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RESUME

In this work, we prove the Takens” Embedding Theorem and we give a more general
version of the Theorem.

Firstly, we write a plotline to understand the theorem and the proofs. We follow
mainly some articles, such as [1]. In some cases, we explain more the proofs and in
others, we give some alternative proofs. We prove the Takens’ Embedding Theorem,
as it appears in his article [2] and through it, we arrive at a more general result.
This result appears in some references, but as far as we know, there is no explicit
proof of this generalization. Finally, we make some applications to understand the
use of the theorem. Some applications are theoretical, and others are practical. The
theoretical experiments are given by dynamical systems and the practical are mainly

from harmonic signals.
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Chapter 1

Introduction

Takens” Embedding Theorem is a very widespread result into time-series analyses and
it is commonly used into a lot of branches, such as psychology [3], physics [4], biology
[5] or economy [6], where it is natural the usage of time-series.

In this chapter, we give some motivation of the Takens” Embedding Theorem and
an informal explanation about how it works.

In the theorem, we talk about topological manifolds. The first attempt to formalize
the concept of ‘manifold’ appears formally with Riemann, the years 1851, with his
doctoral thesis, and 1854 in Habilitationsvortrag. Some attempts to understand the
concept of manifold arose through the following years. In particular, Weyl introduces
a manifold as a set of points which are locally homeomorphic to some real space. There
is another approach, given by Dini, which states that manifolds are subsets of a real
space defined near each point by expressing some of the coordinates in terms of the
others, using differential functions.

Hassler Whitney proved that both concepts are equivalent. He did not only prove
that these concepts are the same, but that manifolds can be thought as subsets of
some Fuclidean space, and thus in a real space. However, this result does not give a
reconstruction of the manifold in the real space: it is true that we can ‘embed’ the
manifold in some R", for n sufficiently large, but we do not have its parametrization.

In 1981, Floris Takens published its article [2]. In this work, he presented a map that
allows us to embed the manifold in some real space. However, his main objective was
not related to manifolds, but related to dynamical systems. In this context, Takens’
Theorem allows us to reconstruct the attractor set of a dynamical system. If the

attractor set is a manifold, giving only partial information from the system the theorem
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assures to recover the attractor set. Since Takens’ article, there have appeared a lot
of attempts to generalize their results. One of the most notable ones was from Sauer,
Yorke and Casdagli [7], that generalizes the theorem to attractor sets which are not
more manifolds, but are fractal sets.

To introduce briefly the theorem, let us say that we have some signal, and we
assume that this signal comes from some dynamical system having an attractor set M.

For example, we simulate a Morris-Lecar’s model with some mathematical software.
We take it from [8]. In that book, the model is two dimensional. However, we add a
fast variable to generate a buster. Moreover, the differential equation is a piecewise

linear continuous map. Hence, the solution of the system is a C! map. The equations

are
CV=fV)—u—w+1
. Weo(V) —w
T TR
o Use(V)—u
= e\ T
\ 7u(V)
where
-V —-d V < —d,
) m(V+d) V| <d,
fV) = kE(V —d)+2md d<V <2,
2-V+4+k2—-d)+2md V >2
0 V<1,
Weo(V)=<¢ s(V—-1) 1<V <2,
s V>2
0 V < 1.5,
Uso(V) =4 s(V—=15) 1.5 <V <25,
s V >25

C=1,d=1/4,s=55 m=-02, k=25 1=1.0571, 1,(V) = 0.5 and 7,(V) = 40.
This system has different attractor sets. In particular, a periodic orbit formed by small
amplitude oscillations followed by one big amplitude oscillation. This orbit passes close
to the point (—0.02,0,0.97). Hence, starting at (—0.02,0,0.97) we get three time-series,
one for each variable. We can see them in Figure 1.1, jointly with its phase portrait.
We now focus on only one of these signals: for example V. From the integration

method, we have some time-series with a temporal fixed step h. Let us take some



Morris-Lecar System

values

Figure 1.1: Morris-Lecar system. 1.1(a) Solutions. 1.1(b) Phase portrait.

multiple 7 = h - p. We apply the following function

®,: R — R3
V() — (V(),V(E+71),V(t+27)).
We apply it for every ¢ = h - p from our signal, as long as is well-defined for ¢ + 27.
We plot these 3-dimensional points and get some 3-dimensional figure. We can see the

plot in Figure 1.2.

Figure 1.2: &, applied to V.

It’s quite similar to the phase portrait. At first sight, it seems strange. From a
simple map, and with a partial information of the system, we make a copy of the
original one. In the manuscript, we talk about these kind of maps. Takens’ Theorem
tells us that, if the signal V' has sufficiently information about its own system, we may

‘reconstruct’ it from the same V.
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The contents of the manuscript are distributed as follows: in Chapter 2, we
introduce the basic concepts concerning the theorem. In Chapter 3, we state the
original version and we prove it, and other alternative versions. In Chapter 4, we give

some examples of the usage of the theorem.



Chapter 2

Preliminary

In this chapter, we recall some basic notions which will be needed to introduce
Takens” Theorem. First of all, we introduce some concepts about Topology. Secondly,
we continue with Differential Topology. This branch is divided into two sections:
Differential Topology and Function spaces. We finish this chapter with some basic

concepts about Dynamical Systems.

2.1 General Topology

In this section, we recall some basic concepts about Topology. Most of them are classic
in a Mathematical degree, but it is interesting to follow the plot that leads to Takens’
Theorem. Moreover, for readers who have not follow a course on Topology they will
find in this section the necessary concepts to understand and follow the main result.
Nevertheless, the objective of these section is not to give a course on General Topology,
but to give some definitions and the basic properties that we will use along the rest of
the manuscript. If someone is interested in more details, I recommend the lectures of
[9], [10] and [11]. In this section, we do not give any proof, since they appear in any
book of Topology or they are intuitive.

First of all, we need to define the basic structure we work with:

Definition 2.1. Let X be a set. Let 7 C P(X) be a subset of the powerset of X

which satisfies:
(i) 0, X eT,

(i) U, VeT, thenUNVeET,



10 CHAPTER 2. PRELIMINARY
(111) If {Ui}iel C T, then UieIUi S 7-

In this case, we say that 7 is a topology on X. The elements of T are the open sets
and the pair (X, 7T) is a topological space.

From the open sets, we can define the closed sets.

Definition 2.2. The closed sets of a topology are the complements of open sets.
In other words, if U € T, where U is an open set from the topology 7T, then its

complementary U° is a closed set.
We introduce some concepts that lead to define consistently a topology by a set.

Definition 2.3. A topology 7 on X is said to be finer than 77 if 7/ C T. In this
case, we also say that T’ is coarser—or less fine— than 7. In the case that T ¢ 7' and

T' ¢ T, we say that they are incomparables.
We know that intersection of topologies is also a topology.

Lemma 2.1. Consider two topologies 7 and 7' on X. Then, W = TNT" is a topology.
Lemma 2.1 allows us to prove the next result.

Lemma 2.2. Given a collection of subsets S of X, there exists a topology 7s such
that for any other topology 7 such that S C T, then Tg C 7.

This result allows us to make a consistent definition.

Definition 2.4. Let X be a set and S a subset of the powerset. We define the topology

generated by S as the coarser topology containing S.

Sometimes, it is difficult to define explicitly the open sets of a topology. The most
usual technique is using a set of generators that allows obtaining the open sets. The

principal generators we are going to work with are bases and subbases.

Definition 2.5. A collection S of subsets of X is a subbase of a topological space
(T,X) if T is a topology generated by S.
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Example 2.1. Consider the real space R, and consider the topology generated by the
subbase of all the open intervals ]a;, b;[, with a; < b;. This is the usual topology that
we will use working with the topological space R.

It is possible to generalize the previous topology to R™ in the following way.

Consider in R™ the topology generated by the subbase of all the open balls
Be(z) ={y e R": [z —y| < ¢},
where € > 0, x € R" and |-| is the Euclidean norm.

Example 2.2. The topological product of a family of topological spaces {(X;, T;) }ier

7 =% 11

i€l i€l i€l

is the topological space

where [],.; &; is the Cartesian product given by (Xj)ic; and [[,.; 7; is the topology on
[Lc; &i such that, if
T ILer® — &
(7i)ier = w5
is the j-projection, j € I, then
U (7
icl

is a subbase of the topological product.

Definition 2.6. A base of a topological space (X, 7)) is a collection of open sets { B, }ics

of X such that for every open set U of X, it can be written as an union of open sets of

this base:
jeJ
The difference between bases and subbases is that the intersection of members of

the base belongs to the base. However, it is not necessarily true in subbases.

Proposition 2.1. Let B be a collection of subsets of a set X'. B is a base of some

topology on X if, and only if, it satisfies the following two properties:
(i) X =B, that is, X is the union of all the open sets of B.

(ii) If By, By € B, then By N By = U1 B;, where B; € B, for some subset 1.
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Example 2.3. In R, the set of intervals B = {]z,y[: x,y € R}, is a base of the first
topology of the Example 2.1. It is because every intersection of open (not disjoint)
intervals is also an open interval, and the union is the real space, so it is base of some
topology.

It is the same for R", because the set

B = {H]xzayz[ zi,y;i € R}
is also a topological base.

Definition 2.7. Let (7, X&) be a topological space. Then (X, T) is second countable

if it has some countable base.

It is usual to define second countable in terms of subbases, but it is equivalent to

the previous one and along all the manuscript we only use this equivalence.

Example 2.4. Observe that the base given in Example 2.3 is not a countable base.
However, if we take the set B = {|p,q[: p,q € Q}, it is a countable base of the
same topology. As in Example 2.3, we may say that it is a base. Moreover, if we
have intervals ]a, b[, with a,b € R, then we can choose two successions {a;};en € Q,
{b;}ien € Q, where a; — a, b; — b, a < a; < b; < b, for all 7, and the union of opens
Uien|ai, bj[=]a, b]. Hence, it generates the same intervals as in Example 2.1 and is a
countable base, since it is generated by pairs {(p,q) : p,q € Q} and Q is countable, so

Q? is also countable. The same argument is valid for R™.
Now, we continue with compact sets. It is necessary to introduce the covers.

Definition 2.8. A cover of a subset S of X' is a collection of subsets U = {U,},ec; in
& such that & C Uj;c;U;. If J is finite, we say that U is a finite cover. If every Uj,
j € J is an open set, then we say that U is an open cover.

Given two covers U = {U; }jes and V = {V;};es of S, if for every j € J there exists
i € I such that U; = V;, then we say that U is a subcover of V.

A covering {V; },c is a refinement of the covering {U; };e; when each V; is contained

in some Uj;.

Definition 2.9. We say that the subset S of X' is compact if for every open cover of

S there exists a finite subcover of S.
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Every closed subset of a compact set is also a compact set. We state this result as

it is necessary, especially when we use partitions of unity.

Lemma 2.3. Let X be a topological space and A a compact set of X. Every closed

subset B C A is also compact.

The next result is known as Heine-Borel Theorem. It characterizes the compact

sets of a real topological space.

Theorem 2.1 (Heine-Borel). A subset of R™ is compact if, and only if, it is a closed

and bounded set.

Since in some proofs we use the sequentially compactness, we continue by

introducing this concept.

Definition 2.10. A topological space (X, T) is said to be sequentially compact if every

sequence in it has a convergent subsequence.

In general, compactenss and squentially compactness are different concepts.

However, they are the same in metric spaces.

Proposition 2.2. In a metric space, compactness and sequentially compactness are

equivalent.

This allows to prove the Lebesgue’s Lemma. We give the proof in Appendix C.

First we need to define the diameter.

Definition 2.11. Let A C X be a subset of a topological space. Its diameter diam(A)
is the number sup{d(z,y) : =,y € A}.

Lemma 2.4 (Lebesgue’s Lemma). Let X be a compact metric space and let U be an
open cover of X. Then there exists a real number § > 0 such that any subset of X
of diameter less than ¢ is contained in some member of U. ¢ is called the Lebesgue

number of U.
Another tool that we will frequently use is the concept of Hausdorff space.

Definition 2.12. A topological space (X, 7)) is said to be Hausdorff if for every pair
of points z,y € & there exist open sets U, and U, such that x € U,, y € U, and
U.nu, =0.
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Hausdorff spaces, jointly with second countable spaces, allow us to define the
concept of manifold. Manifolds are the basic concept in all the Section 2.2.

We now define closure, denseness and interior.

Definition 2.13. Let A be a subset of a topological space (X,7) and x € X. Then,
x is a closure point of A if for every open x € U,, we have U, N A # ().

The closure of A is the set of all the closure points. We denote the closure by A.
Proposition 2.3. Let A be a subset of a topological space (X, T).

(i) A is a closed subset of X. Moreover, A is the smallest closed subset of the space

X containing A.

(ii) A is closed in X if and only if A = A.

(iii) ANBC ANBand AUB = AU B.

Definition 2.14. A set A is dense in a topological space (X, T) if its closure is all the
space; i.e. A= X.

We note that A is dense if, and only if, for every x € X and every open x € U,, we
have U, N A # (), by the definition of closure. We usually use this definition.

Along the manuscript, we use some characteristic sets from the topological space.

Definition 2.15. A set A is generic in a topological space (X, 7T ) when it is open and

dense.
A generic set satisfies a lot of properties. In particular these two:
Proposition 2.4. Let A, B be two generic sets in a topological space (X, 7). Then

— AU B is generic.

— AN B is generic.

Definition 2.16. Let (X, T) be a topological space and p € X. A neighborhood of p

is a subset U of X that includes an open set V' containing p,

peV CU.
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Definition 2.17. Let (X,7) be a topological space, € X is an interior point of a
subset A when A is a neighborhood of z.
The set of all elements that are interior of A make the interior set of A and we

denote it by ;1

We state in Proposition 2.5 the equivalent conditions of Proposition 2.3, but for

interior sets.
Proposition 2.5. Let (X, 7T) be a topological space and A C X.

(i) A is the biggest open contained in A.

(i) A — A if and only if A is open.
(ii) AUBC AUBand AN B=ANBKB.
Now, we talk about continuous applications between topological spaces.

Definition 2.18. Let (X,7) and (¥, 7T) be two topological spaces. A continuous
application between X and ) is an application f : X — ) such that, for every element

xr € X, every neighborhood V' of f(x) in ) contains the image of some neighborhood
U of xin X.

From the previous definition we conclude that, if f is a continuous map, for every
neighborhood V' of f(z), there exists a neighborhood U C X such that f(U) C V. This

definition is useful. However, it is necessary to give some other equivalent definitions.

Proposition 2.6. Let (X,7) and (), 7T) be two topological spaces. An application
f X — Y is continuous if, and only if, the inverse image of an open set is also an
open set. The same is true for closed set: that is, f is continuous if, and only if, the

inverse image of a closed set is also closed.

Example 2.5. We can see the space of matrices with n?, n € N square real entries as
a real space R¥, with k = n?. Consider the function given by the determinant

det: R¥ - R
r +— detz.

Since det is a polynomial on the k entries, it is a continuous function. The point 0 € R
is a closed set. Therefore, R\ {0} is an open set and thus det™' (R \ {0}) is an open
set of R*, by Proposition 2.6. Hence, the full rank matrices form an open set from the

space of matrices.
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The following equivalence is for metric spaces.*

Proposition 2.7. Let (X, 7) and (¥, 7T) be two metric spaces. An application f :

X — Y is continuous if, and only if, for every succession {z,} — z in X, then

{f(zn)} = f(z) in J.

Proposition 2.8. The composition of continuous applications is also a continuous

application.
Example 2.6. Let X', Y and Z be topological spaces. For every pair of applications
f:Z—Xand g: Z— )Y, the application

h: 2 — XxY
z = (f(z),9(x))

is continuous if, and only if, the functions f and ¢ are continuous.
We use the fact that continuous functions preserve compactness in a lot of proofs.

Lemma 2.5. Let X and ) be two topological spaces (with their respective topologies)
and f: X — ) a continuous application between these two topological spaces. If S is

a compact subset of X', then f(S) is also a compact subset of ).

The interest of the general topology relies on finding properties which are preserved

by applications between topological spaces. The most used are homeomorphisms.

Definition 2.19. An application f between two topological spaces (X, T) and (Y, T")

is an homeomorphism if f is bijective, continuous and the inverse f~! is also continuous.

Properties which are preserved by homeomorphisms are called topological properties.
The compactness, for example, is a topological property, since it is preserved by

continuous applications.

2.2 Differential Topology

In this section, we recall some basic notions on Differential Topology. We start defining
manifolds, a topological object indispensable to work with Takens’ Theorem, and next

we give some properties related with them.

I Actually, we can relax the condition, but we only use this on metric spaces.
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In the widest sense, a manifold is defined as a topological space, which is locally
homeomorphic to some R"™. This classical definition is too weak. Therefore, it is
habitual to define a manifold with other topological restrictions. In our case, we will

consider the following definition, that is the most common one in the literature.

Definition 2.20. A manifold M of dimension m is a topological Hausdorff space,
second countable, such that for every point on M, there exists an open neighborhood

of the point that is homeomorphic to an open set of R™.

Sometimes, we say that M is a m-dimensional manifold. Observe that despite
a manifold is locally homeomorphic to R™, it is not necessary to be globally

homeomorphic to some R™.

Example 2.7.
— Every R™ space is itself a manifold. We only have to take R™ as an open cover
and the identity id : R™ — R™ as the homeomorphism. This is a straightforward

case of a manifold that is globally homeomorphic to R™.

— The circumference
St ={f(t) = (cos(t), sin(t)) € R* : t € R}

is a 1—dimensional manifold. the image of the open sets U; =| — 7, x| and
Uy =|0,2n[ by f are charts that cover all the graph. However, it is not
homeomorphic to R. We have not introduced connected spaces, but it is a
property that connected spaces are preserved by homeomorphisms. In this case,
if we remove one point from the circumference, the graph is connected, but if we
take off a point of the real line, we obtain two connected components. For more

details about connected spaces, see any book on general topology.

(a) (b)
Figure 2.1: 2.1(a) One component. 2.1(b) Two components.
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— The eight ‘8" curve is not a manifold. Since it is a curve, it should be a
1-dimensional manifold. However, if we choose the intersection point, any
neighborhood of this point is homeomorphic to R. In fact, if we take a
neighborhood of the point, and after that we remove this point, we obtain four
components, except in the case when we take all the graph, that we obtain
two components. In this case, if we remove another point, we obtain only one

component, thus it is neither homeomorphic to R (see Figure 2.2).

(a)

(c) (d)
Figure 2.2: In 2.2(a), we have the ‘8" curve. In 2.2(b), we have some neighborhood of
the center and if we remove the center point, we have 4 components and hence it is not
homeomoprhic to R. In 2.2(c), we remove again the center point, but since the figure

is complete, we obtain two components. If we want to see that it is not homeomorphic
to R, we use another point, such as in figure 2.2(d), where we only have 1 component.

(b)

Definition 2.21. A local chart (or a chart) is a pair (U, h), such that Y C M is an
open set and A : U — R™ is an homeomorphism into its image. The set U is called
domain.

An atlas is a collection of local charts such that their domains cover M.

Atlas allow us to cover all the manifold, even though M is not homeomorphic to
R™. For example, to cover a circumference we need two or more local charts. The
function h is composed by n functions, say u; : U4 — R, ¢ = 1,...,n such that

h(z) = (u1(z), ..., pn(z)). These functions are called coordinate charts.
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Definition 2.22. Let N be a n-dimensional manifold and M C N a m-dimensional
manifold, with m < n. It is said that M is a submanifold of N if every point in M has
a local chart which can be obtained from a chart (V, g) of N, by restricting g to VN M

and dropping the last n — m coordinates.

Example 2.8. By using the previous definition, one can check that the sphere of radius
1, 8', is a 2-dimensional manifold. We take two partial parametrizations of the sphere,

given by
x(0, ¢) = cos b cos ¢,

y(0, ) = cos O sin ¢,
z(0,¢) = sin 6.

The first one for 6 €] — 7/2,7/2[, ¢ €]0, 27| and the second one # in the same interval
and ¢ €] — 7, m[. If we fix § = 0, we have x = cos ¢, y = sin ¢ and z = 0 and we get the

circumference of Example 2.7. Thus, the circumference is a submanifold of the sphere.

If two local charts (U, h) and (V, g) share domains (in other words, U NV # (), the

transformations

hg't:gUNV) —R™
gh™ ' :h(UNV) = R™

are functions from open sets of R to open sets of R™, because U and V are open sets

and and h, g homeomorphisms.

Definition 2.23. Consider M a manifold and the local charts described previously. If
hg~t and gh™! are r times differentiable, we say that the charts are C"—related. The
set of charts that are C"—related gives a differential structure. An atlas with all the
charts C"—related is an atlas C"—differentiable. In this case, the differential structure

is in the whole atlas and it gives a C"—manifold.

With the previous definitions, we have classified manifolds with respect to their
differentiability. In the following definition, we classify applications between two

C"-manifolds.

Definition 2.24. Let M, N be two C" manifolds m and n dimensional, respectively.
Let f : M — N be a function between these two C" manifolds. The function f is
C*—differentiable (with s < r) if, for every point p € M, there are local charts (U, h)
of M with p € U, and (V, g) of N with f(p) € V, such that gfh™ : h(UN f7V) — R"

is s times continuously differentiable at h(p).
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Figure 2.3: Manifold diagram.

In general, manifolds are at first sight topological spaces, but we do not know if
there is an environment where the manifold lives in. Recall that a manifold is not
necessarily homeomorphic to R™, hence we cannot assume that it is embedded in any
R™ (this problem will be solved by Whitney’s Theorem, see Theorem E.1 in Appendix
E). We classify f from gfh™!, since gfh~"' is an application between real spaces. Now,
we set a property that preserves the topological and geometric properties between

manifolds.

Definition 2.25. Let f : M — N be a function between two C"-manifolds m and
n dimensional, respectively, and we assume that f is C°-differentiable, 1 < s < 7.
Let (U,h) be a local chart of M and p € U. We say that f is an immersion at p
if Dgfh=1(h(p)) is injective. If the derivative is surjective at p then f is said to be
submersive at p. A function that is immersive everywhere is an immersion, and a
function that is submersive everywhere is a submersion.

A function f is an embedding if it is immersive and furthermore, f is homeomorphic

to its image, i.e. f: M — f(M) is an homeomorphism.

Embeddings preserve all topological and geometrical properties. At first sight, it
seems difficult to distinguish between embedding and immersion. The following three

results explain their differences.
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Figure 2.4: Manifold diagram.

Proposition 2.9. Let M, N be two compact manifolds (with dimensions m and n,
respectively) and f : M — N an immersion. If f is injective, then f is also an

embedding.

Proof. Let f be a continuous application between two manifolds M and N, where f is
an injective immersion. Since M is compact, every closed subset A C M is compact,
and the image of compact sets through a continuous application is also compact. In
this case, this compact image is carried homeomorphically through some finite charts
to R™, because N is compact and it allows a finite atlas. Their image is a closed
subset, because compacts are closed sets in R"”, by Theorem 2.1. Since the charts are
homeomorphisms, every subset of the compact set is closed and the finite union of
closed sets is also closed. Therefore, f(A) is a closed set and thus f is a closed map.

Hence, f~! is continuous. O

Proposition 2.9 tells us that the only difference between an immersion and an

embedding in compact manifolds is the injectivity. In R the two concepts are equivalent.
Proposition 2.10. Let f : R — R be immersive. Then f is an embedding.

Proof. We only have to choose the local chart (R,id). Then the derivative is always

different from zero. In this case, f is continuous and monotone. Now, if it is monotone,
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then it is injective and, in applications between real spaces, injectivity assures an inverse

continuous everywhere, hence f is an homeomorphism into its image. O

Finally, we see that immersions are locally embeddings. This argument is very

common in differential topology.

Proposition 2.11. Let M, N be two manifolds (with dimensions m and n,
respectively), p € M and f : M — N immersive at p. Then there exists a neighborhood
of p such that f is an embedding.

Proof. Since f is immersive, we can choose local charts (U,h), (V,g) such that
Dgfh~*(h(p)) is injective: that is, the derivative has full rank. By the Inverse Function
Theorem, we have that gfh~! is a local diffeomorphism at some neighborhood of h(p),

thus f is an homeomorphism at some neighborhood and then an embedding. O]

We include two results related to functions between manifolds. We are going to use
these two results at various points. They will be proved in the Appendices A and B

respectively, as their proof is long.

Lemma 2.6. Let M and N be manifolds with dimensions m and n respectively, m < n.
If f: M — N isaC! function, then N\ f(M) is dense in N.

Lemma 2.7. Let M and N be manifolds with dimensions m and n respectively, m > n,
and f: M — N be a C! function. Consider ¢ € N. If f is submersive at every p such
that f(p) = ¢, then the set f~!(q) is a submanifold of M, of dimension m — n.

We want now to introduce the bump functions. These functions are a basic tool in

differential topology. Consider the function

A R - R

Lo {0 if ¢ <0,
et ift > 0.

This function is C*°, since it is a composition of C*° functions everywhere except

at 0. In this case, for t > 0, the derivatives of A are q(t)e_rg, where ¢(t) is a rational

—t—

function. Therefore q(t)e™" " — 0 as t — 0. Consequently

and it is well defined.
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A(t) —

Figure 2.5: Representation of the A function described as above.

Note that 0 < A(t) < 1, because e~ is monotone for ¢ > 0, lim,,oe "~ = 0 and
limy oo e~ = 1. As a result, A(t) =0 if and only if ¢t < 0.
Consider € > 0 and the function

be(t) = A1) - (A(t) + Me—1))7L.

Observe that

Figure 2.6: Representation of the ¢ function described as above.

e ()7 t <0,
M)+ AMe—t) =4 e D7 et 0<t<e,
et t>e.

As a result, A(t) + Me —t) # 0 and therefore (A(t) + A(e — ¢))~! is a C* map.
Consequently, ¢.(t) is also C*, as it is the product of C* functions. It is clear that
®(t) > 0, because every function in its domain of definition is positive and we make

products and sums. Moreover,
0<AMe—t) <= At) < AMe—1) + A(t) = At) - (A1) + Me—1))' < 1.

Hence, 0 < ¢ < 1 and ¢.(t) = 0 when A(f) = 0 and that is when ¢ < 0. Likewise,

when t > €, we have
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Thus, ¢.(t) = 1 if and only if ¢t > e.

Definition 2.26. Let ¢, > 0. We define a bump function ., = 1 as

v: R — R
= Ye) =1- ¢z — 1),

where |-| is a norm, typically the Euclidean norm.

Y(t)

P —(e+) 3 3 e+

Figure 2.7: Representation of the ¢ : R — R, described as in Definition 2.26.

Proposition 2.12. Let v ,(z) = ¢(z) be a bump function. Then:
(i) 0 <w(r) <1, for all z € R,
(ii) ¥ (z) =1 if and only if z € B(r), where

B(r) =B(0,r) ={z € R" : |z]| <71},

(iii) ¢ (z) =0 if and only if |z| > r + ¢,
(iv) ¢ € C™.
Proof. (i) Tt is clear, because 0 < ¢, < 1 and then (z) =1 — ¢.(|z| — r) € [0, 1].
(ii) In this case,
Y(x)=1=¢(|lz]|—1) =1 ¢(lz|—7)=0< |z|—r <0< |z| <r <z e B(r).
(iii) Similarly

Y(@)=1=0¢ (x| —r) =0 ¢ (x| —r)=1<|z|—r>es |z >r+e
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(iv) Since ¢, is differentiable, we shall concern with differentiability when |z| = 0
(that is, z is the zero on R™). However, in —r the function ¢, is locally constant.
Therefore, at this point the function will be always differentiable.

O

Bump functions have the property of compact support. This property allows us to
shift functions locally.
Definition 2.27. The support of a function f : X — R" is the closure of the set of
values where the function does not vanish. Sometimes we will write as supp f,

supp [ :=={x € X : f(x) # 0}.

Corollary 2.1. Every bump function has compact support.

Proof. 1t follows from Proposition 2.12, since ¢ (z) # 0 if and only if |z| < r + € and

its closure is compact, by Theorem 2.1. O]

Another tool is the partition of unity. Partitions of unity allow us to go from local

to global properties. For more details on partitions of unity, see [12].

Definition 2.28. A collection of subsets {U;}ic; of a topological space X is called
locally finite if for each point x € X there exists a neighborhood V' intersecting only
finitely many Us.

Lemma 2.8. Any open covering {A;};e; of a m-dimensional manifold M has a

countable, locally finite refinement {(U;, h;)}icr by local charts such that
(ii) {V; = h;*(B(0,1))} is still covering of M.

Proof. From the second countability property of M, we assume that there exists some
open base of the topology of M that is countable. Since it is an open base, every open
set of the manifold can be written as the union of elements of the base. As a result, we
can make some chart basis {U,};cs, intersecting them, if necessary, where every chart
will be the union of open sets { P, };c;, with P; compact. Since U. ; is a chart, it could be
identify as some R™, and every R™ admits an open basis of balls {B;},c1,, where every
B, is compact. If we take the balls around the rationals with rational radius, this base
is countable and we can consider that {P;};c; is countable.

We define an increasing sequence of compact sets { K;};c; as follows
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- K0:®7
— K; = P, and

— Kiyy = PBU---UP,, where i < 1 and r > 1 is the first integer such that
K,cPU---UP.

We note that

o M =J,c; Ki\ Io{i_lz Ky U (K))\ }0{1) U.... It is clear, because we can say that
K; = K;_1 U (K;\ Io(i_l); the left-right inclusion is evident, because K;_; C K;
and K\ [o(z»_lc K; and then their union is also a subset of K;. For the other
inclusion, we have the chain [O( i-1C K;_1 C K;. If p € K;, there are two options:
p € K; 1 orp¢& K, 1. In the first case there is no problem. In the second case,
P 95}0(1-,1 and then p € K;\ [O{Z-,l.

e Every K;\ [o(i_l is compact, because Kj; is a closed set, ([o(i_l)c is also a closed

set that can be written as
K\ Ki-1= K; N (Ki-1)".

Then it is a closed subset of a compact set.

e With a similar argument, we could write

M = Kip\ Kia

iel
where the sets K2\ K;_1 are compacts.

If p e Aj, then p € Ko\ }O( i—1 for some 7, since their union covers M. Consider a
local chart {(U,;, hy;)}, with U, ; C (K;42\ ]%i_l) NA; and hy,;(U, ;) = B(0,3). If we
vary p and j, we can cover with open sets the compact set K;yq\ [o( ;. Consider, for
every p and j, the subset V,,; = h™'(B(0,1)). The {V,;},ca, are subsets of U, ; that
also cover K1\ [O(Z

Varying p and j, for every ¢ we have cover sets {V;, ;},; such that admit a finite
base of covers {Vi, pi}p; for Kipi\ K. The same argument applies with the covers
{Uip.;}pj- These sets are a locally finite refinement, because there are finite covers on
every band K;\ [O( i1, and they only intersect with other finite covers K 1\ lo( ; and

K; 1\ [o( i—2; hence, on every point p we only have finitely many open sets. O
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We denote the locally finite refinement described in Lemma 2.8 as a regular covering.

Definition 2.29. A partition of unity of a manifold M is a collection of functions
fi+ M —10,1], j € A, such that

(i) {supp f; = f; (R \ {0})} is locally finite,

(ii) Zje/\ filp)=1,Vpe M?

A partition of unity is subordinate to an open cover {U; };,e; when Vj € A, supp f; C U;

for some 1.

Theorem 2.2. Given a regular covering {(U;, h;)} of a manifold, there exists a partition
of unity {f;}ic; subordinate to it with f; > 0 on V; = h;*(B(0,1)) and supp f; C
hi {(B(0,2)).

Proof. Consider a bump function ¢ ; = 1. That is, ¥ (p) =1 for |[p| <1 and ¥(p) =0
for [p| > 2 (Proposition 2.12). We can define the bump function on the manifold using
the local charts (U;, h;) in the following way:

p = hilp) = P(hi(p) = ¢i(p).

We have

e supp?; C h; 1(B(0,2)):

e def su —
supp ¥; < supp o by “CZ (b o 1) (R \ {0})
(i)

hi 1(B(0,2)) € h;'(B(0,2)).

—~

(]

=

In (i), we know that v "*(R\ {0}) = B(0,2). In (ii), h; *(B(0,2)) is the smallest
closed set that contains h; *(B(0,2)) and h; *(B(0,2)) is a closed set (since it is the

inverse image of a closed set by a continuous function) that contains h; '(B(0,2)).

e Vp €V, ¥i(p) = 1. We know that V; = h;'(B(0,1)). If p € h; '(B(0,1)), then

p € h;*(B(0,1)), like in (i7). Hence, for all p € V;, h;(p) € B(0,1) and therefore
pl < 1;
¥i(p) = ¥(hi(p)) = 1.

2Since the support is locally finite, for every z, there are finitely f;(z) non-zero and hence the sum
is finite.
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Finally, we can define the partition of unity as

Yi .
fi==——, 1€ 1.
Zje[ %‘
and this is well defined:
e f; >0, since every v; > 0.
e supp f; = suppy;, because f; and 1 are non-zero in the same domain.

Furthermore, supp; is locally finite, since suppiy; C ;' (B(0,2)) C
h;'(B(0,3)), and therefore at every point supps; only intersects at most the
finite ¢; that h; intersects with h;, as {h;}ier is locally finite.

° - ¢z _ Zie] 1/11 —1
Z fz Z Zje] wj Zje] %’ .

el el

e fi>0onV,sincein Vy, f; = 1.

2.3 Function Spaces

In this section, we define some topologies for special function spaces. In the literature,
there are two main topologies defined for function spaces; the weak topology and the
strong topology. In our case, we use the weak topology. However, in some spaces these
two topologies are equivalent, so that the obtained results could be also applied there.
Part of this section is strongly inspired in [13].

First of all, we introduce the set of linear maps, since it is often referred along the

manuscript. For example, we use the differential map that is a linear map.

Definition 2.30. We write the set of all linear applications between two vecctor spaces
X and Y as L(X,)).

Example 2.9. Let L(R™, R") be the set of linear applications between these two real
spaces. If f € L(R™ R"), then

f: R™ — R
r = f(z)= Az

where A is the matrix associated to the linear map f in some basis.
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From now on, it is considered that X and ) have finite dimension.

We will need to define a norm for this space.

Definition 2.31. We define the operator norm of a linear map f € L(X,)) as

LI = sup{|f(z)] - = € X, [[«f] < 1}.

As we only work with norms between real spaces, we can alternatively define the

norm of the linear map in terms of the associated matrix, that is
[Al == lIf1l = sup{[f(z)] - 2 € X, |[z]] <1} = sup{[|Az]| : v € &, [lz]| < 1}.

It is easy to prove that the definition of || A|| does not depend on the bases of the vector

space. We use some equivalences.
Proposition 2.13. Let f € £L(X,)). The following sets are the same:
(i) sup{[[f(2)]| : = € &, [|=]| <1},
(i) sup{|lf(2)] : = € X, [|]| = 1},
(iii) sup{IHBL - 2 e &, [|z]| # 0}.

Injective linear maps are of especial interest, because they form an open set inside

the set of linear maps. Before proving this, we prove the next result.

Proposition 2.14. A linear map f € £(&X,)) is injective if, and only if, there exists
a > 0 such that || f(z)|| > af|z|, for all x € X.

Proof. =) Let f be an injective linear map. Then, f is bijective into its image. Hence
we can consider the inverse f~!, that will be also an injective linear map. In this case,

since f # 0, ||f|| and ||f~!|| are non-zero. Observe that, by Proposition 2.13,

11 = supf @ 5y e pia), 7)) 03,
7@
Hence, for all x € X
11U @)]

1
[ = = I/ (@) = WH%’H-

1f (@)l
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<), Let ||f(z)]] > a||z|, for all x € X. We only have to see that the kernel is the

trivial one. Therefore,
f@)=0=allz| < [|[f(z)]| = 0= allz]| < 0.

Then, as a > 0 and ||z|| > 0, a||z|| > 0 and therefore a|z|| = 0. This is possible only
if ||| = 0; that is z = 0. O

Proposition 2.14 leads to the next theorem:
Theorem 2.3. The set of all injective linear transformations £(X,)) is open.

Proof. Let f € L(X,)) be injective. Then, by Proposition 2.14, there exists a@ > 0
such that ||f(z)|| > a|z||. Choose in L(X,)) an open ball B = B(f,«/2). If g € B,
then ||f — g||< a/2. We want to find 6 > 0 such that ||g(x)| > d]z||.

allz| < lf @) = I(f =g+ 9) @)l = [I(f = 9) (=) + g@)I< I(f — 9) (@)l + llg()]l

Isolating the operator norm of g(x), we have ||g(z)|| > (a—||f — g||)||z||. Since a/2 >
|f — gll, we can take § = a — || f — g|| > 0. O

Now, we define the weak and strong topology. Let M and N be C"-manifolds, with
r > 0 and finite. We write

C'(M,N)={f: M — N: fe( -differentiable}.

Let f € C"(M, N) and take two local charts (U, h) and (V, g) of M and N, respectively.
Choose some compact set K C U such that f(K) C V. Let 0 < € < co. We define a

weak subbasic neighborhood
N"(f; (U, ), (V. g), K, e) (2.1)
as the set of functions f € C"(M, N) such that f(K) C V and
ID*(g.fh~")(x) — D*(gfh~ ) (x)l|< e
forall z € h(K), k=0,...,r.

Definition 2.32. The weak topology on C"(M, N) is the topology generated by the
subbase described in (2.1). We write C],(M, N).
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In compact manifolds, the weak topology works fine with the behavior of a map;
this means that if two functions belong to a same open set, then they are close in
compact domains. However, when the manifold is not compact, the weak topology
does not control well the behavior of a map at the infinity. In this case, two functions
could be close in certain local charts, but as the functions change charts they may
separate. Therefore, we may find some open set that contains two functions, but
these two functions are in fact very far. This does not happen in the strong topology.
Therefore, in comapct maps it is preferable to work with the strong topology, that we
define in the following.

Let H = {(U;, h;) }ier be a locally finite set of charts on a manifold M. Let K =
{K;}icr be a family of compact subsets of M, with K; C U;. Let G = {(V,g)}icr be a
family of charts on N. Given a family of positive numbers € = {¢; };cr, if f € C"(M, N)

maps each K; into V;, we define a strong basic neighborhood
N'(f,H,G, K,¢) (2.2)
to be the set of f € C"(M,N) such tat for all i € I, f(K;) C V; and
1D*(9i.f i) () = D* (g ) ()| < e,
for all x € hy(K;), k=0,...,r.

Definition 2.33. The strong topology on C"(M, N) is the topology generated by the
base described in (2.2). We write CI (M, N).

Recall that a set is always a subbase of some topology. However, it is not true for

a base. We should prove this property for the strong topology.
Proposition 2.15. The sets given by (2.2) form a base of the CI (M, N) topology.
Proof. We prove the two properties on Proposition 2.1.

— Let f be a function between the manifolds. We can write

C'(M,N)= | J N'(f;H.G Ke),

feCT(M,N)

where € = {¢€;}ier, € > 0.
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— Consider two elements of the base NV} and N,. We are going to prove that N7NN;

is the union of elements of the base. We have,
N)\ - NT(f)\; H7 G7K7 6)\)

for some fy and €y = {er;}ier (A =1,2). Fix (U;,h;) € H, (V;,9;) € G and K.
Let f; € Ni N N2. We have

|1 D*g; frhi * (hip) — D*gif;h ™ (hip)||< €xs,

for all h;(p) € hi(K;), k = 0,...,r. Since K; is compact, h;(K;) is compact
and the function L(h;p) = ||g;:frh; ' (hip) — gifjh = (hip)|| is a continuous function
defined on a compact domain, then it has a maximum, say €, ; < €,,;. Thus, we

define
Exi — €N
2

We consider ¢; ; = miny_y 2{éx,;}. Then, the open set Ny, = N"(f;; H, G, K, ¢;),
¢ = {€; }ier is contained in Nj N N3. Let f € ij, then

gk,i,j = > 0.

HDkgif)\hi_l(hip) - D’“gifhil(hip)\l = ”Dkgif,\h{l(hip) - Dkgifjhi-_l(hip)‘i_
D¥gi fih; " (hip) — D*g; f;hi (hap) |

< |DAgufshi (hap) — D () |+
1D*g; fihi " (hip) — D*g; fhi* (hap) |
6)\71' — 6)\71'7- 6)\,2‘ + 6)\71','
< €\ + B ) — 5 J

2

Hence, f € N, for A = 1,2. Therefore, Ny, € Ny N N;. Thus, we have

U ij :Nl ﬂNQ
FiENINN2

We give some necessary results.

Proposition 2.16. Let M, N be compact manifolds. Then C!(M,N) = C (M, N).
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Proof. Let Ny € CZ(M,N). Then we can write N, as the union of members of the
basis (2.2):

-/\/:9 == U/\/—]r(fi;HjanaKﬁGj)

jeJ

= Uﬂ fwa Uz]7h1j) (V;jagij)7Kij’€ij)'

jeJiel

Moreover, let N,, € C! (M, N). Then this open set can be written as the union of a

finite set of intersections as follows:

Nw: U ﬂ fma Uuh) (Vz‘agz‘),Ki,Q‘j).
JEJ iel

finite

There are only two differences between N,, and N;. Firstly, the subindex i in N,, is
finite. Secondly, €;; in N,, may be infinite. However, since M and N are compact sets,
we can choose a finite locally finite atlas, and hence I is finite. Moreover, in compact
sets, we achieve the maximum of the set for every function f;, say A;. Since there are
finite functions, we have a maximum max;e;{A4;} = A. Hence, it is the same to choose

€ = A or choose ¢;; = 00. O
j j

Proposition 2.16 tells us that every property that is satisfied in one of these
topologies is also satisfied in the other topology, as long as we work on compact sets.
In this case, we write the open sets of the basis as N".

Now, we define two basic sets. These sets extend the result of Lemma 2.3.

Definition 2.34. We denote by Imm" (M, N) the set of C" immersions between the
manifolds M and N. Moreover, we denote by Emb"(M,N) the set of C"(M,N)
embeddings.

Theorem 2.4. The set Imm" (M, N) is open in C;(M, N), for r > 1.
Proof. First of all, we have the equality
Imm” (M, N) = Imm'(M, N) N C"(M, N),

because f € Imm" (M, N) if, and only if, Dgfh~! is injective (for convenient charts)
and f is r times differentiable and continuous. These conditions happen if, and only
if, f € Imm'(M, N) and f € C"(M, N).
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Since C"(M, N) is the total space, we only have to see that Imm'(M, N) is open.
Let f: M — N be a C! immersion. We are going to choose a convenient neighborhood
of f, which is contained in Imm" (M, N). Let G = {(V}, g;)};es be an atlas of N and
H = {(U;, hi) }icr an atlas of M. We choose U; such that f(U;) C Vj), for some open
chart of N (for example, if we have some cover {UZ}ZG A, We can intersect every open
set with all the open sets in the chart V', and we will have a refinement of the set).
We can send every U; into the open ball B(0,3) (through another refinement if it is
necessary), where the closure of every U; is compact. Let K = {K;};e; be a compact
cover of M with K; C U;. The set

A ={D(gifhi ")(z) : @ € h(K;)}
is compact, since we can write A; as
A; = D(gifhi ') (M(K3)),

and h(K;) is the image of a compact set by a continuous map, and D(g;fh; ') is also
continuous. Moreover, A; is a compact set of linear maps from R™ to R™. We know by
Theorem 2.3 that the set of all linear maps is open in the vector space L(R™, R™), and
because of that there exists ¢, > 0 such that B € L(R™,R") is injective if | B— D|| < ¢;,
and D € A;. If we take ¢ = {¢;}ics, then every element of N''(f; H,G, K, ¢) is an

immersion. L]

In the previous result we have proved that the set of immersions is an open set. We
are going to prove that the set of embeddings is also an open set. We state a previous

lemma that will be proved in Appendix D.

Lemma 2.9. Let U C R™ be an open set and W C U an open set with compact
closure W C U. Let f: U — R" be a C! embedding. There exists € > 0 such that if
g: U—R"is C! and

[Dg(p) — Df(p)|l < eand |g(p) — f(p)|< e

for all p € W, then g|y is an embedding.

Theorem 2.5. The set Emb" (M, N) of C"(M, N) is open in CZ{(M,N), r > 1.
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Proof. Again, with the same argument as in Theorem 2.4, we can say that
Emb"(M, N) = Emb' (M, N)NC"(M, N).

Thus we only have to prove the theorem for 7 = 1. Let f € Emb'(M, N). We have to
show that there exists a neighborhood of f where every function is an embedding. We

can take:
(i) A locally finite atlas H = {(U;, h;) }ier of M, by Lemma 2.8.
(i) A set of local charts G = {(Vi, g;) }ier of N, where f(U;) C V;, as in Theorem 2.4.
(iii) An open cover {K;}ic; of M, where K; C U; is compact.

(iv) € > 0 such that if
g 6-/\/’0 :Nr(f;H7G7K7€))

where € = {¢€;};er, then g(W;) C V; and g|g, is a C" embedding, by Lemma 2.9.
(v) A neighbourhood N3 such that every open set in N is an immersion.

Since f is an embedding, for every ¢ € I, there exist disjoint open sets A;, B; in N such
that f(K;) C A; and f(M \ U;) C B;, because K; and M \ U; are disjoint sets (recall
that K; C U;, hence M \ U; C M \ K;). Therefore, we can find a neighbourhood N; of
f in the C’(M, N) topology such that if f € N7, then

fEK) c Ay, f(M\K;)C B,

We want to see that every f € No N N1 NN, is an embedding: that is, an immersion
that carries homeomorphically into its image. Since f € N3, we only have to see the

second one.

— f is injective. Suppose that z, y are disjoint points of M. Since UK; = M, in
particular UK; = M, then = € K;, for some i € I. If y € U;, then f(x) -+ f(y),
since f|y, is injective. Else, y € M\ K; (M \ K;) UU; = M, because K; C
K; C Uy), where f($) € A;, f(y) € B; and these two are disjoint open sets, hence
i) # ).
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—f: M = f(]\/[ ) is an homeomorphism. Since f is continuous and injective,
we must show that f‘l is continuous. We use the argument of continuity by
sequence. Consider a sequence {y, }nen € M such that f(y,) — f(z). We have
to show that y, — x.

Let z € K;, then f(z) € A; (we consider f(K;) C A;). Therefore we have only
a finite number of f(y,) in B;, since there exists ng such that, if f(y,) — f(z),
then f(yn) € A;, for all n > ng. Hence, there is only a finite number of y, € K.

Finally, since f|K1 K — f(KZ) is an homeomorphism, then y, — x.

2.4 Dynamical Systems

In the literature, there are a lot of relations between differential topology and dynamical
systems. Floris Takens makes another connection between these two branches of
Mathematics. The goal of this section is to introduce the concepts about dynamical
systems that allow us to understand the implications of the Takens’ Theorem.

We introduce the formal definition of dynamical system, as described in [14].

Definition 2.35. A dynamical system is a semi-group (G,®) acting on a space M,

that is, there is a family of transformations on M, {T}},ecq, and a map

T: GxM — M
(g, ) = T,(x)

such that T, o T, = Tyep,.
There are a lot of phenomena that give rise to a dynamical system.

Definition 2.36. Consider G = Z or G = N. Fix a function f defined over M. A

discrete dynamical system is given by the action

T: GxM — M
(n,z) = T(x) = f"(2),

that is, the n-times composition of f.
(T o Tp) () = f"(f™(2)) = [ (2) = Tosm(2).

By agreement, f* =id and f~" = (f*)7!, if n > 0.
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Example 2.10. Let (a,b) be a point on the circumference of radius r, centered at
the origin. We may write a = rsin(zg) and b = rcos(zg). We construct a discrete
dynamical system such that x,, = rsin(zg + nk) and y,, = rcos(xg + nk). Therefore,
by expanding the sinus and the cosinus of a sum of angles,
Ty = rsin((zo + nk) + k) = rsin(zg + nk) cos(k) + r cos(zg + nk) sin(k)
= x,, cos(k) + y, sin(k),
Ynt1 = rcos((xg + nk) + k) = rcos(zg + nk) cos(k) — rsin(zo + nk) sin(k)
=y, cos(k) — x, sin(k).
This is a dynamical system that walks on the circumference. We can write it as a

rotation matrix

Tpy1) [ cos(k) sin(k)\ (x,\ [ cos(k) sin(k) e o\ £ (20, 0))
Yni1)  \—sin(k) cos(k)) \y,) ~ \—sin(k) cos(k) w) 0,Y0));
where f is a linear application. If %’T is irrational, then the orbit is dense on the
circumference. However, if it is rational, the system is periodic: that is, there is some

N > 0 such that xy = z¢ and yy = yo.

Definition 2.37. Consider G = R. Let ¢ be the flow of an autonomous ordinary
differential equation (ODE). As usually, we denote ¢(¢;(0,z9)) = ¢(t;20), where
o(t; xo) is the solution that in time 0 passes through xy. A continuous dynamical

system is given by the action

T: RxM — M
(t,xo) — Tt(l’o) = ¢<t,$o),

Therefore,

(T} o T5)(wo) = Te(o(s320)) = O(t; @(5;w0)) = G(t + 5;20) = Ths5(o(t0))-

The equality ¢(t; ¢(s;x0)) = ¢(t+ s;20) is a consequence of the uniqueness of solutions

of ODE, since ¢(t + s;x¢) at time ¢ = 0 passes through ¢(s; x).

Example 2.11. Consider the differential equation

{ o=y +a(l— a2+ y?),

y = +y(l— a2 +y?).

Trivially, one can check that (z,y) = (0,0), and (x,y) = (cost,sint) are solutions of
the previous system. Furthermore, there is a branch of solutions

koet—wo k 6t+90
1 + kgettto cos(t +6b), 1+ kgettto

(@(t; (%0, Y0)), y(t; (20, 0))) = ( sin(t + 90)>, (2.3)
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where rg = 23 + y3, ko = ro/(1 — ry) and 6y = arctan % Then, if Zg = (20, %), the
dynamical system is
T: RxR? — R?
(t.Zo) = Ti(Zo) = (x(t; (o, Y0)), y(t; (0, %0)))-
Even when we restrict ourselves to discrete and continuous dynamical systems, the
notion of dynamical system can be defined over much more abstract situations, as in

the next exemple, where we consider a permutation group acting on a vector space.

Example 2.12. Let M = Pol(K) be the space of power series in a field K and & the

set of permutations of infinite elements. We define an action

T: &xM — M
(o,p) = T,(p)=1p°,

where
p(z) = Z axt, pP(x) = Z a;x".
icl iel
In this case, we have built a dynamical system from a permutation set and a given
polynomial;
T, o To(p(x)) —Tp (Z x<>> = 3 000
iel iel
= Too5(p()).

We focus especially on continuous dynamical systems. We might also work on the
other explained dynamical systems, but we shall center first on continuous ones.

We recall that, given an autonomous Ordinary Differential Equation

i = Fla),
{ (0) = o (2.4)

where = x(t) = (x1(t), ..., 7,(t)) € R™, a solution is a C'-function ¢(¢; zo) such that
satisfies the ODE. We denote F' as the vector field. If F' satisfies a Lipschitz condition
in a domain, there exists uniqueness of solutions in this domain. Therefore, we suppose
until the end of the manuscript that the vector field satisfies a Lipschitz condition in
all the domain. It is well known that given an ODE with uniqueness of solutions in the
whole domain,there exists a differential conjugate ODE with uniqueness of solutions
and they are defined in the whole R. It is not restrictive, to assume the ODEs we are

working with have solutions defined in the whole real line.
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Definition 2.38. Consider an ODE (2.4). A point p such that F(p) = 0 is called a

singular point of F'. The other points are called reqular points of F.

We note that a singular point corresponds to a constant solution of the differential

equation; that is, if p is a singular point, then ¢(¢; p) = p is a solution of the equation.

Example 2.13. Consider the ODE described in Example 2.11. In this case, the only

singular point is (z,y) = (0,0). The other points are regular points.

Definition 2.39. A periodic solution for (2.4) is a solution ¢(¢;xy) such that there
exists a time 7 > 0 such that ¢(t + 7; x0) = ¢(t; x0).

Definition 2.40. A point p € R" is an w-limit point for the solution through x,, that
is ¢(t; xp), if there is a sequence t,, — oo such that lim,, . @(t,; o) = p. The set of all
w-limit points of the solution through z is the w-limit set of ¢(¢; zo) and it is denoted
by w(é(t; z9)).

The a-limit points and the a-limit set a(¢(t;zo)) are defined similarly, but instead
of t,, — oo considering t,, — —oo in the definition of w-limit.

A limit set is the w-limit set or the a-limit set for a differential equation.

Example 2.14. Consider the ODE described in Example 2.11. As we can see,

] kO €t+90
BT e !

Hence, all the solutions in (2.3) except the singular point (0,0) ten to the solution
(x,y) = (cost,sint), as t tends to +oo. Therefore, the circumference is the w-limit set
of all the solutions, except for (0,0). Moreover, (0,0) is the a-limit of all the solutions

starting in the open unit circle.

Definition 2.41. A positively invariant set A from a flow ¢(t,x) is a set such that if
o(to, ) € A for some ty, then ¢(t,z) € A for all t > t.

Definition 2.42. A stable set S from a continuous dynamical system of flow ¢(¢, x) is
a set such that there exists a neighborhood B of S satisfying that if ¢(to,z) € B, then
Y(t,z) € B for all t > t,.

Furthermore, if there exists a neighbourhood B such that, for every negihbourhood
B' C B, if ¢(tg,x) € B, then there exists t; > to such that ¢(ty,x) € B’ for every
t > t1, then S is also assimptotically stable set.
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Definition 2.43. An attracting set of an ODE is a closed, positively invariant and
asymptotically stable set. An attractor of an ODE is an attracting set which contains

a dense orbit.



Chapter 3
Takens’ Embedding Theorem

In this chapter, we enunciate and prove the Takens’ Embedding Theorem. The proof
appears firstly in [2]. We follow the proof described in [1] and complement the
demonstration with [15]. In our case, we give a little more details and finish the
proof with a relaxed condition. In [1], the author states Takens’ Theorem assuming
that the functions are C? functions. At the end of the article, he writes about the
reduction of this condition to C' functions. By following these ideas, in Section 3.9 we
completely prove the theorem for C' flows.

In all this chapter, we consider M as a compact manifold of dimension m. For
this proof, we have to make some stages. We divide the chapter in sections where we
build every stage. Until the Section 3.7 and unless stated otherwise, we consider y as

a variable function and a fixed ¢ € Dif?>(M) with the following properties:

(i) The periodic points of ¢ with period less than or equal to 2m are finite in number.

(ii) If = is any periodic point with period k£ < 2m, then the eigenvalues of the

derivative of ¢* at x are all distinct.

This pair of functions (¢, y) leads to a family of functions

(I)(¢>,y;k): M — Rk
v = Oy (@) = (@), y(6()), .., y(¢" ().

We refer by @4y = P44:0m+1), since it is a special case. It is called delay map. We

(3.1)

state the mainly theorem:

Theorem 3.1 (Takens’ Embedding Theorem). Let M be a compact manifold of
dimension m. For pairs (¢,y), with ¢ € Dif*(M), y € C*(M,R), it is a generic
property that the map ®(¢,y) is an embedding.

41
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We note that in some sections we will not use all this conditions. For example, in
section 3.1, we only consider ¢ € Dif'(M). To prove Takens’ Theorem, we must prove
the genericity of the theorem. Therefore, we shall prove the openess and denseness
part. In section 3.1 we prove the openess part for a fixed ¢ € Dif>(M) and from
Section 3.3 to 3.6 we prove the denseness part for the same ¢. In Section 3.8 we prove

the openess and denseness part for the general theorem.

3.1 Openness of the set of embeddings

We start with the following result.

Lemma 3.1. Fix ¢ € Dif'(M). The function

Fi: C'(M,R) — CY(M,R)
y — yoo

1S continuous.

Proof. Let {(U;, h;) : i € I} be a finite regular covering for M. We ensured in Chapter
2 that we can always take a finite regular covering for a manifold M. Hence, we can
take sets W = {W;}icr, where W; = h;'B(0,1) and the set W covers M. Let (R,id)
be the local chart for R. Given any neighborhood N' € CY(M,R) of y o ¢, because
or the definition of neighborhood, we can choose an open set contained in A, and

furthermore, tjos NV will be intersections of elements of the base, hence
N = miGINl(y o ¢7 (Ula hl)a (R7 ld)ana 6/)7

for some ¢’ > 0 sufficiently small. We have to show that there exists a neighborhood
N(e) = NietN(yod, (Us, hy), (R,id), Wy, €), of y such that if § € A'(e), then Fy () € N;
that is, F1(N(e)) C N, so that Fj is continuous. We have to prove it for some € > 0.
The sets W;, i € I, cover M, and since ¢ is a diffeomorphism on M, so do the sets
¢~ W;, because
Yo wi=otYwi =M.

icl icl
Also, the sets o'W, N W,, 4,5 € I, also cover M:

U winwy) = JUJe wy nws) = Jw; = m.

ijel jerI el jel
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Then, we can consider one of the sets ¢~W; N W, to be a non-empty set. The closure
O IW; N W; C o'W, N W, = ¢~ 'W; N W;, hence for some i,j € I, ='W, N W; is not

empty and it is compact, since every Wy, k € I is compact, because W; is the inverse

image of a bounded real set and intersection of closed and compact sets is a compact

set. We note that the map
high ' = hi(¢~'W;NW;) CR™ — R™.
Hence, the derivative is a map Dhigbhj’l c hi(p7 W N W) — R™™. Since ¢ is a

C!-diffeomorphism, it is also continuous. Hence, the matrix norms of these derivatives

Rm)(m

are bounded, because the image remains into a compact set on and every

compact set of a real space has a maximum value. Hence ||Dhithj_1(u) | < A;;, for all
u € hj(gb*lWi N Wj). Since M is compact, we have only finitely W, that cover M, so
we have finitely many of ¢~ 'W; N W; and we can find a single A which is an upper
bound for {A;; : i,j € I}. We are going to find e. Let § € N(e) and let z € W.
Thus, there is some i € I such that z € ='W, N W;. Consider the image through ¢,
o' = ¢(x). Since v € p~'W;, then ¢(x) € W;. Therefore,
15 0 ¢h;*(hjz) —y o ¢h; ™ (hjx)ll = [|5(s(=)) — y(é(2))]
= [l9(=") — y()
= [|gh;  (hix') — yh;

)

g |
< €.
The inequality holds because ¢,y € N (€). We need then € < ¢. In addition,
IDgoh; (hjw) — Dyohy ' (hy)|| = | Dyghy ' highy ' (hjx) — Dyhi ' highy (hya)]|
= | Dgh;* (hioh; * hjz) Dhighy* (hjx)
— Dyh; ' (hiohy  hyx) Dhioh; ™ (hyz)||
= || Dyh; " (hidw) Dhigh; " (hyz)
— Dyh; ' (higx) Dhigh " (hjz)||
= || Dyh; " (hiz") Dhigh;* (hyz)
= Dyhy! (hia') Dhiohy (h;) |
= [(Dgh; ' (hia') — Dyh; (hix')) Dhighy " (hya) |
< | Dgh;*(hix') — Dyh; ' (haa')|[[| Dhioh ()|
< €A.
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Hence we want €A < ¢/. We must take ¢ < min{e’,¢'/A}. In this case, if § € N (e),
Fi(g) =90¢ € N(e) and §o ¢ € N. Hence, Fy is continuous. O

Corollary 3.1. The function F, : C'(M,R) — CY(M,R), for n € Z", defined by

y — y o @" is continuous.

Proof. The case Fy (n = 1) is done in Lemma 3.1. Assume that F,, is continuous. By

induction,

Foa(y) =yo¢" ' = (yod")op=Fi(yo ") = Fi(Fu(y)),

hence F), 1 is the composition of two continuous functions, F} and F},. By Proposition

2.8, we have that F},,; is continuous. O]

Corollary 3.2. The function

F: CHM,R) — CMM,RF
y = Py = (.. ydt ).

1S continuous.

Proof. The identity is always a continuous function and we know (by Corollary 3.1)
that the other components are continuous. Since the Cartesian product of continuous

functions is a continuous function (Example 2.6), F is a continuous function. O

Hence, the set of functions described in (3.1) is a set of continuous functions. In

particular, the delay map ®,,) is a continuous function.

Proposition 3.1. Let M be a compact manifold, ¢ : M — M a diffeomorphism, and
K a compact subset of M. Then the set of functions

Y ={yecC(MR): P (,y:k) immersive on K}
where @4,y : M — R¥ is the map (3.1), it is an open set in C*(M, R).

Proof. Consider
S={f: M —R": fisimmersive on K}. (3.2)

We have proved in Theorem 2.4 that S is an open set, and we note that F~1(S) = ).

Because of the continuity of F, we have ) is open. O
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We note that the set of embeddings of C*(M, R¥) forms an open set. Therefore, the
same argument applies to injective immersions on K and hence we have the following

proposition:

Proposition 3.2. Let M be a compact manifold, ¢ : M — M a diffeomorphism, and
K be a compact subset of M. Then the set of functions

Ve ={y € C'(M,R) : @4, embedding on K}
where @ 4,1y : M — R¥ is the map (3.1), it is an open set in C*(M, R).

Therefore, if ®(4,.) is an immersion or an embedding, for every ¢ in a

neighbourhood of y, ®(4 4. is also an immersion or an embedding.

3.2 Measurement Functions

We have proved that the set of measurement functions y that makes ® 4,y an embedding
is open in C'(M,R). We will show that it is also dense. Let y be a measurement
function such that ® 4, is not an embedding. We must find some function 3’ in every

neighborhood of y with this property. We construct 3 such that

N
Yy =y+ Z aiti, (3.3)

i=1
where N € N is finite, a; € R and v¢; : M — R is differentiable. To ensure that
y € CY(M,R), we need as a hypothesis ¢; € C", r > 1.

Lemma 3.2. Let y: M - RbeClandlet;: M - R, i=1,...,NbeC", r>1,
for all i, where N is finite. Let a = (ay,...,ay) € RY. For each neighbourhood A of
y, there is some 0 > 0 such that if ||a|| < ¢, the function ¢’ defined as in Equation (3.3)
belongs to N.

Proof. Let {(U;,h;) : i € I} be a finite regular covering for M, with W; C
U;. Since N is a neighbourhood, there exists some open subset such that N =
NictN(y; (Us, hy), (R, id), Wy, €), for some € > 0.

For each 1 < j < N, and each i € I, the map ;h; ' : hy(W;) — R is well defined,
because h; ' : hy(W;) — W;, and Y;: W; C Uy C M — R. Furthermore, since both

functions are continuous, v;h; !'is also continuous. We know that W; is compact, so
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it is ¢;h; ' (hi(W;)). Then, the function is bounded by some constant B, ;. Since we
have a finite atlas, we may take B; = max{B,;, i € [}.
We use an induction argument. Suppose N = 1, and say a; = a, ; = 1. We take

Y =y +ay. If x € W,, then

ly/ 7 (hiw) = yhi  (haw) | = [[(y + av)hi (hix) — yhi* (hiz) |
= llavhi* (hiw)ll = lal - R (hi)|

S ‘CL|B¢71 S ’CL|Bl.

So in this case we need |a|B; < e. Similarly, the derivatives Di;h; ! are continuous

functions, so there is a bound B; ;. In case N = 1, we have

IDy' i (hix) — Dyh; ™ (hiw)|| = | D(y + ay)hi (hiz) — Dyh; " (hiz) |
= llaD¥h; *(hiz)|| = |al - [¥Dh; " (hiz) |

< lalB;, < |al By.

So, we need also |a|B] < e. If [|a|| < ¢ <min{-, BL;} (B; and Bj are non-zero), then
/by (hix) — yhi ()| < € and |Dy'h; ' (hyw) — Dyh;*(hix)| < e. We have that
y eN.

Suppose that it is true for N and we want to prove for N + 1. Assuming that

N
V=y+> an
=1

remains in the same neighbourhood N, we want to show that

N+1
v =y+ ) ay.
j=1
Since y' is also C'(M,R), we have that for the case N = 1 applied to 3/, there is some
neighbourhood N7 C N where 3/, 3" € N, for some 6 > 0, hence v’ € N. O

We can see in the previous proof that compactness allows ' to be near y. If M is
not compact, this result is false.
We call at the process of finding some ¢ close to y an adjustment of y. We look for

a chain of adjustments that gives rise to an embedding.
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3.3 Immersion on Periodic Orbits

We define P, as the set of periodic points of ¢, with period less than or equal to [. For
example, if [ = 1, then z € P, is a fixed point of ¢. If [ = 2, we also have ¢*(z) = z.
In this section, we build some adjustments on y as in Section 3.2. We seek the map

P (4:k) tO be injective restricted to the set P, for [ € Z*.
Proposition 3.3. The set

Y ={yeC(MR): D (4.4:1) 1s injective restricted to P},
is dense.

Proof. Suppose that y ¢ ) and we want to find some vy € Y in a neighborhood of
y. Since y € YV, we have some pair of different points x; and x5 in P, such that
Do) (T1) = P(gyk)(72) and thus y(x) = y(x2). Since M is Hausdorff, there exists
some local chart (U, hy), where U; is carried homeomorphically to the ball B(0,3),

centered in hq(z1) and it does not contain z,. We define a function

Ar M — R
[ G(hle)), forz € hB(0,3),
T AMa) = { 0 otherwise,

where ¢ : R™ — R is a bump function having support in B(0,3) and equal to 1 on
B(0,1). Hence
Y =y+al

where a € R will have sufficiently small norm. Hence, for every a > 0, we have

(
(

)= 1) +a,
1’2).

1) = y(21) + aA(z1) =
y'(x2) =

Yyl 1 Y
y(@2) + aX(z2) =y
Note that A\(z;) = 1, because 7; € hy*(B(0,1)) (it is the center) and therefore y/(x;) =
y(x1) + a > y(xg) = ¢/ (x2), hence y'(x1) # v/ (x2). Taking a arbitrarily small, we have
that ¢ remains in a neighbourhood N of y, by Lemma 3.2. Since the set P is finite,
we only need to make a finite number of these adjustments until we arrive at some 7/
such that, for every pair of points z; # z; in B, then y'(z;) # y'(z;). Therefore, v/’ is

injective in P, and this implies that ® 4 .4y is injective in F. O]
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Corollary 3.3. The set ) described in Proposition 3.3 is also generic.

Proof. The denseness part is consequence of Proposition 3.3. The open part is

consequence of Proposition 3.1, taking P, as a compact set, since it is a finite set. [J

We want @4 .1y to be an injective immersion on P, for generic y. Therefore, we
want that Dgiq)((b’y;k)hi_l(hixi) = D(I>(¢7y;k)hi_1(hixi)1 to be full rank at every x; € P,.

Proposition 3.4. Let ®(4,.x) be as in (3.1). Hence, ®(4,.1) is an injective immersion

on P, for generic y.

Proof. Suppose that we have 1,29, ...,x, different points such that ¢(z;) = 41,
for 1 < j < p and ¢(z,) = 1. Since M is Hausdorff, we can find open balls B,
hi(x1) € By, ..., hy(z,) € B, disjoints.
Consider the question of immersivity at z;: that is, the rank of D®(y .5k (h121).

Let 2 < j < p. The matrix rows are
ip+1= Dy¢"hi'(ha) = Dyhy hi¢™hy* ()

= Dyh; ' (hi21) Dh1¢™hi ! (hyxy)

ip+j = Dypttr=H=ip t(hyay) = Dy¢= =D h hy gt (hyay)

= Dy¢~ P =D h (hywy) Dhy ¢ PRy (hyay)
Let v; = Dyhy*(hi71), v; = Dy~ ®H1=9) for j = 2,....p and J = Dyh,¢Ph; " (hiy).
We call v; = Y, aj,ej, for j = 1,...,p. We state that J* = Dhy¢*hy ' (hizy). The
case s = 1 is trivially true. Suppose that it is satisfied for s and we want to prove this

properly for s + 1.
Dh1¢8+1h1_1(h1I1) = Dhlgbsgbhl_l(hll‘l) = Dhlqbshl_lhlgbhl_l(hll‘l)
= Dh1¢shfl(h1$1)Dh1¢h;l(h1$1) =JJ = J5+1.

Hence, v;J*t = Y. ajyi)\j_lej, where \; are the distinct eigenvalues of J and the

matrix of the derivative takes the form

11 5P ce Q1m
apl ap2 .« e . apm
A Qi) A\ “
a P
Do h_l(hx)— 11A1 12A2 1mAm
(py3k) 11 1X1) =
: : : .
o1 p1 m
ap At appAy e agp AR
Pp Pp Pp
ap A Ry e QA

'We recall that g; = id, since the local chart for a real space is itself through the identity.
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In this case, p; = |k/p| and if k = ip+r, with r the residual, then for every j > r these
columns do not appear on the matrix and then we consider p; = [k/p| — 1. Since we

want to know if the determinant is non-zero, we can rearrange the rows of the matrix:

11 Q12 s A
oAl Ay o QA
p1 p1
Ozll/\l 0412)\2 cee Ozlm)\f,% (34)
o1 (65))] s Qom
Pp Pp Pp
Oépl)\l Ckpg)\Q cee Oélm)\m .

We want to find m linearly independent rows of matrix (3.4). Hence, we consider the
first m rows and we have a matrix m x m. They will be linearly independent if, and
only if, the determinant is not zero. If the «;’s are real, then considered as a function
the determinant is a polynomial. If the polynomial does not vanish identically, its
zeros form a closed, nowhere dense set. In fact, if there is some neighborhood where
the polynomial vanishes identically, and since the polynomials are analytic, its Taylor
expansion will be identically zero and hence it is the polynomial zero. Thus, we look

for some «;’s such that the determinant is non-zero. If we take the values

p—1 1
(0511, 19,y ... s A1y 27, . .. ,Ozpm) = (1, ]_, ey 1, )\f1)1+1, ceey )\102]:1 po )
we call a Vandermonde matrix. Its determinant is non-zero for A\; # \;, i # j. The set
of values that makes the Jacobi full rank is open and dense in R™?. Therefore, we can
find near v = (vq,...,v,) some v’ such that ||[v —¢'|| is arbitrarily small in norm and
{v, v, v P vy, o, JPP ) spans R™.

Let y be such that ®4,.1) is not an immersion in x;. We define

A M — R

N { mi(x)Y(hjx) for x € hj_lBj,

jii -
0 otherwise,

for 1 <7< mand 1 < j < p, where 7;; is the i-th coordinate map of h; and B; are

the open balls centered in h;(x;). Thus, we define

P m
y, =y+ Z Z aj,i/\j,i-

j=1 i=1
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We want a = (a,;);; to be sufficiently small in norm and ®4,.x) be immersive in ;.
We shall take a such that Dy'¢~7hy'(hia1) = vj. Since M is Hausdorff, we can take
the open balls B; . Therefore, A;;(z) and Aj #(x) can not be both non-zero, for j # j'.

Hence, the derivatives are
Dy,hl_l(hll’l) = Dyhl_l(hll'l) + a1e-

Hence, a; 4 = v] —v;. In addition,

Dy'¢~ " Vhy (haa1) = Dy'h,” (e D110~ VR ()
= Dy'h," (o oy (hp—(c-2)Tp—(c-1)41) Dl (-2~ Vhy (hay)
= Dly+ 3, 05000, 2 ooy (M= (=2 Tp—(e—1)41) Ac
(Dyh_ (c— 2)(h —(e=2)Tp—(c—1)+1) T ei) Ae
= Dy¢~Vhi (hamy) + aciA,
= v+ ac,ZAc

where A. = Dh,_(c—9y¢~© Dhi ! (hy21), v. = Dyg~ VA (hyzy) and the fifth equality

holds since

Dy¢~ " Dhy ! (hyay) = Dyh;,l(c,mhpf(cf2)¢_(c_1)h_1(h1$1)
= Dyh;_l(c_g)(hp—(c—2)xp—(c— ) (c— 2)¢ (e=1 (h1x1>

Note that Dhs¢?hy(hix1) € R™*™ and since ¢ is a diffeomorphism, hi, h;* € C', then
A, is invertible and a.; = (v, — v.) A L.

Therefore, ®4,/.) is an immersion in z;, and we can take a with arbitrarily small
norm. In a neighborhood of y, there is some neighborhood A such that every ¢y’ €
D (4.4:k) 18 an immersion on x;. If we repeat this step for every periodic point of period
p, we can make @4, immersive in all the points of period p, since we have a finite
number of periodic points of period p. Finally, we repeat this step for every point of
period <[ to embed the whole P,.

We have discussed the case when J has real eigenvalues. It remains to prove the
case of J having complex eigenvalues. In this case, if \; € C is an eigenvalue, \; too.

Let \;, [ =1,...,m be the eigenvalues:

Ay A Aty - ey Aoy Aoet s - o Am b

WithXZZ)\c_H,fOIlZl,...,C, and \; € R, for [ > 2¢c. If 1 <1< ¢, then \; = a; + 10,
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and Aoy = oy —if;. We use the basis {e1,€1,..., €, €, €41,...,6n}. Therefore
’Uij = ’}/jlelJp _|_7j1€1Jp + -+ ’chech + chécjp —+ e 4 ’ijemJ’D
= 7]-1)\"61 + lexpél + -+ vjc)\pec + %CXPEC R 'ij)\pem-

In this case, the Jacobian is

_ €1
711 Y11 T Y1,2¢+1 T Y1,m .
. . . 1
U1 : .
: = Tt T, Vp2e+1 o pm
p . . . €2¢+1
D
vpJ : :
Pp = Pp Pp Pp :
A T M2eriAaepr 0 TpmA e

and if we permute the rows and we set all the +’s conveniently, we recall again a

Vandermonde matrix. O

3.4 Immersion on M

Let f € CY(M,RF). If its derivative at some point p € M is injective, there exists
some neighbourhood U of p such that f : U — f(U) is an embedding, by the Inverse
Function Theorem. Therefore, since P, is an injective immersion, for every x; € P, there
exists a neighborhood that is embedded in R*, by D4k We recall from Whitney’s
Embedding Theorem E.1 that every compact manifold is metrizable. Thus, we can
choose a neighbourhood b;(r;, x;), that is an open ball in the manifold centered in
x; with radius r;. Hence, given r > 0, for all r; P is an injective immersion in the
neighbourhood. As a result, it does not map two points in the same image. However,
we may find balls whose images intersect. Nevertheless, it is possible to find disjoint

balls. We prove it in the following.

Proposition 3.5. Let ®4,.1) be an injective immersion on F;. For every pair z;,z; €

P, there exist two open balls B; and B; such that the images do not intersect.

Proof. Since ®(4,:) is a continuous application in a metric space, it satisfies the
equivalence of continuity by successions. Suppose that every ball b;(r;, ;) and b;(r;, z;)
always have some pair of points with the same image. Thus, we have two successions
{za}rez+ and {2\}aez+ such that

2\ € bz(l/)\7$z)
2)\ S b](l/)\,x])
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where 2y — z;, 2\ = x; and P40y (2)) = P4k (22). Then, by continuity, we have

lim (I)(dxy;k)(Z)\) = )\lggo (I)(cb,y;k‘)(é)\) = Do) (z;) = ‘bw,y;k)(%')’

A—00

but @4 ,.x) is injective in F: contradiction. Hence, there is some pair of disjoint balls

centered in z; and x;, such that their images do not intersect. O]

Corollary 3.4. Let P, be an injective immersion on @4 ,.1). Then for every z; € B,
there exists an open set b;(r;,z;) such that if x; € P, (x; # x;), with b;(r;, x;), then

the images of the open sets are disjoint.

Proof. For every z; and every x; (z; # x;), by Proposition 3.5, there exists a ball B;

with radius 7;;y. Since P is finite, we choose r; = min;{r;:)}. O

All in all, we have that ®(,.x) is an injective immersion on the union of the
bij(rj,x;)’s. Then, for every b;(r;,z;), we can choose another ball b; centered in the
points P, and contained into these b;(r;,2;)’s. The union of the closure of these b;’s
a is closed and bounded set, thus it is a compact set by Theorem 2.1. Since the open
sets depend on y, this set also depends on y. We denote the closure subsets as V. 'V},
is a compact neighborhood that contains F;. We define V,, = U;b;.

The goal is to make an immersion in the whole M. We start by covering M with
compact sets and make a delay map which is an immersion of one of these sets. There,
we can make another delay map which is an immersion in the other set, without
modifying the first immersion, and we repeat the process until we cover the entire M.

Now, we announce the theorem. We give a condition of smoothness and for the
first time a condition of dimensionality. As we have previously exposed, to make
an immersion it is necessary to arrive at dimension 2m: hence, it is the dimension

condition. Moreover, because of Lemma 2.6, we must consider y € C?(M,R).

Theorem 3.2. Let M be a compact manifold of dimension m. Let ¢ : M — M be
a diffeomorphism, with the following properties: firstly, the periodic points of ¢ with
periods k& < 2m are finite in number, and secondly, if  is a periodic point with period
k < 2m, then the eigenvalues of the Jacobian matrix of ¢* at x are all distinct. Then

for generic y € C*(M.R), the map ® (4,4 is an immersion, for k > 2m.

It resembles the first version of Takens’ Theorem we are proving. In this case, we

do not need that £ > 2m + 1; we only need k > 2m. The reason is that immersions



3.4. IMMERSION ON M 93

allow auto-intersections. Usually, to break the auto-intersections, we must arrive to

dimension 2m -+ 1.

Proof. Consider the set V,, defined as in the previous discussion, V,, = U;b;. Since V, is
compact, by Proposition 3.1, the delay embeddings of the set form an open set. Thus,
there is a neighbourhood of y, say U, C C*(M,R), such that for every § € Uy, P g1
is an embedding of V.

Consider an atlas of M. We construct a new atlas, by intersecting all the {b;}ics
with every local chart of the given atlas. With this atlas, by Lemma 2.8 we make a

regular covering {(U;, h;) }ier such that:

— Every U; C b;,
— U; =h;' = B(0,3),

— W; = h;' = B(0,1) still cover M, and hence cover Pj. Furthermore, W; is a

compact subset of b;.

We can find an atlas for P{. Since Py is the complementary of a closed set, it is an
open set and hence for each element x, there exists a neighbourhood of z, say U, C Pf.
Moreover, the set of points {x, ¢z, ..., ¢*z} are all distinct, because if z is periodic, it
has at least period greater than k, by the hypothesis of the theorem. By the Hausdorft
property, we can choose U, sufficiently small such that the sets U,, ¢U,,...,¢"U, are
disjoint. For every U,, we can suppose it is contained in some local chart (we only
have to intersect with some local chart that contains x) and hence for every = € P¢ we
obtain a new local chart, (U,, h;), with U, = h;'B(0,3). From this, we may construct
a new regular covering for P¢, with W, = h;'B(0,1) a cover of the set.

Thus, we have two families of sets: {W,}.e pe and {W:}z,ep,. The union of them
is an open cover of M. Since M is compact, only finitely many of them cover M, and
since every z; € Py is only contained in W;, this subcover contains every one of these
sets. Let 8 be the number of points in P,. We relabel the sets such that W;, 1 <i < j3
are the sets containing the periodic points, and W;, 8 < i <[ are the sets contained in
P¢. The corresponding charts (U;, h;) form the required atlas.

By construction, for every y € U,, ®(4 4.1 is an embedding of the compact set of
the U’ W; € U”_,b;. Hence, it is also an immersion. We shall adjust the measurement

function to make an immersion of the remaining W,’s.
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Suppose that 7 > 3 is the smaller index for which ®4 .1y fails to be an immersion

of W;. Let = € U;. The jacobi matrix is

dyh; ! dyh; ! dyh; !
Gl () ()
Oyoh; Oyoh; Oyoh;
Dy (hiw) = | o ) oz ) Lo W, (3.5)
0 ¢’vh;*1 0 qﬁ’“h;’l 0 ¢’vh;*1
yaul (u) yaug (u) e yaum (U)

where u = hi(x). For some u € h;W;, the matrix (3.5) has not full rank. We shall
make it full ranked by some small perturbation of y. Suppose that the first s columns
of the matrix (3.5) are linearly independent for all u € h;W;. Let A : R™ — R be
a bump function equal to 1 on B(0,1) and having support in B(0,2). We recall that
W; = h;'B(0,1). Let pu; : U; — R be the coordinate functions of h;, for j = 1,...,m.
We define

v L e (@A((2) ifa e U,
0 otherwise.

If € W;, then x € h;'B(0,1) = h;*B(0,1). Thus, h;(z) € B(0,1). This means
that A(h;(z)) = 1 and hence () = psr1(x). Furthermore, ¢ has support in U; and
hence 1) 0¢ ™ has support in ¢/U;. Thus, we define ¢; = o™ for 0 < j < k. We have
seen that the sets U,, ¢U,, ..., ¢*U, are disjoint, thus the 1/;’s have disjoint support.

Now, we construct a measurement function

k
y=y+ Z aj+19;-

Jj=0

Note that 3’ € C%, because p, ;1 is a coordinate function of h; and thus it is at least
C2%, the bump function is C* and products and compositions of C? functions are also
a C? function. If x &€ U;, ¢U;, ..., ¢"U;, then ¢; = 0 for every j = 0,...,k and hence

y'(x) = y(x).

We recall that if u € h; W5, then h; *(u) € W,. Since W; C Uy, we have h; *(u) € U;
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and therefore ¢°h; ' (u) € ¢°U;. Hence:

y' ¢ h; (u) = y¢"h () + agravad’hy ()
=y’ () + ag (07 (u))
= y¢h; (u) + agay(h; ' (u)

= y¢"h; ' (u) + agpapsa (hy(u))

= y¢h;t (u)

u) + ag4+1Us+1-

Therefore, if we derivate the last equality:

Oy ¢°h;" Oy¢°h;"
ou 1 u) = ou 1 (u) + Ag+1-

Hence, we see that we only modify the s 4+ 1-th column of (3.5), and the effect is to
add the vector (ay,...,ars1)?. That is true for all u € h;W;. If u & h;W;, we have
1; = 0 and hence y'(z) = y(z).

Let z € U;. We have that the first s columns of the matrix (3.5) are full ranked,
for every x € W,;. Let Jy(x) be the matrix formed with these columns. Since the
differential is continuous, J; : U; — RE+DXs g a continuous function. We know
(Example 2.5) that the full rank matrices form an open subset of this space. Hence,
there is a neighborhood X C U;, with W; C X, such that for every point in X, the
first s columns of (3.5) are linearly independent.

Now we define

S: R* x X — RF! 1
(q,...,05,2) +— iaj ?T(u) - %*1(@ ;
et : :
where u = h;(x). Since y and ¢ are C? by hypothesis, the derivatives are C! and hence

S € C'. Moreover, the matrix (3.5) has m columns and this implies that s < m—1. The
dimension of R* x X C R®* x R™ is at most 2m — 1. By Lemma 2.6, the complement of
S(R* x X) is dense in R, for 8 > 2m. Hence, we can find a vector a = (ay,...,ag)" €
R? such that a ¢ S(R® x X). For this choice, the first s + 1 columns of the Jacobi

matrix 3.5 must be linearly independent for all z € W;.
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We repeat the process until we make all the columns linearly independents.
Moreover, since we can find immersions of W, using arbitrary perturbations, by Lemma
3.2 we can find y which is an immersion of any Wj, with 7 < 4, and also in ¢. Therefore,

we repeat the argument for all ¢ = s,...,[ and thus we get an immersion on M. O

3.5 Orbit Segments

We have just seen that the map ®4,.1) is generically an immersion, for & > 2m. We
have to see that it is also generically an embedding, for some k sufficiently big. We
know that by compactness we only need to show that @ .1 is injective. We need an

intermediate step. We recall the next definition:

Definition 3.1. Let M be a manifold, € M and ¢ : M — M. We call an orbit
segment of x by ¢ to the collection of points {z, ¢z, ..., ¢!z}, for some | € N.

We only consider the case where [ = 2m. We note that, if we check injectivity,
we look for pairs (x,2) such that @ .1)(7) # P4k (2'). However, if x and 2’ are
points that are on the same periodic orbit of period less than or equal to 4m, the orbit
segments of x and x’ overlap: that is, x = ¢/2’ or 2’ = ¢"x, for some 0 < j,r < 2m.
Hence, we first create a delay map with the property that for every x in an orbit
segment, x € I, it does not share an image under ®, ,.1y. It follows from the next

lemma.

Lemma 3.3. Let ¢’ be such that ® ;) is an injective immersion on V;,. In every
neighbourhood of 3 in C*(M,R) there is a function, say ", such that for every z € M,
and j in the range 1 < j < 2m, @4 (@) # Dok (¢ x), unless v = ¢z

Proof. Let j be the smallest value for which the lemma is not true. Let S = N2" ¢V,
fzeS zeoV,and ¢"x € V, for every 0 < r < 2m. Furthermore, since V, is an
embedding, we have that @ .y (2) # Py (2”) for every y” in a neighbourhood of

/

Y.

Let T = S¢. We note that TU S = M. Hence, if we prove for T we finish the proof.
We recall that S is a neighbourhood of P,,,. Therefore, if x € T, then x &€ P,,,, since
the points of the boundary are not interior points. Therefore, the orbit segment of x
by ¢, that is {z,¢z,...,¢*"x}, are all different points. By the Hausdorff property,
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we may take a neighbourhood of z, we call it U,, such that U,, ¢U,, ..., ¢*"U, are all

disjoint. We need to consider two cases:

— Case 1: If z is not a periodic point whose period is between 2m + 1 and 4m.
Then we can find a neighbourhood of x, U, such that U,, ¢U,,...,¢*"U, are
all disjoints. As usual, we can assume that U, is the domain of a chart from a
regular covering {(U,, h,)} and V, = h'(B(0,1)). Without loss of generality

and since we use it in the following case, we call V, = X, in case 1.

— Case 2: If x has period r, where 2m + 1 < r < 4m. We now find U, such that
Us,...,¢" U, are all disjoint and again we take U, as the domain from a regular
covering, with V, the same as in case 1. We define X, =V, N ¢~ "V,. It is clear
that x € X, because x € V, and ¢"x = x. Moreover, X, is an open set, since it

is the intersection of two open sets.

We note that in the two cases if 2m + j < 7, none of the sets ¢*" ' X, ... "X,
intersect U?™ ¢'U,, since V, C U, strictly, and moreover by regular covering ¢*V, C
#"U,. Furthermore, in case 2, if 2m + j > r, none of ¢*"' X, ... ¢"~1X, intersect
again at UM ¢!U,. In addition, since "X = ¢V, NV,, we have the set of inclusions,
X, C Vo X, C OV, ¢ HIX, C IV,

Since T is a closure set, it is also a closed set contained in a compact set. Therefore,
it is a compact set. Hence, from the open cover of T, {X, : x € T}, we can extract
a finite cover { X}z, n, with {(U;, h;)} its corresponding charts. Suppose that for
1 < <, and every © € Xy, ) (2) # Py (¢ x) for every 1 < j < 2m, but there
is some j such that @4, (z) = P4, (¢ x), for © € X;. We define

A M — R

)it .
T = M) = { g(h,:p) ;i ; gj’

Moreover, we define \; = Ao ¢!, for [ = 0,...,2m. Since supp A C U;, then supp \; C
#'U;. We seek for y” sufficiently close to 3/, and hence we define

2m
y'=y + Z WA (3.6)
1=0

If a; is sufficiently small in norm then by Lemma 3.2, 3" is sufficiently close to y'. Hence

we may show that it satisfies the conditions stated in the lemma.
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For all z € X;, we have x € V; and ¢!z € ¢'V;. Thus, 1(h;z) = 1 and
N(¢lx) = Xo ¢~ (¢'x) = A(z) = p(hix) = 1,

for { =0,...,2m. Hence

y'(z) = y(z)+ao,
y'(px) = y(oz)+ay,

y//(¢2ml,) — y/(¢2m$) +a2m-
We shall discuss the values of y”(¢’x).

— Case 1, or Case 2 with 2m + j < k. The points ¢’x, ¢ lax, ..., ¢*"x lay in
Vi, Vi, . ¢*V;, respectively. In this case, A(z) = 1, for [ = j,...,2m.
Moreover, recall that in Case 1 and 2 if 2m + j < k, none of the sets ¢*"PX,,
p=1,...,7j intersect U $'U,. Hence, >z, ... ¢*" Tz lay outside U ¢ U,.
As aresult, \(z) =0, for [ =2m +1,...,2m + j. All in all, we have

y'(@z) = y(dr)  + aj,

y,/(¢2m$) y’(¢2mx) + Ao
y//<¢2m+lx) — y/(ngerlZE),
y'(¢*"Hx) = y (" ).
— Case 2 with 2m + j > r. We have:
(i) ¢’ € ¢V, ..., ¢*""x € ¢*"V,.
(i) ¢*™x, ... ¢" 'z are outside U™ ¢! U;.
(iii) ¢Fz € Vi, ..., " x € ¢*™ "V, Hence
y'(¢'x) = yY(¥r)  + aj
y/1(¢2mx) — y/(¢2mx) + A,
y”(¢2m+1x) — y/(¢2m+1$)7
y/l<¢r—1$) — y/((ﬁr—lx),

yl/(¢rx) — y/<¢7“x) _|_ a07

y”(¢2m+jl’) — y/(¢2m+jfb) + Aot jr
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We use the same argument with the two cases, altough we concentrate on Case 2. Note

that for any = € X;

D4 (1) = gy (P T) = D) () — Proyn(¢'x) + Aa,

where a = (ay, . .., as,) and A is a diagonal matrix such that it has 1’s on the diagonal,
a upper diagonal of 1 from the j’s column and a lower diagonal of 1 from the r —j5+1’s
row. If 2m —j+1—(r—j) > m+1, A has at least rank m + 1; otherwise, it happens
r—j>m+1or2m—(2m—j+1) > m+ 1. Either the first » — j columns or the last
2m — (2m — j+ 1) columns has at least rank m + 1, since they are triangular matrices.
Hence, A has rank r > m + 1. Let L be the r-dimensional subspace of R*"*! which is
the image of R?"*! under A. Let P : R*"*! — L be the orthogonal projection onto

L. We define
F.: U — L

T = P(Ry) (1) = Py ().
F € C? and then by Lemma 2.6, L\ F(U;) is dense. Let b € L — F(U;) with arbitrarily
small norm. Let (KerA)t be the orthogonal complement of the kernel of A. We state
that there exists an unique ¢’ € (KerA)+ such that b = Ab. In fact, if there is another
d # U, we have

AV — Ad = A(Y —d) =0 =t/ — d' € KerA.

However, we know that (KerA)* is a subspace, thus ¥’ —d’ € (KerA)+ and in addition,
KerA @ (KerA)t = R¥*™!. Hence, b’ —d = 0 and then b = d’. Therefore, there is a
unique b’ € (KerA)! such that b = AV. If ||b|| is arbitrarily small, ||b’|| is too. Hence,
Do,y (%) # ok (@) for all 2 € X,
Let
A={yeC(M,R): D (g () — (I)(¢,y;k)(¢jx) #0, Yz e X;}.

Thus, we state that A is an open set. To prove it, we need to show that every y € A is an
interior point. Consider y € A. Then, for every z € X;, @4, (2) — Py (¢ ) # 0.
Thus, there exists some coordinate s such that y¢’z — y¢*™x # 0. By the sign
conservation property, there exists an open set U, such that for all 2’ € U,, yo*z’ —
yo*Ha #£ 0 and thus ||y¢sr’ — yo* || > 0.

For every x, we have some s, such that y¢*=x — y¢** ™z # 0 and hence a family of

neighborhoods {U, } %, that covers X;. Since the set is compact, we can take a finite
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cover, say {U;}7_,. We take

0; = min{||ly¢*x — yo™Hal} > 0

xEU;

.....

such that it has only one point of each orbit, as we have built previously. We want to
prove that
JEN = Qupun (@) — Pgm(d’r) #0, Vo € X

& There exists s such that g¢°z — §o*Hax £ 0, Vo € X;
& There exists s such that ||g¢*z — go*Hz|| # 0, Vo € X,

Suppose that there exsits € X; such that §¢°z — §¢*ax = 0, for all s. Take
yosr — yd* iz # 0. Then
0 < |yp*z —yo* x| = |lydtr — §°r + §o°r — §o*Ha + gt — y¢=tia||

< ys's — g6zl + 196 — §0*al| + 1§67z — yor iz

< 0/2+ g — §o*al| + 6/2 = 6 + [|§¢°x — G ]
Therefore, ||g¢°z — §*Hx|| > 0 and this means ¢’z — ¢z # 0, which is a
contradiction. Hence, if §j € N, then § € A. Consequently, every § € A is interior and
finally A is an open set.

We can make a series of adjustments of the form (3.6) each of which establishes the
property on each X; and since we have a finite number of them, we make a finite number
of adjustments to generate a function y” such that @4, (2) — P yrk) (¢’ x) # 0 for
all x € T. Moreover, we make again adjustments for every j until j = 2m, since

it will be a finite number of adjustments. Therefore, for x € T and 1 < j < 2m,
q)(¢7y;k) (l‘) 7é q)(qb,y;k) (gb]l’) O

As well as we did with period points, we can extend the previous lemma on a

neighbourhood of the orbit segments. First of all, we prove the following proposition.

Proposition 3.6. Let ®,) be an immersion on M. There exists ¢ > 0 and a
neighborhood U;, of y such that if § € U, then @4 is an immersion of M, an
embedding of Vj, and @4 4)(x) # P44 (2'), whenever x # 2’ and d(z,2") < €, where d

is the distance induced by the metric of the manifold.

Proof. If ®(4, is an immersion of M, then for each point x € M there is an open

neighbourhood of z, we call N, such that ®, . is an embedding of N,, by Proposition
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2.11. As aresult of Whitney Embedding Theorem (see Corollary E.1), there is a metric
over the manifold M. Hence, we can find a closed ball 3, centered at x and contained
in N,. Since we consider every x € M, we have that U,cp8, = M. Moreover, M is
compact and therefore we only need a finite number of these open sets:

/

Us=M=JB, =M
=1 =1

Thus, 3, is a compact cover. Every f3; is embedded by D (44), since it is contained
in some N,. We choose one of these 3;. There is a neighborhood of 3/ such that, by
Proposition 3.1, we have an open set of embeddings for every 5,. We call W;. Since
there is a finite number of 3;, we have a finite number of open sets W; where every j; is
an embedding: thus this intersection is an open set, L?y = N, W,. Since y € W, then
y € L?y. Moreover, since y € U,, we may consider U, = U, N W,, and then U, satisfies
the same as W, and furthermore W, C U,. By Lebesgue’s Lemma C.1, there exists
some number € > 0 (the Lebesgue’s number) such that every closed ball of radius € at
any point of M is contained in the interior of 3; for at least one i. Therefore, for every
x € M, the ball B(z,¢) is embedded by @, ), for every § € U,.

All in all, if g € L{Z’/, then @4,/ is an immersion of M, an embedding of V,, since
y € Uy, and P45 (x) # Py g)(2'), whenever & # o’ and d(x,2’) < ¢, since in the ball

B(z,€) it is an embedding and thus injective. O
Now, we can prove the the following lemma:

Lemma 3.4. Let y” be a function as in Lemma 3.3. There is a number § > 0 such
that: if x,2' € M, z # 2/, and d(¢'z, ¢’2") < ¢ for some 0 < 4,5 < r, then Oy, () #
(I)(qﬁ,y”) (xl) N

Proof. We prove it by contradiction. Suppose that there is a sequence 6, — 0 of
positive numbers such that for each n, for every pair of points z, # z/ and all the
integers 0 < iy, j, < r such that d(¢™z,, ¢ x)) < 6,, we have D4, () = Py (2).

Since M is compact and a metric space, we have that it is also sequentially compact
and therefore we can consider two sequences {z,}nen — , and {2 }nen — 2.
Moreover, since the number of values of 7, and j, goes from 0 to r, we can take
only a finite number of them and thus we can also consider that the previous sequences

have the same i, and j, values. For simplicity, say ¢« = i, and j = j,. Since ¢
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is a continuous function, its composition is also a continuous function and we have
the sequential continuity. Hence, ¢'w, — ¢'z and ¢/z/, — ¢/z’. Since 6, — 0,
d(¢'xn, ¢’ x!)) — 0 and thus by continuity ¢’z = ¢’2’. Since z # x’, we have ¢ # j. Let
i < j (the case ¢ > j is similar). Hence, z = ¢/ "2’ and r > j —i > 0. Thus, x,2’
belong to the same segment orbit. However, since ® 4, is a continuous function and
Ty — @, 2, — &', we have @y () = Dgm (7).

Since x, and z] tend to the same limit, for every € > 0, there exists ny such
that d(z,,z!) < €, for any n > ng. If we take the Lebesgue’s number of Proposition

3.6 we have that ®(,,») is an embedding of the ball B(x,,¢). However, since x, #

/
n’

x;,, it can not happen that @, (x) = Py (2') (since it is injective): this is a
contradiction that comes from supposing that there is not a number ¢ > 0 that satisfies

the lemma. O

We have just proved that distinct points are not mapped to the same image by
4, if their orbit segments are sufficiently close together. However, pairs of points

that are not close among them require a different approach.

3.6 Injectivity on M

We shall extend the result in Lemma 3.4 to the other par of points of M. We recall
that if ® 4, is injective, then

Dy (1) # gy (2') = gy () — Prgym(2') #0

for every pair of points « # 2'. Hence, if A = {(z,2) : * € M}, ®(4, is injective if

the map
(M x M)\A — Rk

(2, 27) = @y (1) = Brgym (@)
does not contain the zero. We prove the injectivity part with this argument.

Let y” be as in Lemma 3.4, with 0 its Lebesgue’s number. Consider V,. The set
M\ I;y: MnN (l;y)c is a closed subset of a compact set, and hence a compact set. Let

z={JdOnV,).

Since ¢/(M\ V) is the image of a compact set by a continuous function, Z is a finite

union of compact sets and hence compact. We claim the following proposition:
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Proposition 3.7. Let Z as above. There exists a finite covering {U;}#,, such that:
(i) Foreach I =1,...,N and 0 <i,j <2m, ¢"U;N¢7U; = () unless i = j.
(ii) For each i =1,..., N, the diameter of U is less than 4.

Proof. (i) Since Py, C V,, then for every x € Z, the points z,¢ 'z,..., ¢ *"x
are all distinct. Therefore, since M is Hausdorff, we can find an open set U,
containing x such that U,, ¢~ U,,...,¢ >™U, are all disjoint. Hence, we have

that {U, : © € Z} satisfies the property 1.

(ii) For every z € Z, if we take U, = U, N B(x,8/2) the cover {U, },cz satisfies the
property 1 and also the property 2.
Finally, we only have to reduce {U,} to a finite cover: but we recall that Z is a

compact set and thus, we can choose a finite cover {U;}N | from the cover {U, }pez. O

Let Z be as above. We build a partition of unity ¢, : M - R, [ =1,...,N on Z,
subordinate to a cover as in Proposition 3.7. Let
W= {(x,2): d(¢'z,¢’x’) > 6, forall 0 < 1,5 < k,
and either x Qx;y or x’ €X;y}
First of all, W C M x M. Moreover, if W; ; = {(z,2') : d(¢'x, ¢’z) > 6}, then

(3.7)

W= |J Win (V)" x M)UM x (V,)°)),

0<i,j<k
Every W ; is a closed set, since d is a continuous map and the preimage by a continuous
map of a compact set is also a closed set. Therefore, W is a finite union of closed sets,

hence a closed set. Let v
ve=y"+> e,
i=1

for € = (€1,...,ex) € RY. This will make @4, 1) an injective map, for k > 2m + 1.
To show that, we study the map
U: MxMxRYV — R
(z,2', €) = Py () = Pigyem) (7).
Firstly, we assign charts to M x M x R™. Let {(hy, V,)}pea be an atlas for M. Then,
{(gp.gs Vo x Vg x RN}, en, where g, (2,27, €) = (hy(x), hy(2'), €), is an atlas for M x
M xRY. Let hy(z) = v and h,(2') = «/. We study the Jacobian Dwgp_;(u, u’,0). Since

Vg, u', €) = Py () (1) = Py (hy ' (1)),
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then,

Dl/’%?,;(“: u'e) = Dq)(qﬁ,ys;k)(h;l(u)) - D(I)(¢7ye;k)(hq_1(“/)),

If z=(z1,...,25), we denote by f, the derivative matrix of f with respect to z1,. .., zs.

Therefore, we have
UGpq (', 0))u = D®igyopy (hy ' (1)) = DBy (hy " (),

Vg (U0, 0)w = =Dy o) (hg ' () = =DPg iy (hy ' (u)),
and for every ¢,

A gy hs ' (@) ((9yeh§ (@) Oyedht(@)  Oyedthy 1(?1))
O¢ oe Oe; Y O¢ ’

where s = p,q and @ = u,u’. All in all, the Jacobian matrix is formed by the three

following submatrices:

Dipg, q(u, ', 0) = <D‘I’(¢,y”;k)(h;1(u)) | = DOpyrmphy (u) | Ax) — A(ﬂ?')>7 (3-8)

where A(z) is a k x N matrix whose elements are given by

R
Auale) = HE ()
Furthermore,
Qyed'ht Oy 4 3 et Oat(¢hY)

86[ (ﬁ) ) 861 - 861 (/&) (39)
= Pl hT (@),

Our first assert is that the matrix (3.8) forms a basis for R*, when (z,2') € W.

Proposition 3.8. Consider the Jacobian matrix (3.8). If (x,2’) € W, then the columns
of (3.8) form a basis for R* for k > 2m + 1.

Proof. Since ® 4,1y is immersive, we know that the first 2m columns of (3.8) span
at least an m-dimensional subspace of R*¥. However, we discard this columns and
concentrate on the submatrix A(z) — A(2’). We show that this matrix has at least k

independent columns. From (3.9), we have

Au(z) — Ag(a) = Yo" H(z) — o' (o).
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Firstly, we can show that each column of the matrix A(z) — A(2’) has at most one
non-zero element. Suppose that for some [ there are two different 4, j such that A;(x)—
Ay(2") # 0 and Ajy(xz) — Aji(2") # 0. Therefore, at least one of A;(x), Ay(z') was

non-zero, and the same for Aj(x), A;(z'):

— Aj(x) and Aj(x) cannot be both non zero. On the contrary, suppose that we
have Ay(z) = ¢ (z) # 0 and Aj(z) = ¢ '(z) # 0. Hence, ¢' *(z) €
supp ¥, and ¢’ (z) € supp ;. Therefore, ¢*~(z), ¢’ "1 (x) € U; and hence z €
»~ DU, N ¢~U=DU; # 0: but we have taken U, as in Proposition 3.7 and thus
¢~ VU, N ¢~U=DU; = (. The same is true for Ay(2') and Aj(a').

— Aj(xz) and Aj(2') cannot both be non-zero. On the contrary, suppose that
Ay(z) = ¢ (x) # 0 and Aj(a) = ¢/ 1 (2') # 0. Hence, ¢' (), ¢/ (') €
supp ¥; and thus ¢~ (z), ¢/ 7! (2/) € U,;. Finally, by Proposition 3.7, the diameter
of U; is less than ¢ and then d(¢"!(z),¢’~1(z')) < §: therefore, (z,2') & W
(recall the definition of W in (3.7)): but we had taken (z,2’) in W. The same is
true for A;(z) and Aj(x).

Therefore, if A;(x) # 0, then Aj(z) = Aj(2") = 0, which contradicts the assumption
that Aj(x) — Aj(2") # 0. Hence A;(z) = 0, and then Aj;(z’) # 0; but again this
implies that A;(xz) = Ay(2’) = 0. We conclude that each column has at most one
non-zero element.

Now we are going to show with similar arguments as above that every row of
A(x) — A(2') has at least one non-zero element. Since (z,z’) € W, at least one of z or

2’ is in M\ I;y. Without loss of generality, we assume that x € M\ I;y. Then,

2m
6N @) e oM\ V,C M\ V) = Z,

=0
for 1 <7 < 2m+ 1. Since ; comes from a partition of unity and Z is a closed set,
we have 31V, 4" (x) = 1. Hence, for every 1 < i < 2m + 1, there must be some I,
1 <1 < N such that ¥;¢" "' (z) # 0 (if not, the sum cannot be one): that is, for every
i there is an [ such that A;(x) # 0. If we suppose that A;(z') # 0, then ¢,¢"*(z) # 0
and ;¢ (2') # 0, that is ¢"~1(x) and ¢**(2’) lay in supp ;. Thus, the two points
belong to U; and d(¢*~*(z),¢" "' (2")) < &, which implies that (z,z’) € W. Since we
have considered (x,2') € W, we conclude that A;(z') = 0 and Ay(z) — Ay(z’) # 0.

Therefore A(x) — A(z’) has at least one non-zero element in every row.
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Since A(z) — A(2') has at least one non-zero element in every row and at most one

non-zero element in every column, we have:

— The matrix have at least as many columns as rows. Otherwise, some column

should have more than two ones.

— The matrix must be full rank. That is, the rank of the matrix is the number of
rows, k > 2m + 1, since we have as many columns as rows. We can choose a
submatrix of dimension £ x k and then it would have exactly a non-zero element

for each row and each column, and thus the determinant would be non-zero.
]

All in all, by Proposition 3.8, the rank of DWg. ! (u,u’,0) must be k and hence W is
submersive at (z,2’,0), for every (x,z") € W. Thus, for every (z,2’,0) the derivative is
full ranked and by continuity there is an open subset containing this point throughout
which the derivative is full rank. The union of these open sets is also an open set
X C M x M x RY that covers W and V¥|x is a submersion. By Lebesgue’s Lemma,
there is an 7 > 0 such that every closed ball B((z,2/,0),é) C X, with é < 5. Thus, if
lell < m, then d((x,2’,0), (z,2",€)) <nand W x {e} C X.

Since ¥|x : X — RF is a submersion, by Lemma 2.7 we have that ¥|'(0) is a

submanifold of X, with dimension
dim(¥|5(0)) = dim(M x M x RY) — dim(R*) =2m+ N —k < N — 1.

Consider the projection
m: X — RV
(x,2' e) — ¢

and its restriction 7 = 7T|\I,|;(1 (- We note that 7 is a map between a manifold of
dimension 2m+ N —k to RY, with a greater dimension N. By Lemma 2.6 we have that
RN\ 7 (¥|'(0)) is dense. Thus, we have some e with arbitrarily small norm such that e is
not in the range of 7. Thus, for pairs (z,2") € W we have W (4, 1y (2) = W (4y..x)(2) # 0.

All in all we have:

— A neighborhood N such that the pairs (z,2’) with d(¢'z, ¢’2’) < § for some
0 <i,5 <r,satisfy ¥(z,2,¢) # 0, by Lemma 3.4.

— A neighborhood N, such that if z, 2" € V,, then U(z,2/,¢€) # 0.
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— Hence, (z,2') is from the two previous sets or (x,z') € W. Thus, we can take €
arbitrarily small in norm such that y. € N; NNy and W x {0} under ¥ does not

contain 0.

Finally, this means ®4 . .x) is injective on M. Since it is an injective immersion, it is

an embedding. Now, we can state the Restrictive Takens’ Theorem:

Theorem 3.3 (Restrictive Takens’ Embedding Theorem). Let M be a compact
manifold of dimension m. For pairs (¢,y), with ¢ € Dif*(M), y € C*(M,R), it is
a generic property that the map ®4 . is an embedding, for k& > 2m + 1.

3.7 Transversality

In this section we present an advanced result in Differential Topology concerning
periodic points. We will prove that nondegenerate periodic points are also generic.

We follow mainly the lecture of [16].

Definition 3.2. Let M and N be manifolds, and p € M. Suppose f,g: M — N are
smooth maps with f(p) = g(p) = q.

(i) f has first order contact with ¢ at p if (df), = (dg), as mapping of T,M — T,N.

(ii) f has kth order contact with g at p if (df) : TM — TN has (k — 1)st order
contact with (dg) at every point in 7,,M. This is written as f ~ g at p.

(iii) Let J*(M,N),, be the set of equivalence classes under "~y at p” of mappings
f: M — N, where f(p) =q.

(iv) Let J*(M,N) = Upyearsn J¥(M,N)@p,p- It is a disjoint union. An element
o€ J¥(M,N) is called a k-jet from M to N.

(v) The k-jet of f is the map

Jfe M o— Jk(MaN)pJ(p)
p — *f(p)

where j* f(p) is the equivalence class of f in J*(X,Y), ¢().
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(vi) Let X = {(zy,...,25) € X*: 3; # x;, for i # j}. We call the source map
a: JHM,N) ~ M
o€ JYM,N),, — p.

«a is well-defined, since J¥(M, N) is a disjoint union. This map can be naturally
extend to a® : J¥(M,N)* — M?*. Tt is direct to prove that f ~j g is an
equivalence relation. Furthermore, note that J°(M, N) = M x N, hence f has
~g contact with g at p if, and only if, f(p) = g(p), and j°f(p) = (p, f(p)) is the
graph of f.

(vii) Let J¥(M,N) = (a®)"Y(M?). Tt is a subset of J*(M,N)*. We extend in the

natural way a multidimensional jet as

gk M® — J¥(M, N)
(21,...,25) = GFf(xe,. . 2s) = (G5 F(z0), ..., 55 F(xs)).

Definition 3.3. Let M and N be smooth manifolds and f : M — N a smooth
mapping. Let W be a submanifold of N and p € M. Then f intersects W transversally
at p if either

(i) f(p) g W or
(i) f(p) € W and Ty) N = Ty W + (df ), (T, M).

Example 3.1. Let f(x) = (z,2?) and consider W = {(1,y) : v € R} and p; = (1, 1),
and py = (—1,1). Since py ¢ W, f intersects W transversally at py,. Contrarily,

p1 € W. However, we have
TupR* = TaW + (df)1(TiR) = R* = ((0,1)) + ((1,2)).
If A C M then f intersects W transversally on A if f intersects W transversally at
every p € A. Finally, f intersects W transversally if f intersects transversally on M.

Definition 3.4. A subset G of M is said to be residual if it is a countable intersection

of open and dense sets.

Theorem 3.4 (Multijet Transversality Theorem). Let M and N be smooth manifolds
with W a submanifold of J*¥(M, N). Then, the set

Tw = {f € C®(M,N): j*f intersects transversally T}



3.7. TRANSVERSALITY 69

Figure 3.1: Graphic description of transversally.

is a residual subset of C*°(M, N). Moreover, if W is compact, then Ty is also open;

hence, generic.

The proof is not part of our work, since it requires a lot of results that they go
beyond the manuscript. However, Theorem 3.4 allows us to show a property about

periodic points on a compact set.
Corollary 3.5. Let f: M — M, f € Dif(M).

— The set {f € Dif(M) : fixed points of f which are nondegenerate} is generic in
Dif(M).

— Nondegenerate fixed points are isolated.
Lemma 3.5. Let M be a compact manifold and suppose ¢ > 1. The set

{f €CH(M,M) : f is nondegenerate and has only finitely many periodic points
of periods p < ¢}

is generic.

The next result is independent from the previous results, but it is very related with

them and it allows to generalize the restrictive Takens” Embedding Theorem.

Proposition 3.9. Let M, .,(R) be the set of matrices n x n with real coefficients.

Thus, the set of matrices with distinct eigenvalues are open and dense.

Proof. Let A be a matrix. We can write A = SJS~!, with J its Jordan’s canonical
form. We say J = S71AS. We can add a small perturbation Adiag(1,...,n), where
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diag(a; ..., a,) is the diagonal matrix, and A € R. In this case, J+ Adiag(1,...,n) has
only finite values of A such that this matrix has at least two eigenvalues with the same
value. If a; are the diagonal values of J, then the new diagonal elements are a; + i\.

Thus, if we define

_Clj — Q;
J—1

and substitute A by J\; ;, for some 7, j such that ¢ < j, then the resulting matrix has at

A

ij = , 1< ],
least two eigenvalues with the same value and at most n- (n — 1)/2 distinct values A, ;.

Therefore, taking any other A\ the eigenvalues will be different. Hence,

J + Mdiag(1,...,n) = STTAS + Xdiag(1,...,n)
Y
S(J + Mdiag(1,...,n))S™! = A+ \Sdiag(1,...,n)S™ .

Let k = |Sdiag(1,...,n)S7'. If |2] < 2, then A+ASdiag(1,...,n)S™" is a matrix that
belongs to a neighborhood of A of radius €,. If we take e = min{e;, €5}, this matrix also
has distinct eigenvalues. Thus, the set of matrices with distinct eigenvalues is dense.

Moreover, if A has distinct eigenvalues, the characteristic polynomial of A has
distinct roots and hence there is a neighborhood of this polynomial such that all the
polynomials (polynomials with degree equal to n) on this neighborhood has distinct

roots. Therefore, this set is also an open set. O

Therefore, matrices with distinct eigenvalues are generic. Since the intersection of
generic sets is also a generic set, we conclude that for generic f, we have fixed points
and its fixed points have distinct eigenvalues. Since the periodic points are fixed points

of f*, the periodic points have distinct eigenvalues too.

3.8 Takens’ Embedding Theorem

In the previous section we have proved a restrictive version of Takens’ Embedding
Theorem. Now, we prove the original one that appears in [2].
In this case, with the conclusions of Section 3.7, we may prove the denseness part

quickly. However, the openess part needs again some extra work. We state the theorem:

Theorem 3.5 (Takens’ Embedding Theorem). Let M be a compact manifold of
dimension m. For pairs (¢,y), with ¢ € Dif*(M), y € C*(M,R), it is a generic
property that the map ®(¢,y; k) is an embedding, for k > 2m + 1.
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We note that it is a little different from Theorem 3.1. This version is a bit more
general: however, we always want to embed in the smaller space, hence we work

generally with & = 2m + 1 and thus with ®, .

Theorem 3.6. Let M be a compact manifold of dimension m. The set of pairs (¢, y),
with ¢ € Dif*(M), y € C*(M,R), such that the map ®(¢,y; k) is an embedding, is
dense, for k > 2m + 1.

Proof. Let
A ={¢p € Dif*(M) : #{x € Py, : z has distinct eigenvalues} is finite}.

A is open and dense on Dif?(M), as we have seen in Section 3.7. Now, let V C
Dif?(M) x C2(M,R) be the set of pairs (¢,y) such that ® (4,4 is an embedding. For
every ¢ € A there is an open dense subset O, € C*(M,R), such that {(z,y) : y €
O,} C V. Hence, if we take (z,¢) € Dif>(M) x C?(M,R), there is some 2 near & such
that x € A, since A is dense. Furthermore, since O, is a dense subset, we can find
y € O, near . Therefore, V is dense in Dif*(M) x C?(M,R). O

If we want to check if these pairs also form an open set, we need to proceed in some
steps. As in the restrictive version, we do not use the number 2m + 1, neither the C?
condition. Therefore, we fix some positive integer p and we consider the map

F@ . Dif' (M) x C{(M,R) — C*M,R) (3.10)
(0,9) = Plgyp)- '
Lemma 3.6. The function
Fy . Dif' (M) x CY(M,R) — CYM,R)
(¢,9) = Yoo

is continuous.

Proof. Let {(U;, hi)}Yier be a finite regular covering for M, with U; = h;'B(0,3).
Then {W; = h;'B(0,1)}ie; still covers M. Since ¢ is a diffeomorphism, ¢! is a
diffeomorphism too. We note that

U Wi=o | JWi=¢"'M =M.

iel il
Hence, the collection {¢ W, };cs is a cover of M. Let {(V}, g;)}jes be a locally finite
refinement of {¢p~'W;};c;. We may suppose that J is finite, since M is compact. Let
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{X; = gj’lB (0,1)};es. This set still covers M. Because the cover of V}’s is subordinate
to the cover of ¢~'W;’s, for each Vj, there is some W;, which we call Wi(j), such that
oV; C Wi

Let ¢ > 0. For any pair (¢,y), the functions yh;* : h;W; — R are uniformly
continuous, since it is a continuous function defined over a compact set. Therefore,
there is a §; > 0 such that if ||/ —u|| < &, then |yh; ' (u') —yh; ' (u)| < e. Furthermore,
since we have taken a finite atlas, we have a finite number of these functions. Hence,
we can take 0; = min;e;{d;} > 0 and d; works for all ¢ € I. In addition, we note that

yh;': h,W; CR™ =R = Dyh;': h,W; - R™! =R™
hipg;': g;X; CR™ = R™ = Dhidg; ' : g; X; — R™™,

The derivatives Dyh; 1 and Dhﬂbgj’1 are continuous, since all the functions are C!.
Furthermore, they have compact domains. Hence, they are bounded. For every ¢ € I,
j € J, we can find A; and B,; such that |[Dyh;'(u)|| < A; for all u € W, and
|Dhi¢g; '(u)|| < By for all u € g;X;. Since we have a finite number of i’s and
j’s, we may take A = min;e;{A;} and B = mines jes{B;;}. Moreover, since we
have a continuous function over a compact domain, the function Dyh; ! is uniformly
continuous: given € > 0 there exists &; > 0 such that || Dyh; ' (u) — Dyh7 (u)]| < e, for
all ||u/ — ul| < d;, for every i, and since we have a finite number of this functions, we
may take again dy = miniel{&-}.

Now, given any neighbourhood of y o ¢ in C'(M,R), there is a neighbourhood of
the form N = N;e N (y o ¢ (V;, g;), (R,id) X, €) contained within it. We choose §

sufficiently small that the following inequalities are satisfied:
o |yh;'(u')| < €/2, for all |u' —ul| <6, u,u’ € h;W;, and i € I.
e |Dyh; (u') — Dyh; ' (u)|| < €/(3B), for all ||u’ —u|| < &, u,u’ € h;W;, and i € I.
e ) < Bandd <€/(34).

For example, 6 = min{d, 9o, €' /4, €' /(6A), B/2}. Also, we choose € < min{€'/2,¢'/6B}.
Now consider the open neighbourhood
N1<57 6) = ﬂNl(¢7 (‘/jagj)a (M/z(j)a hi(j))77j7 5) X le(ya (Uzv hl)7 (R7 ld),W“ 6)'
JjeJ iel

To show that F} is continuous, we show that Fy(N'(,€)) € N: that is, if (¢,7) €
N8, €), then Fi(d,4) € N.
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Let (gg, §) € NY(,¢), j € J, z € X; and u = g;x € g;X;. Then

19695 (u) —yog (W) = 19095 (u) = ydg; (u) + yog; ' (u) — yog; ()] (3.11)

< idg; () — yog; ()| + |ydg; " (u) — yog; " (u)|
We recall that since u € g;X;, then u € gjqb’lW,- and v = hi(j)nggj_l(u) € hiyWi.
Then,
(969, (u) — yog; " (w)] = [Ghi)y (') — yhihy ()] < e < €/2, (3.12)
because § € NN (y; (U, hi), (R,id), Wi, €). Also, if u” = hy;ydg; ' (u) € hi;yW; then
lyog; ' (u) — ydg; ()] = lyhi (') — yhih (u")] < €/2, (3.13)
since
" = || = gy bg;  (u) = higsybg; " (w)]] < 6
by N'1(d,¢). Hence, combining (3.12) and (3.13) in (3.11), we have

969, (u) — yog; ()| < €/2+¢ /2 =¢.

Now, we deal with the derivatives.

1Dgég; " (u) — Dysg; ()l = |!DQ959{1(U) — Dygg; * (u)
+Dy¢g] (u) — Dygg; ' (u)]
< ||Djdg; () Dyog;* (u)|
+HDy¢gJ (u ) Dyog; ()l
= |IDgh; " hidg; " (u) — Dyh;  hidg; (u)]
+||Dyh; 1hz¢gj (u) — Dyh;  higg;  (u)],

where h; = h;(;). Let v/ = hlgzggj’l(u) and u” = h;¢g; ' (u), as above. Using the Chain
Rule and the triangle inequality,

1Dgog; " (u) = Dydg; ' (w)ll < ||Dgh;* (') Dhicg; ' (u) — Dyh; (') Dhidg; ! (u)]

+[|Dyh; (') Dhidg; ! (u) — Dyhi (") Dhigg; " ()|
< | Dgh; (u')Dhidg; ™ (u) — Dyhfl( ") Dhigg; " (u)|

+|| Dyh; (W) Dhidg;  (u) — Dyh; * (u )Dh@g]l(U)H

+[[Dyh; " (u') Dhigg; ™ (u) — Dyh;* (u") Dhidg; ™ (u)|
< ||Dghi*(u') — Dyhi* ()] - HthqﬁgJ (w)]]

+[|Dhigg; ' (u) — Dhidg; ()| - [| Dyh; ™ ()]
+|[Dyhy ! (u') — Dyhi (W)]| - | Dhigg; " (w)l].

We recall that:
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(i) ||[Dgh; ' (u') — Dyh; ' (u')|| < €, since y € NN (y; (Us, hi), (R,id), Wy, €).
(ii) ]|Dhi¢gj’1(u)H < B and ||Dyh~(u)| < A.
(iii) HDhi(%gj’l(u) — Dhi¢g; ' (u)]] < 6, since b€ NN ; (Vy,95), (Wi, hi), X ;,8) and

|Dhidg; (u)]| < || Dhidg;(w) — DHidg; (w)|| + || Dhidg; ™ (u)]]
< 0+B<2B.

(iv) || Dyh; (u') — Dyhi ' (u")|| < .

All in all, we have

6/

! / /
Dijogt(u) — Dydg:! 9B4s A+ B fopy faLS
| Dyog;* (u) — Dygg;  (u)|| < e-2B+ +B< 2Bk A+ =

Therefore, if (¢, 7)) € N(6,¢), then Fy(¢,9) = o ¢ € N. Thus, F, is continuous. [

Lemma 3.7. The function
F,: Dif'(M) x C*(M,R) — CY(M,R)
(0, v) = yogn

is continuous, for n € N.

Proof. The two first cases (Fo(¢,y) =y and F} as above) are continuous. We suppose
that F, is continuous and we want to show that F,; is also continuous. Let G(¢,y) =

(¢, F1(¢,y)). By the previous lemma, G is a continuous map.

Fn—i—l(gbvy) =yo ¢n+l =Yyo gbO gbn = Fl(gba y) © ¢n = Fn(¢7 F1(¢7y)) = Fn(G(¢7y))

Thus, F, 11 = F, oG is a composition of continuous functions; hence F),, is continuous

and by induction F;, is continuous for all n € N. O
Corollary 3.6. The map F® in (3.10) is continuous.

Proof. Since all the components of F?) are continuous, the map is continuous. ]

The next proposition follows in the same way as Proposition 3.1 and 3.2. We take
the same S as in (3.2). This implies the proof of the openness part and hence the proof
of the Takens” Embedding Theorem.

Proposition 3.10. Let M be a compact manifold, and K be a compact subset of M.
Then the set

V' ={(¢,y) € Dif (M) x C'(M,R) : @4, embedding in K}

is open in Dif' (M) x C'(M,R).
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3.9 Relaxing to C' Condition

We note that the theorem needs that ¢ € Dif?(M) and y € C?(M,R). However, in the
openess part (Proposition 3.10) we only use C* maps. Moreover, it is also possible to
relax the condition to C! in the dense part. To do this, an easy way is understanding

the C? sets as dense sets of C!.

Theorem 3.7. Let M be a C* manifold, 1 < s < co. Then C*(M,R") is dense in
CO(M,R").

Proof. Let {V;}ier be a locally finite cover of M, and for every i € I, let ¢; > 0. Let
f: M — R™ be a continuous map. We seek some g € C* such that |f — g| < ¢
in V;, for every ¢ € I. Let x € M. Since we have a locally finite cover, we can take
W, C M aneighborhood of z that intersects finitely many V;’s. And thus the minimum
5, = min{e; : x € V;} > 0 is achieved. Let U, = f~YB(f(x),d,)) N W, C W,. We
define the constant maps

gz M — R”

y = g(y) = f2)
As M is second countable, it is possible to take a countable base of {U,} and we
relabel these open covers as {U,};e; = U and the maps {g;};c; associated to them.
Consequently, for every y € U; N'V;, we have |g;(y) — f(y)| < e. Let {)\;},;cs be a
partition of unity subordinated to &/. We define
g: M — R"
y o= gy) =2 Mi(©)gi(y).

Therefore, if y € V; we have

9(0) = F )] = 22wt~ Z NI = | M) - F)
< ZM gi (W) — £l IZAj(yHg;(y)—f(y)l
< ZAJ' y)e = €¢Z>\j(y) = J
J J .

We note that since C*(M,R) C C'(M,R) C C3(M,R) and the first set is dense in

the last one, in particular the first set is also dense in the second set. There is a similar
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result for Dif?(M) and Dif' (M). This appears as Theorem 2.7 in [13]. We do not prove

it since it is a very long result and it falls outside our objectives.

Theorem 3.8. Let M be a C* manifold, 1 < s < co. Then Dif*(M,R") is dense in
Dif’(M,R") in the strong topology.

Therefore, we have the chain of inclusions

{(¢,y) : ®(44) is an embedding on M} C Dif*(M) x C*(M,R)
C Dif' (M) x CY (M, R).

Each inclusion is dense and thus the first set is dense in the last set. Thus, we have an

equivalent result of Theorem 3.5, but with C! maps:

Theorem 3.9. Let M be a compact manifold of dimension m. For pairs (¢,y), with
¢ € Dif'(M), y € C'(M,R), it is a generic property that the map ®(¢,y;k) is an
embedding, for £ > 2m + 1.



Chapter 4

Applications

In this chapter, we show some applications of the Takens” Embedding Theorem. We
use the theorem for dynamical systems, as it was the field for which it was born.
First of all, we apply it to the continuous dynamical systems. Secondly, we apply to
others dynamical systems, such as discrete or abstract, as we have described previously.

Finally, we use the theorem in real-time series to study their behavior and properties.

4.1 Continuous Dynamical Systems

We recall that given the initial condition problem (2.4),

i = F(x),
{ 2(0) = 2, (4.1)

with F': U C R™ — R" Lipschitz, a solution is a C!-function
o(t; x0) = () (t;@0), - - -, () (t; T0))

such that satisfies (4.1). We suppose that ¢(t;x9) is dense on the attractor set.
Moreover, we suppose that this attractor set is also a manifold. Hence, it is a

Cl-manifold of dimension m < n and it is given by the set

We fix a time-delay 7. The dynamical system

T: RxM — M
(t,z0) + Ti(wo) = @(t;70)

7
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gives rise to a function

T, : M — M
o(t;wo) = Tr(e(t;mo)) = @(t + 75 20).

The map T € Dif' (M) and its powers are

TH(p(t; o)) = Tr - Tr((t; 20)) = (t + k73 20).

Furthermore, we call an observable y a C! function that goes from the manifold M to
a real value. It can be whatever we think about. For example, it can be a projection
or a linear combination of the different components, among many other possibilities.

All in all, the map @7, 4 of (3.1) is given by

(I)(Tﬁy)I M — R2?mHl
p(t;ro) = (Y(e(t;20)), y(@(t + T570)), - -, Y(p(t + 2mT; 30))).

Hence, the set of points

{ @) (0t 20)), Pz ) (0 (E+ 7520)), -

should return a discretization of the manifold.

Remark 4.1. We recall that it might happen that 2m + 1 > n. However, it is not
a contradiction: Takens’ Embedding Theorem says that the manifold is embedded
generically by @4 1), for & > 2m + 1: but it is not necessary; usually, we can embed

the manifold in some real space of dimension k£ < 2m + 1.

Remark 4.2. Finally, we note that it is a strong condition to suppose that we are in
the attractor set. Nonetheless, if we are not on the attractor set, there is some time ¢,
such that if M is the attractor set, then we have the difference || M — p(t; zo)|| < e, for
every € > 0 and t > ty. Thus, there is some time where we are as close as we want from
the attractor set. Hence, the behavior should be similar as if we start in the attractor

set.

Example 4.1. In this case, we consider an ODE with a torus as an attractor set. The

torus has been built as a product of two circumferences. Let us consider the system

v =—y+a(l— /2’ +y?),
y=a+y(l— a2+,
2= —kw+ z(4 — V22 + w?),
W =kz+ w4 — 22+ w?).
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We have two decopled systems. In both cases, the attractor set is a circumference. In
the plane (z,y) the circumference has radius 1 and in the plane (z,w) has radius 4.
Moreover, we can see the torus as a fundamental polygon. Then, if we see the torus
as a rectangle with the boundaries identified correctly, the parameter k is the slope of

the solution in the rectangle. For example:

— If we take k = 3, the slope is rational. We have that the torus is covered by
periodic orbits (Figure 4.1(a)).

— If we take k = /2, the slope is irrational. Thus, we have dense orbits on the
torus (Figure 4.1(b)).

Torus System Torus System

[%2] [%] \"
[} () '
S5 o -+ 3 o 4 3
© [ B
> > |
o o -
) _ ! — x(t)
¥
2(t)
¥ - w(t) < - w(t)

T T T T T T T T

0 5 10 15 0 5 10 15

time time

Figure 4.1: Solutions of the torus. 4.1(a) With a rational slope. 4.1(b) With an
irrational slope.

In both cases, we start at the point (1,0,4,0), with a step h = 0.1. In Figure 4.2, we
apply Takens” Theorem. We use a Runge-Kutta method to get the solutions. We now
choose an observable to obtain the time-series {yp(to + kh) : k=0,..., N}. Since we
have two decoupled systems, we shall mix both systems: otherwise, we would obtain a
circumference as the attractor set. On the one hand, we have the variables z and y in
one system. On the other hand, we have the variables z and w. In our case, we sum

two variables, x + z and we make the delay from these new signals.

In Example 4.1, we apply Takens’ Theorem for C?-manifolds. We note that in

Chapter 1 we build a C!'-manifold and hence we may use the version of Theorem 3.9.



80 CHAPTER 4. APPLICATIONS

Torus System

values
0
!

o -
o -

10 15

time

(a) (b)

Torus System

values
0
!

o -
o -

10 15

(c) (d)

Figure 4.2: Takens’ delay applied to signals of two manifolds. We sum the solutions x
and z. 4.2(a) gives rise to a circumference and 4.2(b) is its Takens’ delay with 7 = 8.
4.2(c) is dense in on the torus and 4.2(d) is its Takens’ delay, with a slope 7 = 12.

4.2 Discrete Dynamical Systems

We recall that a discrete dynamical system is given by

T: GxM — M
(n,z) = T(x) = f"(2),

where G = Z or G = N. In this case, we have a recurrent relation

Ti41 = f(ﬂjl) e R™.
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We get M by the graph M = {z;: [ € G}. Hence, we again consider an observable
y of the set of points {z;},e¢ such as in Section 4.1. The embedding map of Takens’

Theorem is given by

CD(TT,y) M - R2m+1
Ty = (y(xl)a y(lerT)a s >y(xl+2m‘r))-

Hence, the set of points

{é(T‘rvy) (.Tl), Q(Tf,y) ($l+1), . }7

is again a discretization of the manifold. As well as in continuous dynamical systems,
it is possible that 2m + 1 > n, or even we are not on a manifold. On the first case, we
recall that it is not necessary that the dimension of the space is 2m + 1. Moreover, if
a manifold is an attracting set of the system, for some Iy we will be sufficiently close

to the manifold, for all x;, [ > [,.

Example 4.2. Consider the recurrence

22,

It has two limit points; 0 and z¢/||zo||. Moreover, if 0 < ||zo|| < 1, we obtain an
increasing recurrence in norm: and if 1 < ||zg||, we obtain a decreasing recurrence in
norm. Both recurrences tend to zo/||zo||. Therefore, if we consider the 2-dimensional

discrete dynamical system

<xn+1> B 2 ( cos(k) sin(k)) ([En> (4.2)
Ynt1 Va2 +y2 +1 \—sin(k) cos(k)) \yn/’ ’
we have that the S' is a manifold that is an attracting set, for every initial condition

(x0,y0) # (0,0). In Figure 4.3, we have the discrete-time solutions and the embedding,
for the initial condition (x¢,yo) = (0.05,0.2).

4.3 General Dynamical Systems

From the previous sections, we note that the argument is always the same: we suppose
that for a given dynamical system there is some manifold that is an attractor set. At

some point, we will be sufficiently close to this manifold and if it is sufficiently smooth
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Solutions Phase Portrait Delay Map

values
0.5 1.0
|
0.5 1.0
|
0.5 1.0

0.0
1)
0.0

-0.5
1
-0.5
1
-0.5
1

0
<
-1.0
1
-1.0

time x(t) y

(a) (b) ()

Figure 4.3: Discrete Dynamical System with the circumference as an attractor set. To
see it properly, we joint the points with lines. We can observe a quick convergence.
4.3(a) Solutions. 4.3(b) Phase portrait. 4.3(c) Takens’ delay, 7 = 1.

(that is a C'-manifold), by Takens’ Embedding Theorem we can assure that .,
embeds generically.

Furthermore, the definition of a dynamical system is very abstract. We may define
some dynamical system over a system with a C!-manifold as an attractor set and we can
try to obtain some observable of the system. If it is the case, then Takens’ embedding
Theorem works generically.

We recall the Example 2.12. If the set of coefficients of some time-series comes from
an observable of the unity circumference, then an observable of the polynomial shall

return the dynamics of the circumference.

Example 4.3. We define the following power series
p(z) = Zcos(z’)xi.
i=0

We note that the set {cos() }sen is a dense set in [—1, 1]. Furthermore, since |cos(i)| < 1,
the power series uniformly converges into the open (—1,1). Let T" be the dynamical
system as in Example 2.12. An observable of the series is given by p(c), for ¢ € (=1, 1).
For example, we choose ¢ = 0.3. If we only take the first 5 terms of the power series

the error is

e=1> cosi-0.3] <D Jeosi]-0.3' <> 0.3 = o < 1072,
=5 =5 =5 ’
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Therefore, we set the dynamical system as T,(p) = p”, where

0 if i =1,
i i+2 ifi=2k, keN,
i—2 ifi=2k+1, keN.

For any polynomial of the dynamical system, we have a small error if we only take the

1

first 5 terms." From this, we build the time-series. In Figure 4.4(a), we can see the

measurement time-series.

Measurement Delay Map
o} o (]
2 ° °
o P9 099 <] @
© n
o ? I R s e @
o ] o
S 'o [} P o
[0) (=]
[} ]
g 0] l; o | ©
[ g | o x o °
¢ e
o =}
b (0]
[Te)
g Y b 2 °
1 o) ! ] & ® ©
o
bo 6 b ° 40 ® o o
T T T T T I T T T T
0 10 20 30 40 50 -0.5 0.0 0.5 1.0
time X
(a) (b)

Figure 4.4: A manifold reconstruction from a different dynamical system. 4.4(a)
p?(0.3). 4.4(b) Takens’ delay, 7 = 1.

4.4 Signals

We have seen from the Takens’ Embedding Theorem that we can obtain the attracting
manifold of a time-series. However, we have only used time-series that we know which is
the manifold they have as an attractor set. Actually, we usually have some signal from
a measurement experiment and we want to find some properties about this signal. If
the signal has some attractor set that is a manifold, we may reconstruct the manifold
from the signal through Takens” Theorem. In this case, from the geometry of the

attractor set we might obtain some properties that characterize the signal.

"'We only prove it for the first polynomial of the dynamical system, but we can prove it similarly
for the others.
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For example, if we take some musical instrument and we play some note and we
hold it, in suitable conditions the time-series will tend to some period signal and
hence it gives rise to a circumference. From this analysis, we may try to find some
characterization about the instrument: such as from which instrument is, or the tone
color.

First of all, we try with different persons and the same instrument, the same note.
In Figure 4.5(a), we can see four waves that represent a Do 4, played with a flute. The
reason to use a flute is simple; it is the easiest instrument to play and all the testers
are, in first sight, inexperts. In 4.5(a) the signals are normalized, to compare it better.
Moreover, the time in the harmonic plots are in scale 1/44100Hz. In this case, in

4.5(b) we do Takens’ delay map in R?, since it is visually clearer.

Waves Delay Maps

1.0
20000
|

0.5

10000
|

values
0.0
!
X+T
0
!

-20000 -10000

-1.0

T T T T T
0 50 100 150 200 —-20000 -10000 0 10000 20000

time X

(a) (b)

Figure 4.5: Experiments with a flute. 4.5(a) The signals, playing the Do 4 note. 4.5(b)
Takens’ delay, 7 = 8. The delay maps are all similar, and some of them more stable.

In the second experiment (Figure 4.6), two persons play with the same instrument
and the same note, but one an habitual player and the other a newbie. We note that
the geometry is a little different. It could be that there exists a difference between
experts and newbie players.

In the third experiment, as we can see in Figure 4.7, we compare only one person
playing various instruments. In this case, the subject plays the same note with the
flute, the trumpet, the trumpet with a mute and the saxophone. In Figure 4.7, there

exist differences in the geometry among instruments.
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Waves Delay Maps

1.0

0.5
0

values
0.0
1

— Exp g
| — Nwb §1
T T T T T T
0 100 200 300 400 500

-1.0

time

(a) (b)

Figure 4.6: Experiments with a saxophone. An expert and a newbie. 4.6(a) The
signals. 4.6(b) Takens’ Delay, 7 = 8. At first sight, the geometry is different.

Furthermore, we can also try to apply Takens’ Theorem to the harmony of the
music. If we play two notes at the same time, we obtain a signal which is the union of
these two sounds. When the notes are the same, the vibrations join and they amplify
the sound. If the notes are different, we have a musical interval: that is, we have
two signals with different frequency and then we can do their mathematical ratio. For

example, some common ratios are

— Octaves, as 2 : 1.

— Perfect Fifth, as 3 : 2.
— Major third, as 5 : 4.

— Whole Tone, as 9 : 8.

— Semitone. This case is special, since the harmony is not perfect. In some cases

it is defined as 2/'2, an irrational ratio, but closed to the rational ratio 16 : 15.

Usually, when we play a note with an instrument, it appears some harmonics.
Therefore, when we make a harmony with some instruments, the harmonics of each
note are also included and this fact makes a more complex harmony. It is translated
in some signal with all these properties: it contains the frequency ratio, the harmonics
and the harmonics ratio. Hence, we can apply another time Takens’ Theorem to the

signal. In Figure 4.8(a), there are represented some of these ratios.
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Delay Maps
Waves Delay Maps

\
W
vl

T
0 50 100 150 200

values
0.0
X+T
|

2404 -1e+04  0e+00  1e+04  2e+04
—1e+04 0e+00 1e+04  2e+04

—26+04

T T T T T
20404 —1e:04 08100 1es04 2404 —2e+04 -1e+04 0e+00 1e+04  2e+04
time

(a) (b)

(d) (e)

Figure 4.7: Comparison of the geometry of distinct instruments. 4.7(a) The signals.
4.7(b) Flute, with 7 = 8. 4.7(c) Saxophone, with 7 = 8. 4.7(d) Trumpet with mute,
with 7 = 8. 4.7(e) Trumpet, with 7 = 18.

4.5 Chaos and Time-Series

Finally, in most cases the signals come from a chaotic system, and hence the possible
attractor needs not to be a manifold. In this case, Takens” Embedding Theorem fails
even though the attractor set is compact. Nonetheless, there are some extensions
of Takens’ Embedding Theorem that can be applied in the situations. One of them
comes from Sauer, Yorke and Casdagli [7]. They state an equivalent version to Takens’
Embedding Theorem for fractal sets. However, there is always a catch: we must
change the generic word to prevalent. In finite dimensional spaces, a set is prevalent
if its complement has measure zero (see [7]). We do not give a proof of this extension,

since it is beyond of our objectives.
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Waves

1.0

0.5
1

values
0.0
|

— 21
— 32
— 54 |
— 98

| — 16:15 U v
T T T T T T
0 100 200 300 400 500

-1.0

time

(d) () (f)

Figure 4.8: Experiments with two musical instruments. 4.8(a) The wave signals. 4.8(b)
The octave, 7 = 11. 4.8(c) The Fifth, 7 = 20. 4.8(d) The third, 7 = 27. 4.8(e) Second,
T = 27. 4.8(f) Semitone, 7 = 27.

In this case, we can apply the Takens’ delay map with dynamical systems with a
fractal set as an attractor set and even with any type of signals. For example, we may
consider the Lorenz system, with the classical parameters. In Figure 4.9 we can see all
the procedure.

In addition, we can try to apply Takens’ delay with time-series from an
electroencephalography, an economic signal and a temperature measurement. We make
all of them in R3, as we can see in Figure 4.10. In the worst scenario, the signals come

from a stochastic process and hence the embedding fails.? 3

’https://es.finance.yahoo.com/quote/ACX.MC/history?period1=946854000&period2=
1535407200&interval=1d&filter=history&frequency=1d&guccounter=1.
3https://datahub.io/core/global-temp#resource-monthly.


https://es.finance.yahoo.com/quote/ACX.MC/history?period1=946854000&period2=1535407200&interval=1d&filter=history&frequency=1d&guccounter=1
https://es.finance.yahoo.com/quote/ACX.MC/history?period1=946854000&period2=1535407200&interval=1d&filter=history&frequency=1d&guccounter=1
https://datahub.io/core/global-temp#resource-monthly
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Lorenz System
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Figure 4.9: Takens’ delay map applied to the Lorenz System. 4.9(a) Phase portrait.
4.9(b) Time-series solutions. 4.9(c) Takens’ delay map applied to z(t), with 7 = 11.
The similitude between 4.9(a) and 4.9(c) is clear.
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Figure 4.10: Takens’ Embedding Theorem, map applied to: a voltage signal 4.10(a)
4.10(b), with delay 7 = 21; a temperature measurement 4.10(c) 4.10(d), with 7 = 18;
and some economic time-series 4.10(e) 4.10(f), with 7 = 200.
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Chapter 5

Conclusions and Future Work

In this manuscript, we prove the Takens” Embedding Theorem and we give a plotline
to understand it. This theorem allows us to recover the attractor set of the dynamical
system from a signal. The attractor set contains information about the system, such as
if it is a manifold or a fractal set. In this work we focus mainly in the proof: however,
there are a lot of applications. Among them, we compare harmonic signals and we
apply it to some complex signals, such as temperature measurement or voltage.

The next stage might be some statistic studies. For example, we may make a
contrast about the geometry of the attractor set between expert and newbie players
of some instrument. In addition, we could look for instrument characterizations. For
example, if there exists some characterization of some instruments, we could model
new instruments using three-dimensional circumferences or knots.

In case of fractal sets, we may study their properties, such as the fractal dimension
or Lyapunov exponents. To perfom the Takens’ Delay, I'm developing a Grafical User
Interface (GUI) with R. Through this interface, one can calculate the fractal dimension,
estimate the delay or even the embedding dimension. Moreover, if the attractor set is

low-dimensional, one can try to plot it in a 2-dimensional or 3-dimensional plot.
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Appendix A

In this appendix we prove the Lemma 2.6, appearing in Chapter 3 of the lecture [13].
This lemma appears often in Takens’ Theorem proof. It needs some details that we

introduce here.

Definition A.1. A n-cube C' C R" of edge A\ > 0 is a product of closed intervals of
length A:
C:[1X"'X[nCRn, |I7,|:)\

The measure of C is

u(C) = A"

Now we introduce the concept of measure zero. To introduce correctly this concept
we should do a course on Lebesgue’s Measure. However, we only use the following

definition.

Definition A.2. A subset X C R"™ has measure zero if for every € > 0, we can cover
X by a countable family of n-cubes {C;}%2,, the sum of whose measures is less than
e. That is,

o
Y u(C) <e
j=1
We have some basic properties about sets of measure zero.

Proposition A.1. Let X C R" be a set of measure zero. If Y C X, then Y has

measure zero too.

Proof. If {C}},es is a family of cubes that covers X and the sum of their measures is

less than €, then this same family covers also Y. O

Proposition A.2. A countable union of sets of measure zero has measure zero.
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Proof. In fact, if we have a countable family {X,};c; of sets of measure zero, then for

every X; there exists a countable family of n-cubes {C}},c; satisfying
Z ,U(C”) < €.
jeJ

Hence, we choose €; = 5; > 0. Therefore,

D WICIES W

i€l jeJ

The following lemma tells us how to preserve measure zero sets by applications.

Lemma A.1. Let U C R" be an open set and f: U — R"*, f € C'. If X C U has

measure zero, then f(X) has also measure zero.

Proof. By the Mean Value Theorem, for every point x € X, there exists a neighborhood
B such that the point is uniformly bounded on B. Then,

|f(y) = f(2)] < kly — 2|,

for y,z € B and some k > 0. Moreover, if C' C B is an n-cube of edge A > 0, we have
p(C) = A\". Hence for every y, z € C,

ly — 2| < VA2 + - A2 = VA2 = Vo

Thus, f(C) is contained in an n-cube C’ such that p(C") < n™2k"\* = n™2k"u(C).
As X is a subset of R™, we can cover X by a countable number of compact sets
{X}jen+:

X—G&
j=1

where X, is contained in an open ball B;. Hence, for every B; we have an n-cube
C; C Bj such that f(C;) € C} and u(CY) < n™2kPu(C;) = L"u(C;), where L = \/nk;.
For each € > 0, since X has measure zero, X; has measure zero and X; C UexCjp
where each Cj is an n-cube and  u(Cjx) < e. Therefore, f(X;) C Uper (), and
Z 1(C; Z L™ ) < L".
keK kEK
Hence, with a good choice of €, we check that f(X;) has measure zero and since
Ujes f(X;) = f(X), f(X) is a countable union of measure zero sets and therefore it

has measure zero. O
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Let M be a m-dimensional manifold, C"-differentiable, » > 1. A subset X C M has

measure zero if for every local chart (U, h), the set (U N X) C R™ has measure zero.
Proposition A.3. An n-cube in R™ does not have measure zero.

Proof. Let C be an n-cube of edge A > 0, thus u(C) = A™. Suppose that there exists
an n-cube cover Upeg Dy such that ), . p(Dy) < ¢, for all e > 0. In particular, for
any 0 < € < \". However,
M(U Dy) < ZM(Dk) — A" < ZM(Dk) <e<AY,
keK keK keK

hence we have a contradiction. O

Since the cubes do not have measure 0 and the subsets of measure zero have measure
zero, a cube cannot be contained in a measure zero set. Hence, the interior of a measure
zero set is empty (if not, it would mean that there exists some ball contained in the

set, but in every ball we have some compact cube).

Let X C R"™ be a closed set with measure zero. Then, %:)2’: 0. Hence X # R”
and it is not dense. However, itg complement X°¢ is dense, since there is a property in
a metric space that (X¢) = ()o( ) . Thus, (X¢) = R” and this implies that X is dense.

Let X C M be a closed subset of a manifold that has measure zero. Therefore, for

every local chart (U, h), the set h(U N X) C R™ has measure zero and

___° __° =
MUNX) =h(UNX)ChUNX)
ChUNX)ChUNX)=10

(o]

Hence, X does not intersect any local chart. In addition, h(UN(X)¢) = h(U) and then
h(U N X¢) = h(U) for every local chart. Thus, X¢ is dense. Therefore, if we want to
check if a set is dense, we could try to prove that its complement has measure zero.

Now, we can prove the main statement:

Lemma A.2. Let M and N be manifolds with dimensions m and n respectively,
m<mn. If f: M — N isaC! function, then N \ f(M) is dense in N.

Proof. We prove that its complement f(M) has measure zero. Firstly, we show that if
U CR™isopen and g: U — R" is C', with m < n, then g(U) C R" is dense. We can
identify U as a subset of R™:

U=ZUx{0} CUXR"™ CR"xR"™ =R".
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Hence, U x {0} has measure zero in U x R"™™. We have an application:
gr ,R" - U — R"

where 7 is the projection of the first m components (hence 7 € C!) and if g € C*, the
composition g7 is C'. Therefore, the fact that U x {0} has measure zero implies that
g(U) has measure zero too, by Lemma A.1.

Finally, let (U, h) be a local chart in M and (V,g) a local chart in N. We must
show that g(V N f(U)) has measure 0. The real map gfh=': h(U) — g(V) is Ct, since
it is a composition of C' maps. h(U) is an open set of dimension m. Thus, the image
g(f(U)) has measure zero, and since g(V N f(U)) C g(f(U)), g(V N f(U)) has measure

Zero. O



Appendix B

In this appendix we prove the Preimage Theorem (it is our Lemma 2.7). We follow the
argument given by [17], but it is a common theorem that appears in a lot of books of
Differential Topology.

To prove this, we need a definition and a previous theorem.

Definition B.1. The canonical submersion between two real spaces R™ and R" is the

standard projection of R™ into R™ for m > n, by the first n coordinates:
(X1 ooy Ty ey ) = (X1, 0, ).
We usually write the map by cs,,.

Given two real spaces, the canonical submersion is well defined. Therefore, we could
say cs, = cs to simplify notation. However, we consider that the notation cs,, helps to

follow the plot.

Theorem B.1 (Local Submersion Theorem). Let M, N be two manifolds, dim M =
m and dim N = n. Suppose that f : M — N is a submersion at x € M, and
y = f(z). Then there exist local charts around x, (U, h) and around y, (V, g) such that

9fh™ (1(2)) = esn(h(2)).

Proof. Let h=1(0) = x and ¢~'(0) = y. Consider the following diagram

f
M N
) [g
gfh™t
Rm
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We shall choose h such that the map gf h=! is a canonical submersion. Let p =
gfh~'. Since f is a submersion at x, the derivative dp(h(x)) = dp(0) is surjective.
Thus, the rank of dp(0) is maximum, rn(dp(0)) = [. Therefore, we can make a linear
change of coordinates in R* and we can assume that dp(0) is a matrix (Idl 0) (1xk)?
where 1d; is the identity matrix. Let a € U, a = (a4, ..., a,). We define

G: U — R™
a — (pla),ani1,. .. am).

The derivative at 0 is

G oy

ai Qm

dmmz(

The first n columns are the derivative of p(0), hence

dﬂ@-(%m]&)_h

Thus, G is a local diffeomorphism at 0. Therefore, there exists a neighborhood U’ of 0
such that the function G~ exists, by the Inverse Function Theorem. Observe that
cs,0G: U — RF — R
a = (g9(a),...,an) = g(a).

Hence, cs,, o G = g and then go G~ = cs,. Let h = G o h. We choose the local chart
(U’, h). Thus, the diagram is

f
M N
h g
gfh™?
R™ R"

In this case, gfh~! is a canonical submersion, since

gfh (h(x)) = gfh G (b)) = p (G (h(x)))
= p(G_l(xl, e Ty ey D)) = p(ﬂ_l(xb s Tn))
= (21,...,7,) = csp(h(x)).

The main result follows from the previous fact.
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Lemma B.1 (Preimage Theorem). Let M and N be manifolds with dimensions m
and n respectively, m > n, and f : M — N be a C' function. Consider ¢ € N. If f is
submersive at every p such that f(p) = ¢, then the set f~!(q) is a submanifold of M,

of dimension m — n.

Proof. Suppose f is a submersion at a point p € f~!(g). Let (U, h) be a local chart
around p and (V,g) another local chart around g, such that gfh~'(h(z)) = cs,(h(z))
for all z € U and g(q) = 0 (by Theorem B.1). Then f~1(q) N U is the set of points

where 1 =0,...,x, =0, since

csglg(q) = cs,_Ll(O, o 0)=1(0,...,0, 2001, Tin)-

The functions x,41,...,x,, are diffeomorphisms between the restrictions of the real
spaces. Hence, f~!(q) = {0} x R¥ is a submanifold. The local charts are given by
(U, h), where U = f~Y(¢) N U and h = T(2) © h, where

T2) : — R™ x R™™"
(a,b) b

is an homeomorphism. Therefore, the dimension is m — n. O
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Appendix C

In this appendix, we prove the Lebesque’s Lemma. This lemma needs some concepts of
metric spaces, such as the diameter of a set. These concepts we take for granted and

we only give the proof. The proof appears in the lecture [18].

Lemma C.1 (Lebesgue’s Lemma). Let X be a compact metric space and let U be
an open cover of X. Then there exists a real number § > 0 such that any subset of
X of diameter less than ¢ is contained in some member of . 9§ is called the Lebesgue

number of U.

Proof. We suppose the opposite; then, there exists some sequence of subsets of X', say
{A; }nen such that any A, C U, U € U and furthermore lim,,_,, diam(A,) = 0. For
every n € N, we choose x,, € A,,. Then, since it is compact, it is sequentially compact
and it has some convergent subsequence. We can suppose that lim, ,{z,} = x. Since
U is a cover set of X', we can take x € U € U, for some U. U is an open set, hence

there is an open ball B(x,¢) C U, for some € > 0. We choose N > 0 such that

— diam(Ay) < €/2, since the diameters tend to zero. Then, d(a,zx) < €/2, for all
a < AN- 1

— x, € B(x,€/2) for some n, since {z, }neny — 2. Then, d(zy,z) < €/2.
By the properties of the distance functions, if a € Ay, then
d(a,z) < d(a,zy) +d(zn,z) =€/2+€/2 = €.

Therefore, a € U and thus Ay C U. This contradicts the fact that Ay is not contained
in any U. O]

We denote by d(x,y) the distance between z,y € X.
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Appendix D

In this appendix we prove Lemma 2.9. We only require the equivalence of compactness
and sequentially compactness, as in Lebesgue’s Lemma. Thus we prove it directly. The

arguments of the proof follows the ones given by [13].

Lemma D.1. Let U C R™ be an open set and W C U an open set with compact
closure W C U. Let f: U — R™ be a C! embedding. There exists € > 0 such that if
g: U—R"isC! and

1Dg(x) = Df(z)|| < € and [g(x) — f(x)|< e
for all x € W, then g|w is an embedding.

Proof. Similarly to Theorem 2.4, there exists ¢y > 0 sufficiently small such that if
g € CHU,R¥) and ||Dg(x) — Df(z)|| < €0, for all x € W, then g|y is an immersion.
We suppose that the lemma is false. Since the lemma is false for W, it is false for
W. Hence there exists a sequence of immersive functions {g, }nea, gn € C* (U, R") such
that

1Dgn(x) = D f(x)|| =0, (D.1)

|gn () = f(2)| =0, (D.2)

but it is not an embedding in W and thus by Proposition 2.9, the g, is not injective.
Consequently, there exists a,, b, € W such that g,(a,) = ¢,(b,), with a,, # b,. Since
W is compact and since we use the real topology, it is also sequentially compact and
hence we can choose a, — a € U and b, — b € U. Hence, by (D.2), f(a) = f(b) and

since f is injective, a = b. As, a,, # b,, we define

a, — by,
Uy = ———.
! |an — bn|
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Thus, v, € S™ ! and by continuity, v, — v € S™~!. Therefore, by the Mean value

theorem for vector-valued functions,

gn(an) — gn(by) /be+ by)t) dt - (an, — by).
Hence, if
C - |9n(an) — gn(b|n) —_lb79|n(b)(an - bn)|7
then )
C - ’fo D f(bn + (an — by)t) dt - (an — by) — Dgn(b)(an — by)]

| n — bn|
(D (o= b.)0) = Do (B) il = b |
o (DS (b + (a0 = b)) = Dy (1)) 1
o [Df(bn + (an = bn)t) = Dga(b)] dt.
We note by (D.1) that

IA

/0 IDf (b, + (an — by)t) — Dgy(b)|| dt — 0.

Hence, C,, — 0. Since
|9n(an) — gn(bn)]
|an — |

— 0,

we have
Dg,(b)(an — by)
|G — |

— 0,

that is, Dg,(b)v, — 0. However, v, — v # 0, and thus Dg,(b) — 0. Consequently, g,
is not an immersion at b € U: which is a contradiction. Therefore, g is an embedding

in W and moreover it is also an embedding in . O



Appendix E

In this appendix, we establish and prove Whitney Embedding Theorem for compact
manifolds. There are two versions of the Whitney Theorem; a general version and the
explicit one. We prove the general version and state the other one. We follow the proof
given by [12], but it can be also found in a basic lecture of differential topology: for

example in [13].

Theorem E.1 (General Compact Whitney embedding). Any compact manifold can
be embedded in RY, for sufficiently large N.

Proof. Let m be the dimension of the manifold. Recall that we can always take a
regular covering, by 2.8. Moreover, since the manifold is compact, we can take a finite
regular covering. Let {(U, h;)}*_, be the regular recovering, with {V; = h;*(B(0,1))},
V; C U;. Choose a partition of unity {fi,..., fi} subordinate to the regular covering,
as in Theorem 2.2. We define the maps
v filmhi(z) x e U,
T €Z§1(36)_{() x & U,.
We note that ¢; is a C! function. The only problem should be when we change from
U; to its complementary. However, since supp fi C h; *B(0,2), we have that U¢ C
(h;*B(0,2))¢ and this implies that in the boundary it is locally constant 0. Then we

define the continuous map

p: M — RkHmFD
x = p(z):<¢1($)’7¢k($)’fl($)7vfk($))

We note that every ¢; has m components and we have k of them: thus we have k- m

components plus the & components by f. Hence, it is well-defined. Since > f; = 1,
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we note that p(x) = p(2') implies that fi(z) = fi(2'), for every i = 1,... k. Since
> fi = 1, there exists ig such that f; (x) = fi,(2') # 0 Hence, z,2’ € U;. The
coordinate m-i is h;(z) fi(z) = h;(2’) f;(z") and thus h;(z) = h;(2’). Since h; is injective
(is an homeomorphism), we have = = z’. Therefore, p is injective.

It remains to prove that Dp is injective, because an embedding in a compact set
is the same as an injective immersion and we have just seen that it is injective. Let

x € M, then the differential Dp maps v € T, M to

(Dfl(v)hl(x) 4 (@) D), . .., Dfu(0)hi(@) + fu(@)Dhi(v), D), ..., ka(m).

Suppose that for some v # 0, we have the matrix equal to 0. Therefore, every
component is zero. Thus, Df;(v) =0, for all ¢ = 1,...,k and then f;(x)Dh;(v) = 0,
for all ¢ = 1,...,k. However, since h; is a smooth and injective function, we have
Dh;(v) # 0, and moreover there exists some i such that f;(z) # 0. Therefore, we have
some i such that f;(x)Dh;(v) # 0: it contradicts the fact that there is some v # 0 such

that Dp(v) = 0. Hence, it is immersive and thus an embedding. O

Whitney’s Theorem establishes that every compact manifold can be embedded in
some RV, for N sufficiently large. This allows to understand a compact manifold as a
subset of a real space. In particular, we can inherit the metric of the real space and we

obtain the following corollary:
Corollary E.1. Every compact manifold is metrizable.
We now recall the explicit version of the previous theorem.

Theorem E.2 (Compact Whitney Embedding Theorem). Every compact manifold of

dimension m can be embedded in R*"t1,

Furthermore, we can formulate en equivalent version for immersions, since

immersions allow auto-intersections.

Theorem E.3 (Compact Whitney Immersivity Theorem). Every compact manifold

of dimension m can be immersed in R?™.
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