expect a similar
behaviour in both topologies; in fact, for RGG with d � dc, the critical point is
pc = 1/〈k〉, as reported in Ref. [143]. However, close to the critical percolation
distance, d & dc, we observe that the critical point pc is different from the inverse
average degree (Fig. 5.3).
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The mean-field solution is valid when we assume a homogeneously mixed sys-
tem [144]. In a network with average degree 〈k〉, the following equations describe
the time evolution of the fraction of susceptible S(t), infected I(t) and recovered
R(t):

Ṡ = −p〈k〉SI
İ = −prI + p〈k〉SI
Ṙ = prI

(5.5)

This system of differential equations can be solved for an initial condition in
which a small fraction of nodes is infected and the rest are susceptible nodes:
I(t = 0) = ε, S(t = 0) = 1 − ε and R(t = 0) = 0, with ε � 1. From this initial
condition, setting pr = 1, the fraction of susceptible nodes will decay following
S(t) = e−p〈k〉R(t). Using S(t), and considering that at the end of the dynamics I∞ = 0
and S(t) + I(t) + R(t) = 1, the fraction of recovered for t→∞, which is our order
parameter ρ, is given by

ρ = 1 − e−p〈k〉ρ (5.6)

The disease-free state ρ = 0 is always a solution of Eq. (5.6), while there is a
non-zero solution for p > 1

〈k〉 , arising from a second order phase transition at
pc = 1

〈k〉 .

5.2 Disease spreading in mobile networks

5.2.1 Infinite velocity limit

In the infinite velocity limit, the time scales of the movement are much smaller
than the time scales associated with the disease spreading dynamics. In this
regime the topology is described by a temporal network that, at each time step,
has the same statistical properties (number of nodes, dimensions of the space,
interaction distance), but is uncorrelated with the network in the previous time
step, i.e., the positions of the nodes are randomly rearranged.
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Figure 5.4: Disease spreading in the infinite velocity regime. Fraction of
recovered nodes ρ as a function of the normalized transmission probability p〈k〉.
The dots depict the results of the simulations for interaction distances that range
from d = 20 (blue dots) to d = 100 (red dots), with colours varying continuously
between these limits. The curves associated with different values of d collapse
to the homogeneous mixing solution, shown with a solid line.

In this case, for a given p, the fraction of recovered at the end of the dynamics
ρ displays a universal curve for all the different values of d > dmin, when the
transmission probabilities p are normalized dividing by the inverse of the average
degree (Eq. 5.2). The critical point is pc = 1

〈k〉 and the values that ρ(p) takes are
described by the mean-field solution, associated with homogeneous mixing,
given by Eq. (5.6) (Fig. 5.4).

This result is in agreement with the reported results for annealed networks,
which are temporal networks described by a sequence in which, at every time
step, the network has the same statistical properties, but is uncorrelated with
the network in the previous time step, showing that the relevant parameter for
calculating the epidemic threshold in the transmission probability is the average
degree. In our case, it highlights the influence of the interaction distance and
the density of particles in the epidemic threshold, as these are the variables that
determine the average degree (Eq. 5.2).

While in the static case it is not possible to find macroscopic outbreaks for
interaction distances that are smaller than the critical interaction distance dc =
24.0, in this case it is possible to find it for smaller distances due to the particle
mixing effects, which also lead to a smaller critical point than in the static case
for d > dc. In fact, there is a critical pc such that for p > pc there are macroscopic
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outbreaks if 〈k〉 ≥ 1 is satisfied, taking into account that p is a probability and
then it is bounded, 0 ≤ p ≤ 1. This sets a boundary for the interaction radius,
dmin, such that for d ≤ dmin there are no outbreaks, independently of the value
of v, and for d > dmin there is a velocity above which the outbreak sizes start
growing. Specifically, using Eq. 5.2, dmin = L√

(N−1)π
≈ 11.3.

Summing up, in the range 0 < d ≤ dmin the disease does not spread, while
for dmin < d ≤ dc there is a critical value for v such that there are macroscopic
outbreak sizes for v > vc(d), and for d > dc the are macroscopic outbreaks ∀ v.
With this general idea, we will analyse the scenario for finite velocities in the
next section.

5.2.2 Finite velocities

We analyse the effect of finite velocities in our system, with the particles moving
in random directions according to Eq. (5.3). First of all, we characterize the
behaviour of the system for the limit case p = 1 (Fig. 5.5a). As introduced in
the previous section, for d < dmin there are no macroscopic outbreaks for any
particle velocity. However, for dmin < d < dc, the outbreak sizes grow with the
velocity from a threshold velocity vc(d). Interestingly, the small velocities lead to
a detrimental effect on the outbreak size for d > dc, first decreasing to a minimum
and then growing towards the limit of infinite velocity.

Although we expected that slow motion leads to larger outbreaks than in the
static case, we found the opposite behaviour for p = 1, in a region of the phase
diagram where d & dc and the velocities are small. The phase space v − p, for an
interaction radius d = 30 that is slightly higher than dc, shows that the critical
point pc increases with low velocities, and the outbreak size decreases (Fig. 5.5b).
For high velocities, pc〈k〉 approaches 1 as v→ ∞, matching the results shown in
the previous section.

Interestingly, the counterintuitive regime, which we also observed in 1D mobile
RGG, is a consequence of the changes in the shape of the spreading front, which
are facilitated by the mobility. Setting p = 1, in the static case, and infecting
initially a randomly chosen particle, the border of the region that includes the
infected and the recovered nodes is always composed of infected nodes, without
links between recovered and susceptible nodes. However, in the mobile case
there is mixing in the front. That may change the spreading process.

We quantify the mixing measuring the number of links of the infected nodes:
the links between infected and susceptible nodes (IS links), infected and infected
(II links) and infected and recovered (IR). In fact, the IS links are those through
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which the infection is transmitted, so we will compare the number of IS links
with the number of IR links. When the network is static, there is an initial
transient, after which there is a stationary period in which the ratio between the
number of IS links and the sum of IS and IR links is slightly higher than 1/2, a
result that is expected for an expanding front: if the infected nodes are located
at D from the original seed, the number of nodes at D + d, which will be in
susceptible state and will have IS links with the nodes in the front, are slightly
higher than those at D−d, which will be in recovered state and will have IR links
with nodes in the front. However, when the particles move, this stationary value
is smaller, indicating that when the nodes are moving with small velocities, the
infected nodes are more likely to be connected to recovered nodes, rather than to
susceptible (Fig. 5.6a). When the velocity is further increased, the global mixing
effects appear, making the initial transient longer, with most of the nodes being
infected in this transient.

A simple example illustrates the mechanism underpinning this dynamics. Fo-
cusing on a 1D system, we consider a spreading front in a system of particles in
which half of them do not move and the rest move with velocity 2v (Fig. 5.6b,
centre). At t = 1, there are two options: 1) if the particle that is now at the
border between the front and the set of susceptible nodes move with v = 0, the
epidemic will spread as in a static network, 2) if that particle is moving, it will
approach the front, having a smaller number of links with the susceptible nodes
that have v = 0. Hence, comparing the static and the mobile systems in these
two updates, the mobile system (Fig. 5.6b, bottom) will infect a smaller number
of nodes than the static one (Fig. 5.6b, centre). Specifically, if d is above but close
to dc, this effect may lead to an earlier end of the dynamics, reducing the size of
the outbreak.
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a

b

dmin dc

Figure 5.5: Disease spreading in mobile networks with finite velocity. a, Phase
diagram v − d for p = 1. The white lines indicate dmin and dc. b, Phase diagram
v − p for d = 30. The white line shows the limit p〈k〉 = 1.
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Figure 5.6: Mechanism for a regime with a detrimental effect for the con-
tagion caused by the mobility. a, Time evolution of the ratio between the
number of Infected-Susceptible (IS) links and the sum of IS and the number
of Infected-Recovered (IR) links. Colours represent different velocities, from
the static network (v = 0, blue) to an intermediate velocity v = d (cyan), with
∆v = 0.2d, and from v = d to v = 5d (red) with ∆v = 0.4d. This ratio has been
measured on simulations with d = 30 and p = 1. b, Example showing how the
low velocities lead to smaller amounts of infected with p = 1 in 1D, showing
susceptible (white), infected (red) and recovered (blue) nodes. At t = 0 (top),
the node labelled with a star is the furthest susceptible that can be reached by
the infection. At t = 1, if the network is static (bottom), all the nodes between
the starred and that labelled with a triangle are infected, including this last one.
However, if the nodes move with a small velocity (centre), with those depicted
over the axis being static and those under it moving with velocity 2v, the starred
node will not infect the triangled.
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5.3 Conclusions

Several works have matched empirical data of infection processes with reaction-
diffusion models, like disease spreading processes in populations of mobile indi-
viduals [145, 146]. Other studies have focused on temporal networks, showing
how they can lead to a slowing down on diffusion processes, in comparison with
the corresponding aggregate network [147]. However, the role of the velocity
has not previously been studied. We have shown that increasing the velocity,
in some cases, leads to a detrimental effect on the disease spreading process,
affecting to smaller fractions of the population. In fact, there is a range of veloc-
ities in which the effects of mobility on the outbreak sizes can strongly change.
Specifically, the main difference between a static network and a mobile network
with low velocity is the shape of the spreading front, which in the mobile case
includes some links between recovered and susceptible nodes that, in the case
of an interaction radius being above but close to the critical radius, will facilitate
breaking the spreading network.

The infinite velocity regime is another point of strong interest, as this is the typical
regime that we would expect for human interactions, with very few people
located at a distance smaller than the interaction radius, which represents the
maximum contagion distance, and the chance of moving much further than the
interaction distance in the characteristic recovery time scales. This qualitative
features, translated to our model, imply d < dc, v→∞ and pr = 1, parameters that
are covered by our study, showing how, although we are below the percolation
threshold, the disease is able to spread, infecting finite fractions of the population
for high enough velocities.
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Chapter 6
Cooperative disease spreading
in contact and mobile geomet-
ric graphs

After studying a single infection spreading in mobile random geometric graphs,
the complexity of the problem can be increased taking into account the presence
of several diseases in our dynamical system. In fact, multiple interacting dis-
eases lead to a broad variety of scenarios [148], analysing competitive [149] or
cooperative effects [150], i.e., cross immunity and host weakening, respectively.

In this chapter, we will focus on the scenario that considers two cooperative
diseases, considering a recently introduced model that includes two infection
processes, where the secondary infections, which are those experienced by hosts
that suffered in the past or are currently suffering from one infection, and are
exposed to the other infection, are more likely to occur than primary infections
[150]. In fact, the cooperative interaction between diseases, which is known as
coinfection, has been observed in several pairs of diseases, for example in the
interaction of tuberculosis with Spanish flu [151], or between HIV and other
diseases [152]. Firstly, we will review several models of coinfection explaining
the phenomena they lead to and the underlying mechanisms. Secondly, we will
analyse the basic model in static random geometric graph (RGG), and then we
will study it in the mobile framework, focusing on the role of velocity. Finally,
for concluding the chapter, we will bridge the two main parts of this thesis
(data analysis and modelling), analysing the effects of data-driven simulations
of coinfection processes in an empirical contact network.
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6.1 Models of coinfection

6.1.1 Partial coinfection in mean field

In this section we will review the coinfection model introduced by Chen et
al. [150]. This model considers two diseases, A and B, that are spreading in
a system, with both diseases displaying Susceptible-Infected-Recovered (SIR)
dynamics [132]. Then, the particles can have nine different states (Table 6.1).

A

S I R
S S A a

B I B AB aB
R b Ab ab

Table 6.1: Possible states for a system with two spreading diseasesA andBunder
SIR dynamics. Underlined states are those allowed at the end of dynamics, when
none of the nodes are infected neither with diseaseA nor disease B.

This model assumes symmetric transmission rates between both diseases. The
susceptible individuals become infected with a rate α, getting recovered with
a rate that is set equal to 1, and then they can get a secondary infection with
a higher rate β = Cα, being C ≥ 1 the relative coinfection factor [150]. The
case C = 1 implies independent spreading, while C > 1 is associated with
cooperation between both diseases. Setting an initial condition in which the
densities of infected nodes are symmetric ([A]0 = [B]0 = ε/2), and assuming a
symmetric behaviour of the diseases, we define S as the fraction of susceptible
nodes, P = [A] + [a] = [B] + [b] as the fraction of nodes recovered or infected
from/by one disease, i.e. those whose future infections will be secondary, and
X = [AB]+ [Ab]+ [A] = [AB]+ [aB]+ [B] as the fraction of nodes that are infective.
The evolution of these three variables is described by the following dynamical
system:

Ṡ = −2αSX
Ṗ = (αS − βP)X
Ẋ = (αS + βP)X − X

(6.1)
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Figure 6.1: Partial coinfection in mean field. Fraction of recovered nodes (from
A, B or both) at the end of the dynamics as a function of the primary infection
rate α, with the initial condition a, ε = 0.005 and b, ε = 10−4. The curves R+ and
R− represent the two values of R at the epidemic threshold α̃(C) at the highest
and lowest branch, respectively, such that if R+-R− > 0 there is a jump at the
epidemic threshold. Source: Ref. [150].

In the case β = α (i.e., C = 1) the system is composed by two diseases that are
independently spreading, and there is a critical transmission rate αc = 1, such
that for α > αc the outbreak grows, leading to a finite fraction of the population
that is recovered at least from one disease at the end of the dynamics. This
fraction, defined as R = 1 − S∞, will be the order parameter. The numerical
integration of Eq. (6.1) with an initial condition S0 = 1 − ε, X0 = P0 = ε

2 , shows
that for C < 2 the behaviour is qualitatively similar to that displayed in SIR
dynamics for one disease, with the outbreaks growing for α > αc = 1 and with
a scaling R ∼ (α − αc), in a second order phase transition (Fig. 6.1). For the
case C = 2, the transition still happens continuously at αc = 1, but the scaling
is R ∼ (α − αc)1/2. For C > 2, there are discontinuous jumps, with the transition
point α̃ ranging in 1/2 < α̃ < 1. It has been discussed if these jumps represent
first order phase transitions or not, as there is no coexistence of two different
phases in the final state. In fact, it has been reported that this transition is not
a first order but a spinodal transition, where, at the spinodal point α̃, a locally
stable branch (the branch with outbreaks of size going to zero) disappears when
it collides with an unstable branch, with the system jumping to the high branch,
which now will be globally stable [153]. Finally, the jump length tends to zero
as α̃ approaches 1/2, having a continuous transition again. This limit of α̃→ 1/2
for β � α represents a process in which the diseases grow together, such that
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the fraction of primarily infected at one time become immediately secondarily
infected, being able to transmit two diseases and then reducing αc in a factor 2.

This cooperative framework leads to a rich scenario, where there is a minimum
relative coinfection factor C, such that for C > 2 the epidemic threshold becomes
smaller than 1, leading to a finite jump in the order parameter. The cooperation
between diseases considered in this model has two basic reproductive ratios,
one applying when the infinitesimally small fraction of infected, i.e., when the
probability of one individual getting a secondary disease is negligible and then
the cooperation does not act, and the other that includes the cooperative effects,
being higher than the first basic reproductive ratio, which will describe the sys-
tem with a macroscopic fraction of infected. For α→ α̃−, the fraction of infected
nodes is not big enough such that the cooperation effects appear. However, for
α → α̃+, the outbreak initially grows with the smaller basic reproductive ratio,
but when it has a macroscopic size the basic reproductive ratio will be higher
and then the disease outbreak will grow further.

6.1.2 Partial coinfection in complex networks

s
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ab
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p
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Figure 6.2: Scheme of the coinfection dynamics. Probabilities of transition,
under the exposure to the suitable infective states, between different states are
depicted in the center of the arrows connecting states. Primary infections, i.e.,
when a state S gets infected, happen with probability p, secondary infections,
which are those from active/recovered for/from one infection to active for the
other, happen with probability q, and recovery, from active to inactive states,
happens with probability r. Filling colors indicate active states, while stroke col-
ors stand for recovered states (red for infectionA, blue for infection B, magenta
for both).

In analogy to the mean field model described by Eq. (6.1), a two-disease model
was introduced and analysed by Cai et al. [154, 155] to study the effects of co-
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operation between two diseases that are spreading in complex networks. In this
model, the control parameter is the primary infection probability p, setting exter-
nally the secondary infection probability q. While q > p represents a cooperative
interaction between the diseases, the case q = 1 represents the maximum coop-
eration scenario, implying that a previous infection with one diseases strongly
affects the host’s immune system, such that she gets the secondarily infected
when she becomes exposed to the other disease. In contrast, the case q = p
represents two independent diseases spreading in the network, and q < p stands
for a competitive scenario. The SIR dynamics, as in the previous section, leads to
9 different states (Table 6.1), and the transitions, under the suitable expositions,
are depicted in Fig. 6.2.

We will show the results arising from this spreading dynamics in two models of
networks. First of all, the Erdös-Rényi (ER) networks [156] of size N are random
networks with an average degree 〈k〉. ER are built selecting each link with a
probability 〈k〉

N−1 . Secondly, we will analyse the cooperative disease spreading in
2D, 3D and 4D regular lattices.

In ER networks, the dynamics with maximum cooperation (q = 1) leads to a
hybrid transition [154]. While in the spinodal transition there was no bistability,
in the hybrid transitions there is coexistence between two branches, with the
highest appearing discontinuously; however, the probability of a realization
ending up in the highest branch is continuous and has system size effects. At
the critical point pc, the distribution of sizes of the infected clusters follow a
broad distribution for low sizes, with an additional peak of higher size (Fig.
6.3a). The density of doubly recovered nodes at the end of the dynamics ρab,
considered as an order parameter, shows a broad region of coexistence between a
high branch, which represents a macroscopic cluster of doubly recovered nodes,
and a low branch, in which the fraction of doubly recovered is infinitesimally
small (inset of Fig. 6.3b). The discontinuity of the transition is shown with the
linear scaling of the size of the largest cluster of doubly recovered nodes mpeak
with N, disregarding system size effects (Fig. 6.3c). However, if we consider
another order parameter, which is the probability pab that the dynamics leads
to the formation of a giant cluster of doubly infected nodes, i.e., the probability
of the dynamics ending up in the high branch, the system displays continuous
growth from zero and has scaling with system size (Fig. 6.3b).

For regular lattices, the scenario changes with the dimensionality of the graph.
On 2D lattices, for q = 0.99, the system exhibits a continuous phase transition for
both pab and ρab with the number of infected nodes n(t) scaling as n(t) ∼ t0.5843

in the critical point, which corresponds to pc = 0.4503(1) (Fig. 6.4a) [154]. The
scaling of the order parameters pab and ρab corresponds to that associated with
ordinary percolation in 2D lattices [157], with pab ∼ ρab ∼ (p − pc)β, and β ≈ 5/36.
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Figure 6.3: Cooperative disease spreading in Erdös-Rényi networks for aver-
age degree 〈k〉 = 4. a, Distribution of sizes of the clusters composed of infected
nodes at the end of the dynamics with q = 1, in the surroundings of the critical
point pc = 0.25. b, Probability pab for a giant cluster of doubly recovered being
formed. Inset: fraction of doubly recovered nodes ρab at the end of the dynam-
ics. The dotted points represent finite size effects with realizations leading to
the highest branch for p < pc, that are less likely to appear as we approach the
thermodynamic limit. c, Scaling of the size of the giant cluster of recovered
nodes mpeak with system size N. Source: Ref. [154].

However, for 4D lattices the observed transition is hybrid, with ρab undergoing
a discontinuous transition, while pab grows continuously. In analogy with 2D
lattices, the transition point is obtained analysing the time evolution of the
number of infected nodes, which for p ≤ pc decreases faster than any power-law,
while for p > pc it initially decreases until it arrives to a minimum and then
starts increasing due to the coinfection effects (Fig. 6.4b). Interestingly, in 3D
lattices the behaviour depends on the updating rule, with asynchronous update
leading to a continuous transition, while the dynamics with synchronous update
displays a discontinuous jump in the order parameter ρab.

This change of behaviour, between the scenario in 2D and 4D regular lattices, is
argued to be related with the ratio between short and long loops in the network
[154]. The proposed mechanism for the bistability between low and a high ρab
states considers that the infections follow different paths in the network and, after
a long time they are able to meet, namely a "bottleneck"; since they meet, the
coinfection effects start to appear, leading to avalanches of secondary infections
(Fig. 6.4c). In fact, after the long time in which diseases follow different paths,
the relative abundance of nodes with secondary infections increases (Fig. 6.4d).
Hence, the order parameter pab is an indicator of the probability of both diseases
meeting after a independent spreading bottleneck.
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Figure 6.4: Coinfection dynamics in regular lattices. a, Time evolution of
the number of infected nodes n(t) in a 2D lattice, with a power law scaling at
pc = 0.4503(1). Insets: behaviour of the two order parameters as a function of
p, showing a continuous transition. b, n(t) in the 4D lattice, showing a clear
bottleneck after which, in the supercritical regime, the n(t) grows. Insets: the
order parameter ρab shows a discontinuous phase transition, while pab grows
continuously. c, Example of the bottleneck in complex networks leading to
avalanche outbreaks. Both diseases spread along different paths and, after a
long time, they are able to meet and generate long avalanches of secondary
infections. d, Time evolution of the ratio between the number of secondarily
infected nodes nab and the total number of infected nodes n in a 4D lattice. After
the bottleneck, the fraction of secondarily infected nodes amongst the set of
infected grows. Source: Ref. [154].

115



CHAPTER 6. COINFECTION IN MOBILE AND CONTACT NETWORKS

Under this bottleneck mechanism, the difference between 2D and 4D lattices is
the ratio between short and long loops, which is higher for low dimensionality
lattices. Moreover, this ratio is small in both 4D lattices and Erdös-Rényi net-
works, which both exhibit a hybrid transition under this dynamics. When there
are many small loops, diseases are able to meet after short paths, producing
microscopic coinfection effects and then leading to a second order phase tran-
sition. However, if they are able to spread along long paths without meeting,
macroscopic differences will appear between the cases in which they meet or not,
with the meeting probability growing continuously with the primary infection
probability p.

Topology Transition
Erdös-Rényi H

2D lattice C
3D lattice (Async) C
3D lattice (Sync) H

4D lattice H

Table 6.2: Nature of the observed transitions for cooperative disease spreading
in different topologies. H stands for hybrid transitions, while C stands for
continuous.

6.1.3 Full coinfection in mean field

In the previous sections, it was considered an interaction in the diseases such
that the infected/recovered population with/from A (B) was more likely to get
the diseaseB (A) when it was exposed to it. However, from a theoretical point of
view, a full picture in the interaction space will include interactions between the
diseases for the infection capacity of the transmitter, considering that the doubly
infected population transmits the diseases with a higher infection probability.
Following the Susceptible-Infected-Susceptible (SIS) coinfection dynamics intro-
duced in Ref. [158], we proposed a fully cooperative coinfection model [159],
considering interaction effects both in the secondary infection of the primarily
infected population and in the infection from the secondarily infected population
(Fig. 6.5a).

Defining our control parameter as the primary infection rate αwhen the disease
is transmitted from a susceptible node, we observe three kinds of hysteresis.
The hysteresis cycles occur between an eradication rate αe ≤ 1 and the epidemic
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threshold α0. Considering that there is a transcritical bifurcation at α = 1, the
observed hysteresis (Fig. 6.5b) are:

• Hysteresis of C type. This happens forαe < α0 = 1. There is a discontinuous
phase transition at α = 1 when we increase α, but for eradicating the
disease, once the outbreak has been produced, it is necessary to lower the
control parameter to αe.

• Hysteresis of Sl type, with αe < 1 and bistability for 1 < α ≤ α0. When α is
increased, the outbreak starts growing atα = 1, and there is a discontinuous
phase transition at α0, while for eradicating that outbreak α needs to be
decreased to αe.

• Hysteresis of Sr type. Both αe and α0 are higher than 1, such that the
eradication transition does not lead to a disease free state.
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Figure 6.5: Scheme of the fully cooperative coinfection model and observed
hysteresis. a, Primary infection probabilities α are modified by the factor a if the
transmitter is doubly infected, while secondary infection probabilities β = cα are
modified by the factor b when the transmitter is doubly infected. b, Observed
hysteresis of the types C, Sr and Sl. The red continuous lines indicate the stable
branches, while the black dotted lines represent the discontinuous jumps in the
transition points, and arrows to the right (left) represent changes by increasing
(decreasing) the control parameter. Source: Ref. [159].

In the SIS model, the susceptible nodes become infected with a rate αwhen they
interact with the infected, and they recover with a rate, set to one without loss
of generality. This model has a transcritical bifurcation at αc = 1, where the two
fixed points of the system collide, with the disease-free branch I∗ = 0 becoming
unstable, leading the dynamics to the branch I∗ = 1 − 1

α .
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In this study, we consider a two-disease coinfection model, which leads to four
different states: susceptible, singly infected with A, singly infected with B and
doubly infected, and the fractions of the population in each state are denoted as
S, IA, IB and IAB, respectively. The equations describing these dynamics are:

Ṡ(t) = −αS(IA + aIAB) − αS(IB + aIAB) + IA + IB,

İA(t) = αS(IA + aIAB) − βIA(IB + bIAB) + IAB − IA,

İB(t) = αS(IB + aIAB) − βIB(IA + bIAB) + IAB − IB,

İAB(t) = βIA(IB + bIAB) + βIB(IA + bIAB) − 2IAB.

(6.2)

where α is the infection rate for the interaction between a the susceptible and
the singly infected population, a and b are the relative coinfection factors for
doubly infected and singly infected transmitters, β = cα is the infection rate for
secondary infections (Table 6.3 and Fig. 6.5), and the recovery rate has been set
to 1.

Reaction Rate

S A
−→ A α

S B
−→ B α

S AB
−−→ A aα

S AB
−−→ B aα

A B
−→ AB β (= cα)

B A
−→ AB β (= cα)

A AB
−−→ AB bβ (= bcα)

B AB
−−→ AB bβ (= bcα)

Table 6.3: Reactions allowed in this fully cooperative coinfection dynamics.

We analyse this system looking for the fixed points of Eq. (6.2), which we
denote as E∗ = (S∗, I∗A, I

∗

B, I
∗

AB). The non-trivial fixed points, defined such that
I∗A, I

∗

B, I
∗

AB , 0 satisfy

I∗A = I∗B =
aαS∗

1 + (2α − 1)αS∗
(1 − S∗)

I∗AB =
1 − αS∗

1 + (2α − 1)αS∗
(1 − S∗)

(6.3)

with 0 ≤ S∗ < 1 and 0 ≤ S∗ ≤ 1, and S∗ is the solution of

f (S, α) = a(b−a)cα3S3+[αa(a−b)c−abc+2a−1]α2S2+(αabc−2a+2)αS−1 = 0 (6.4)
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In fact, for a, b ≥ 0, c > 0, each S the solution of f (S, α) = 0 leads to a unique α̃(S)
in the interval (0, 1/S]. Then, the function α̃(S) is indicative for the equilibrium
points of our system. Making the change of variable T = αS in Eq. 6.4 leads to

α̃(T) =
a(a − b)cT3 + (abc − 2a + 1)T2 + 2(a − 1)T + 1

acT[(a − b)T + b
(6.5)

with 0 < T ≤ 1. Defining c2 = 2/a, for a, b ≥ 1, the behaviour will be the following

• If b ≤ bc = a + 1/2, α̃(T) is concave upward on (0, 1]. In this case, for
c ≤ c2, α̃(T) is strictly decreasing on (0, 1], implying that the curve defining
the equilibrium points in the (α, 1 − S) plane is strictly increasing, without
any hysteresis. For c > c2, α̃(T) has a local minimum, associated with an
eradication point in αe, leading to hysteresis of C type (Fig. 6.6a).

• For b > bc, we introduce two variables:

c1 =
[a2/3(2b − 1)1/3 + (b − a)2/3]3

ab3 (6.6)

c12 =
2ab − 2a + b + 2

√
a(2b − 1)(b − a)

ab2 (6.7)

In the range c ≤ c1, α̃(T) is strictly decreasing on (0, 1], such that there is
no hysteresis in our system. However, α̃(T) the system has a minimum αe
and a maximum α0 for c1 < c < c2. In fact, αe > 1 if c < c12 (hysteresis of Sr
type), αe = 1 at c12, and αe < 1 for c12 < c < c2 (hysteresis of Sl type in this
range) (Fig. 6.6b). Finally, α̃(T) has a minimum, but no maximum in (0, 1],
for c > c2, corresponding to hysteresis of C type.

The behaviour of the system will be completely characterized by the stability
analysis of the equilibrium points, that are represented in the function α̃(T) in
the interval (0, 1]:

• The disease-free state, which corresponds to (S, IA, IB, IAB) = (1, 0, 0, 0) is
stable for α ≤ 1 and unstable otherwise.

• The trivial endemic fixed points (one disease with finite fraction of infected
while this fraction is 0 for the other) are unstable for α > 1.

• If a point is associated with the increasing part of the curve representing
the endemic equilibrium points in the (α, 1 − S) plane, it is locally stable,
and unstable otherwise.
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a b

Figure 6.6: Bifurcation diagram in the fully cooperative coinfection model. a,
Bifurcation diagram for b ≤ bc, where the system exhibits hysteresis of C type
for c > c2. b, Case b > bc, with hysteresis of Sr type for c1 < c < c12, of Sl type for
c12 < c < c2 and of C type for c > c2. Brown curves represent no hysteresis cases,
while green curves are associated with hysteresis loops of the S type, and blue
curves with hysteresis of C type. Source: Ref. [159].

We analyse the phase diagram of the system using dynamical systems theory,
firstly setting a constant a = 1 and analysing the (b, c) space. For b ≤ bc, there is
a codimension-2 point at c2 = 2/a, in which the transcritical bifurcation at α = 1,
which makes the disease-free solution unstable, and a saddle-node bifurcation
collide, such that for c > c2 the system has a saddle-node bifurcation at α , 1,
0 < 1 − S < 1. Then, c2 represents the border between the strictly increasing
regime and the hysteresis of C type. However, for b > bc, two saddle-node
bifurcations are feasible for c > c1 (Eq. 6.6) (for c = c1 there is a cusp), such that
first there is hysteresis of Sr type, then there is a crossover at c = c12, leading
to hysteresis of Sl type, and finally the saddle node associated with higher α
collides with the transcritical bifurcation, with just one feasible (i.e. located in
0 < 1 − S < 1) saddle-node bifurcation in the system, associated with hysteresis
of C type (Fig. 6.7a). The same phenomenology applies to the description of the
phase diagram with a constant b = 3, in the (a, c) space, setting ac = b − 1/2 (Fig.
6.7b). In this case, for a > ac and c > c2, the system will have a single feasible
saddle-node bifurcation, while for a < ac there will be two saddle-node feasible
bifurcations.

We can understand quantitatively the behaviour of the system. First of all, let us
consider a choice of parameters (a, b) such that we see no hysteresis, hysteresis
of S type and of C type if c is varied, like in Fig. 6.6b. In this case, small values
of c lead to a continuously growing outbreak, as the level of cooperation does
not have big effects on the system. If we keep increasing c (hysteresis of S type),
we have a small outbreak branch and, when there is enough infected population
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in the system, the cooperation appears, with the main infection process being
that coming from the population that is doubly infected, i.e. in AB state. If we
keep on increasing c (hysteresis of C type), the infection to the singly infected
part of the population dominates (it does not matter if it is from doubly or singly
infected, as c � a, b), with a long hysteresis cycle that, once the outbreak has
started, promotes cooperation, such that α has to be strongly lowered down
such that the outbreak disappears. Secondly, we want to explain the reason for
which higher differences between b and a lead to the appearance of hysteresis of S
type, taking into account that a is the cooperative effect for infections from doubly
infected to singly infected, while b is the effect for infections from doubly infected
to doubly infected. The phenomenology can be easily understood setting two
limits: a) b � bc > a and b) a = b < bc. In the first limit, secondary infections
from doubly infected are much more likely to occur, such that in a realization
there are some primary infections, and then the fraction of primary infected gets
a secondary infection, but as a � b the susceptible population is less frequently
infected, and then the system stays in the low branch. If we continue increasing
α, the fraction of doubly infected increases, such that they can access to these
singly infected, where the system jumps to the highest branch. However, in the
second limit, in one realization the process is more effectively ordered, such that
at the beginning there are primary infections; then, when the infected population
is big enough, the secondary infections happen, but also the primary infections
continue happening, even more frequently due to the feedback effects related
with a > 1, leading the system to the highest branch in a C type hysteresis cycle.
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a b

Figure 6.7: Phase diagram in the fully cooperative coinfection model. a, Phase
diagram in the plane (b, c), with a = 1. Red and blue dots correspond to the
curves in Figs. 6.6a and b, respectively. b, Phase diagram in the plane (a, c), with
b = 3. The violet curve represents the parameters for which there is codimension-
2 point in which a saddle-node and a transcritical bifurcation collide, the orange
curve represents the parameters for which the system has a cusp, and the green
curve represents the crossover between hysteresis of Sr and Sl types. Source:
Ref. [159].

6.2 Static random geometric graph

In analogy to the previous chapter, we consider a random geometric graph (RGG)
in two dimensions [140, 141], assigning to N = 4096 particles random positions
in a square space of size L×L, L = 1280, and linking a particle with all the particles
located at an Euclidean distance smaller than a fixed interaction radius d, using
periodic boundary conditions. In this network, our two-disease SIR spreading
dynamics will be described by a probability of primary infection p, a probability
of secondary infection q, and a recovery probability r = 1, following the scheme
shown in Fig. 6.2, and we will analyse the dynamics with synchronous update.

According to the previous results, this dynamics in a 2D lattice leads to a con-
tinuous phase transition [154, 155], while mean-field (d ∼ dmax = L

√
2
) exhibits a

first order phase transition [150]. In this section, we will use the parameter d to
interpolate between these two limit cases, which display different behaviours.

For low interaction radius, and above the critical radius, dc < d � dmax, the
system exhibits a continuous phase transition from the disease-free state to the
endemic state (Fig. 6.8a). In the continuous phase transitions, the time evolution
of the number of infected grows slower than a power of time in the subcritical
regime, while at criticality it grows as a power of time, and faster than a power-
law for the supercritical regime. The time evolution of the number of infected
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Figure 6.8: Cooperative disease spreading in a static RGG with low interac-
tion radius, d = 40. a, Density of doubly recovered particles ρab at the end of
the dynamics as a function of the primary infection probability p. The outbreak
appears at lower values of p for q = 1 (black) than for q = p (red). b, Time evolu-
tion of the number of infected nodes, characteristic for a continuous transition.
For supercritical values of p, there are Griffiths phases, in which the time evolu-
tion of the number of infected I(t) scales as tµ for a broad range of p. Different
colours correspond to different values of p = 0.06 (orange), 0.07 (magenta),0.08
(cyan),0.09 (purple), 0.10 (brown), 0.11 (yellow),0.12 (blue), 0.13 (green), 0.14
(red), and 0.15 (black). c, The power-law exponent µ changes continuously with
p.

nodes I(t) in coinfection dynamics has power-law scaling, I(t) ∼ tµ, for a broad
range of values of p, with an exponent µ(p) that is continuously changing (Figs.
6.8b,c). This phenomenon is known in the literature as Griffiths phases, and
has been reported for complex networks in which two dynamical process are
happening, one in the subcritical regime and another in the supercritical. For
example, this behaviour appears when a subcritical percolation process is com-
bined with supercritical spreading [160]. Specifically, the subcritical percolation
leads to a network that is fragmented in several connected components, with
each one having a different characteristic time scale for the spreading process,
which depends exponentially on the cluster size. The combination of the distri-
bution of cluster sizes with the time scales growing exponentially with cluster
sizes leads to a power-law scaling in the time evolution of the dynamics. In our
case, although the system is in the supercritical regime of the percolation dia-
gram d > dc, the avalanches of secondary infections lead to long paths of nodes
in doubly recovered state, which become barriers for the spreading, leading to
the cluster formation, as the system is not far from the percolation critical point.
Then, we have two processes in different regimes: while primary infections
are subcritical, i.e., pc(q = 1) < pc(q = p), secondary infections are supercritical
q = 1 > pc(q = 1), satisfying the requirements for having Griffiths phases, and
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leading to a dynamical fragmentation of the network due to the role of doubly
recovered nodes, which become barriers for the spreading.

Then, we study the limit of high d, setting d = 700, which corresponds to an aver-
age degree 〈k〉 ≈ 3848 ∼ N. First of all, as highlighted in the previous chapter, for
high 〈k〉, the behaviour of the network approaches the infinite velocity behaviour
for independent disease spreading (q = p), such that the critical point for non-
interacting diseases is the inverse average degree, pc = 1

〈k〉 ≈ 2.6 × 10−4. In this
case, for q = 1 � p, we observe a transition that is continuous. This continuous
transition is in agreement with the mean-field results, which reported the recov-
ery of a continuous transition when the secondary infection rates were much
higher than the primary [150]. This can be qualitatively understood considering
the characteristic time of both processes: as primary infections are much slower
than secondary, the secondary infections, in a highly clustered topology (close to
mean field), happen in the following step after primary infections, without the
chance of having a bottleneck in which there are no secondary infections. Then,
the diseases follow a growth characterized by the time scale of primary infec-
tions, leading to a continuous phase transition, and the influence of secondary
infections, with q � p, is reflected in the critical point, which we estimate to be
pc(q = 1) =

pc(q=p)
2 . This result is understandable taking into account that, at t the

particles get one disease, spreading it at t + 1, when they get the second disease
and can spread it at t + 2. In fact, a decrease in q leads to the appearance of
a gap, showing the discontinuous phase transition that was expected for mean
field dynamics (Fig. 6.9).
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Figure 6.9: Cooperative disease spreading in a static RGG with high inter-
action radius, d = 700. Fraction of doubly recovered ρab at the end of the
dynamics as a function of the primary infection probability p, for several values
of the secondary infection probability q =1 (black), 0.5 (red), 0.25 (green), 0.01
(blue). The cyan line shows the predicted critical point for non-interacting dis-
eases. Inset: time evolution of the number of infected nodes I for q = 1, with
p = (5, 6.5, 8, 9.5, 11, 12.5, 14, 15.5) × 105 from bottom right to the top left.

6.3 Mobile random geometric graph

We study the mobility scenario for networks in which the static case did not show
a discontinuous transition, which is the case with low interaction radius. The
high values of the clustering, associated with two dimensional topologies, and
the short range of the interactions were avoiding the appearance of discontinuous
transitions, which required a relatively low ratio between short and long loops.
However, the velocity of the nodes may break the dynamical short loops, leading
to the appearance of discontinuous transitions. Specifically, we set d = 40. The
velocity v measures the distance between the position of a node at t and its
position at t + 1.

For the maximum level of cooperation, i.e., q = 1, and low v, the transition re-
mains continuous, but the effect observed in previous chapter is present, with
low velocities leading to higher critical points. However, further increasing the
velocity, a gap appears between the disease-free state and the outbreak, leading
to a discontinuous phase transition that, as velocity increases, approaches a limit
that is associated with infinite velocity (Fig. 6.10). As reported for other net-
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works, this discontinuous phase transition is hybrid, as the order parameter ρab
shows a discontinuous transition, while the probability of having macroscopic
outbreaks pab, increases continuously (Fig. 6.11).
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Figure 6.10: Cooperative disease spreading with changing velocity for low
interaction radius. We observe the detrimental effect of mobility on outbreak
size for small velocities, and for higher velocities a discontinuous transition
appears. The white line indicates p〈k〉 = 1, that is the predicted critical point for
infinite velocity in the thermodynamic limit.

The ratio between short and long loops has been suggested to be the responsible
of this behaviour. If diseases meet after short loops, the expected growth of
the outbreak is continuous. This is the case of static and low dimensionality
RGG, which have higher clustering coefficients. However, the velocity breaks
this clustering, decreasing the probability that the two diseases meet in the first
steps, and allowing them to take long paths before they meet, such that secondary
infections start appearing after a bottleneck.
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a b c

Figure 6.11: Cooperative disease spreading in a mobile RGG with d = 40.
Density of doubly infected nodes ρab at the end of the dynamics, for q = 1 and
a, v = 0.9d. The red line shows the critical point for non-interacting diseases
dynamics (q = p). b, v → ∞. Inset: time evolution of the number of infected,
for p =0.055 (black), 0.057 (red), 0.059 (green),0.061 (blue), 0.063 (brown), 0.065
(violet), 0.067 (cyan), 0.069 (orange). c, Probability of a realization giving rise to
a macroscopic outbreak for v = 5d.

6.4 Empirical contact network

We run the cooperative disease dynamics model in empirical data describing a
contact network [161]. This network was built after data collection in a hospital,
where N = 75 people (46 health care workers and 29 patients) were carrying a
wearable device that was reporting a contact when two individuals were located
at a distance of 1–1.5 m, aggregating the contacts in intervals of ∆t = 20 s
[26]. A hospital represents a potential hub for infections to meet; in fact, some
severe infections, like the one produced by Clostridium difficile, are typically
hospital-acquired infections, and this infection has been reported to cooperate
with others, like Enterococcus [162]. These facts motivate the analysis of the
coinfection dynamics described in previous sections (Fig. 6.2) in an empirical
network of contacts in a hospital.

The studied temporal network was composed of 32,424 contacts that were
recorded in 17,375 time intervals (tmax = 96.53 h), meaning that the average
number of contacts per unit time was 8.96 h−1. A temporal adjacency matrix
describes the network, where the entry Ai j(t) = 1 if a contact between individ-
uals i and j at time t was detected. The activity pattern of the contact network
was non-homogeneous in time, with peaks typically separated by a period of
24 h (Fig. 6.12a). Specifically, we observe some low activity valleys, which are
associated with the night, indicating that our dynamics will die out at night if the
recovery probability is not set properly, leading us to explore the dynamics with
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a recovery probability pr = 10−3, such that the expected recovery time includes
1000 time steps (5.5 h). In fact, in a SI process, with transmission probability
equal to one, there are no newly infected individuals at night periods, with the
number of infected nodes remaining constant until the morning arrives and new
infections occur (Fig. 6.12b).

Figure 6.12: Temporal features of the empirical contact network. a, Number
of contacts C(t) =

∑
i< j

Ai j(t), aggregated for time windows of 80 s. Low activity

valleys are associated with night. b, Number of infected individuals NI in a SI
process for a single disease with infection probability 1. Each color corresponds
to a different initially infected individual, with the colours associated with the
first observed interaction for each individual (from sooner, in red, to later, in
blue). Source: Ref. [161].

For coinfection dynamics, the control parameter will be the primary infection
probability p, considering two cases for the secondary infection probability q:
1) q = p, that will stand for independent infections spreading in the network,
and 2) q = 1, which corresponds to the maximum cooperation. We set an initial
condition in which one randomly chosen individual is doubly infected, i.e, its
initial state is AB (Table 6.1), and consider a recovery probability r = 10−3. We
will consider three risk estimations:
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• The presence of an outbreak, which will be determined by a critical point
separating a region in final disease-free state and a region where finite
outbreaks are present.

• The fraction of population affected by the outbreak, characterized by the
fraction of doubly infected nodes ρab at the end of the dynamics.

• The distribution of ρab, which will indicate the probability Πp(ρab) that, for
a fixed value of p, a realization leads to a value of ρab, indicating the risk
of having a big outbreak when we focus in the upper branch of the ρab − p
diagram.

The spreading dynamics leads to two different branches, both in the cases of
independent infections (q = p) and strong cooperation (q = 1), with the high-
est reached discontinuously from the disease-free state, and the lowest growing
continuously with p (Figs. 6.13a,b). This was a surprising result as, although
we could expect a discontinuous transition in the cooperative scenario, we also
found it in the non-interacting case. These results arise in contrast to a random-
ized temporal network. Specifically, this null model considers the same temporal
activity pattern, i.e, keeping C(t), but at each time t we select C(t) random contacts
from the contact list, with the aim of having the same probability for a contact to
happen, but breaking the temporal correlations that were present in the original
adjacency matrix Ai j(t). In contrast to the spreading in the empirical data, in
the randomized case there is a single phase transition, both for q = p and q = 1,
growing continuously from the disease-free state (Figs. 6.13c,d). This suggests
the discontinuous jump is the effect of the temporal correlations.

Although, qualitatively, the observed behaviour is the same for non-interacting
and cooperative spreading infections (Figs. 6.13a,b), there are some quantita-
tive differences that show the effects of the cooperation. For each ρab and each
p, we compute the difference between the probability of observing one realiza-
tion leading to that point in the cooperative and the non-interacting scenarios
∆Πp(ρab), showing how the probability of having big outbreaks (i.e, of being in
the higher branch), is higher for the cooperative case, and these outbreaks affect
fraction of the population that is almost a 10% higher (Fig. 6.14). Moreover, the
epidemic threshold in the continuous transition is smaller for the cooperative
case.

In order to understand the mechanisms leading to the discontinuous transition
that we observe even in the independent spreading case (Fig. 6.13a), we focus
on specific realizations that lead to the two main branches, analysing the time
evolution of the number of infected NI(t) = NA(t)+NB(t)+NAB(t)+NaB(t)+NAb(t)
and the fraction of doubly infected with the two diseases NAB (Fig. 6.15 and
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Figure 6.13: Spreading dynamics in a hospital contact network. Diagrams plot-
ting in colour the probability Πp(ρab) that a realization leads to a density of doubly
recovered ρab for a transmission probability p. a, Independent diseases (q = p)
spreading in the empirical network. b, Cooperative diseases (q = 1) spreading in
the empirical network. c, d Independent and cooperative, respectively, diseases
spreading in the randomized network. Source: Ref. [161].

Figure 6.14: Quantitative differences between non-interacting and cooperative
infections spreading in the contact network. The differences are calculated as
∆Πp(ρab), showing that the three introduced risk estimators are favourable for
the disease spreading in the cooperative case. Source: Ref. [161].
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inset). Initially, the number of infected particles grows, with most of infected
nodes in state AB; this is understood taking into account the presence of tempo-
ral correlations, with contacts that were repeated very frequently, such that even
if the diseases follow different paths, they are able to meet in a few steps before
recovering, leading to high fractions of nodes in AB state. In fact, these repeated
contacts are observed in the SI process, as the stationary values associated with
night are reached before the night valley of activity arrives (Fig. 6.12). However,
we have to combine these temporal correlations with another ingredient to ex-
plain how this discontinuous branch is created. In fact, when the night arrives,
there are no new infections, and recovery processes dominate the dynamics (Fig.
6.15), with the infected population decreasing, but not disappearing, and the
doubly infected population decreasing to zero. Then, the recovery in the low
activity valleys allows the diseases to remain infective in different nodes. After
the night, if the diseases are able to meet again, they will continue spreading
together, reinforced in the cooperative case (q = 1), like in blue curve of Fig. 6.15,
while if they do not meet the final density of doubly infected will be smaller,
and associated with the continuously growing curve (orange and black curves
in Fig. 6.15). Summing up, the combination of temporal correlations and a low
activity valley associated with night is the mechanism underlying the presence of
both a continuous and a discontinuous phase transition in the density of doubly
recovered nodes ρab.

0 12 24 36 48 60 72
t (h)

0

5

10

15

20

25

30

N
I

0 12 24 36t (h)
0

0.2
0.4
0.6
0.8

1

N
A

B/N
I

Figure 6.15: Specific realizations of the spreading process in the contact net-
work. Time evolution of the number of infected individuals NI for three real-
izations with p = 0.06 and q = 1, leading to a final number of infected of 56
(blue curve), 54 (black) and 52 (orange) individuals, while the final number of
doubly infected is 50 (blue curve), 21 (black) and 14 (orange) individuals. Inset:
ratio between the number of doubly active individuals NAB and NI. Source: Ref.
[161].
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6.5 Conclusions

In this chapter, we have analysed cooperative disease spreading, which is in-
troduced through higher infection rates/probabilities for secondary contagions.
Firstly, we reviewed recent results on a Susceptible-Infected-Recovered model,
showing how this dynamics can lead to discontinuous transitions in mean field.
Then, the extension of this model to complex networks showed that the dis-
continuous phase transitions were not always present. In fact, the mechanism
giving rise to the discontinuous phase transitions was a bottleneck phenomenon:
the diseases spread independently along the network and, after long paths, they
met, giving rise to an avalanche of secondary infections. Specifically, the phase
transitions were argued to be hybrid, with one order parameter showing a dis-
continuity but the other order parameter displaying a continuous growth and
scaling with system size.

Afterwards, we focused on Susceptible-Infected-Susceptible dynamics, consid-
ering another kind of cooperation, which is that coming from higher infection
rates when the infective agent is in doubly infected state. Interestingly, we re-
ported three kinds of hysteresis for this system, with the presence of continuous
transitions alone, discontinuous transitions alone and some scenarios in which
the continuous and the discontinuous transitions were observed.

Motivated by the results of the partial coinfection models in complex networks,
we analysed them in random geometric graphs, showing how for big interaction
radii the transitions were discontinuous for intermediate values of the secondary
infection probability, while for low interaction radii they were continuous. In-
terestingly, the dynamics in networks with low interaction radius scenario, close
but above to the critical percolation radius, was leading to Griffiths phases, with
the formation of clusters that were isolated due to the presence of nodes in dou-
bly recovered state, with each cluster having a different characteristic time scale
associated with this spreading process.

We wanted to assess the role of mobility, and the mobile random geometric graph
was a natural model for this assessment, finding how an increasing velocity for
short range interactions was giving rise to a gap, and characterizing the features
of the different observed regimes.

Finally, in an effort to bridge the two main parts of this thesis, we analysed
this cooperative spreading model in an empirical temporal network of contacts
in a hospital. Surprisingly, we found discontinuous phase transitions even in
the non-interacting diseases case, showing how these gaps appeared due to the
temporal correlations and the activity pattern of the network.
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Chapter 7
General conclusions and future
outlook

In the conclusions of chapter 1, we proposed some problems that we wanted to
address in this thesis. Now, after five chapters, we recall these tasks and explain
the conclusions from them:

• To develop methods suitable for the analysis of animal trajectories. We
applied several approaches used for human movement analysis to the
animal trajectories, learning that the memory is a driver of the movement
of southern elephant seals.

• To approach the movement analysis from an aggregated point of view. In
the case of southern elephant seals, we analysed one of the largest datasets
describing their movement, finding a universal behaviour despite of the
individual idiosyncrasies.

• To compare trajectories associated with multiple species, identifying the
common drivers of marine megafauna movement. We found that the
species and the habitat, split in open and coastal oceans, are the main
drivers that explain the observed displacements and turning angles.

• To describe the patterns exhibited by anthropogenic activities in the
ocean. Specifically, analysing the transit pattern of vessels. We char-
acterised the general transit pattern, analysing the hierarchies between
harbours and the shape of the vessel highways.

• To combine models of dynamics and movement to understand the role
of mobility, focusing on disease spreading processes. In the one hand,
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we found a counterintuitive behaviour in which slow motion represents
an obstacle for the disease spreading, which reaches higher fractions of the
population if the hosts do not move. In the other hand, we matched two
previously reported limits for coinfection in static networks, and addressed
its study in mobile networks.

• To use empirical contact networks to simulate disease spreading, deter-
mining the features that play a key role in the dynamics and suggesting
strategies for reducing outbreak sizes. We studied coinfection dynam-
ics in an empirical contact network. We found a discontinuous transition
that was appearing in the empirical network even in the case of two non-
interacting diseases spreading along the network, and explained how the
temporal correlations and the activity pattern lead to this behaviour.

However, the scientific knowledge is cumulative, so answering questions does
not close the problem, but it opens new questions. After this work, we have
some open problems, that we would like to address in the future. Some of them
are the following:

• What can we learn from the movement data obtained with other methods?
For example, acoustic receivers are located in fixed locations, detecting the
individuals when they approach them.

• How the mobility patterns affect dynamics like disease spreading? The
optimal foraging theory has argued that the patterns that minimize the
search time represent a behaviour with positive fitness, such that they
are selected by natural evolution [163]. However, these patterns could be
selected not only in terms of the efficiency of resource searches, but also
whether minimising disease spreading or maximising information transfer.
This study could include both data-driven simulations (i.e., Section 6.4), or
models of mobility (i.e., Section 6.3).

• How can we study the collective behaviour from empirical movement
data? This question is interesting both for intraspecific behaviour in social
species, and interspecific behaviour for species that share the same habitat.

• How the highways observed in the vessels transit patterns influence the
movement of marine animals?

• How can we model the interactions between diseases that are described by
different dynamics? What about interacting diseases spreading in different
topologies, each one associated with a different contagion mode?
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Appendix A
Fitting distributions

When a law is proposed to describe a physical phenomenon, a fit to the empirical
data is needed to validate the results, getting the value of the parameters that
best fit to the law, and measuring a quality parameter that informs us about
the distance from our fit to the empirical data. Traditionally, the least squares
method has been the most used for computing the regression of the curves.
However, this method is not the most adequate to fit data that is distributed
following a power-law [164] due to the following reasons:

• A binning process is required for computing a histogram, with the need
for setting externally a bin width, which can influence the results.

• The distribution has a heavy tail that includes large fluctuations.

• It is hard to determine the range in which the power-law behaviour holds

• A regression line does not consider the normalization of the data, such that
it fits to a distribution function.

Particularly, these methods are of growing interest in the complex systems com-
munity, as there has been a permanent discussion about the presence or not of
power-laws in empirical data, like in the degree distribution of empirical net-
works [165]. In this appendix, we will follow the methods described by Clauset
et al. [166] for fitting empirical data to power-law distributions with the shape
pdf(x) = Ax−α for α > 1, that were extended to α > 0 in Ref. [167].
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We consider a continuous variable x that, whether on a histogram or a cumulative
plot, seems to be distributed according to a power-law, i.e., in a log-log plot it
has linear scaling. The general shape of a power-law distribution follows the
formula pdf(x) = Cx−α, where C is a normalization constant and α > 1 is the
power-law exponent. However, this probability diverges for x = 0, so it needs
a lower bound xmin, such that the distribution, after normalization, is described
by

pdf(x) =
α − 1
xmin

( x
xmin

)−α
(A.1)

Assuming that xmin is known (later we will give some details of how to fit it),
we can obtain a fit for α with the maximum likelihood estimation method. We
introduce the likelihood, which is the probability for this data being described
by the power-law function:

p(x|α) =

n∏
i=1

α − 1
xmin

( xi

xmin

)−α
(A.2)

where i runs over all the x ≥ xmin. The aim of this method looking for the α̂ such
that this likelihood is maximum. Taking into account that the monotonicity of a
function is the same as the monotonicity of its logarithm, their maxima will be
located in the same value. Then, we introduce L = log p(x|α), that will simplify
the optimization calculations:

L =

n∑
i=1

log
[
α − 1
xmin

( xi

xmin

)−α]
= n log(α − 1) − n log xmin − α

n∑
i=1

log
xi

xmin
(A.3)

Imposing ∂L/∂α = 0 for optimizingL, we obtain the estimation α̂ of the power-
law exponent:

α̂ = 1 + n

 n∑
i=1

log
xi

xmin


−1

(A.4)

Once we have the method for fitting α, we need to fit the lower bound of the
power-law behaviour in our empirical data. The simplest method is to test
all the xi in our dataset, fitting an estimator of α̂ for each xi, and choose for
xmin the xi such that the fitted distribution and the empirical are closest. For
this purpose, a distance between distributions is needed, and we will use the
Kolmogorov-Smirnov distance, which is defined in Eq. (3.2) as the maximum
distance between the cumulative density functions of both distributions.

Note that we will always obtain from Eq. (A.4) estimators α̂ > 1. In fact, we
cannot fit a power-law distribution in the interval [xmin,∞) with α ≤ 1, as the
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decay is so slow that the distribution cannot be normalized. For these cases,
the distribution needs to be bounded in the interval [xmin, xmax). The probability
density function describing a power-law, with α > 0, α , 1, in this bounded
interval is given by

pdf(x) =
1 − α

x1−α
max − x1−α

min

x−α (A.5)

The optimization of the likelihood function associated with this distribution
leads to a non-linear equation:

1
α − 1

−
1
n

n∑
i=1

log xi +
x1−α

max log xmax − x1−α
min log xmin

x1−α
max − x1−α

min

= 0 (A.6)

that, after setting xmax and xmin, can be solved numerically to obtain α̂. Note that
this equation does not impose any restriction for all the values of α except for the
case α = 1, which would have a different value of the normalization constant. In
fact, setting xmax →∞ in Eq. A.6, we recover Eq. A.4.

After obtaining an equation for the estimator α̂, there are two additional param-
eters to find, xmax and xmin, which can be fitted together, fitting the distribution
for different pairs of these two parameters, and selecting the pair of parameters
associated with the smallest Kolmogorov-Smirnov distance between the fit and
the empirical data.
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