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In an incompressible flow, fluid density remains invariant along fluid element trajectories. This
implies that the spatial distribution of non-interacting noninertial particles in such flows cannot
develop density inhomogeneities beyond those that are already introduced in the initial condition.
However, in certain practical situations, density is measured or accumulated on (hyper-) surfaces of
dimensionality lower than the full dimensionality of the flow in which the particles move. An exam-
ple is the observation of particle distributions sedimented on the floor of the ocean. In such cases,
even if the initial distribution of noninertial particles is uniform within a finite support in an incom-
pressible flow, advection in the flow will give rise to inhomogeneities in the observed density. In this
paper, we analytically derive, in the framework of an initially homogeneous particle sheet sediment-
ing toward a bottom surface, the relationship between the geometry of the flow and the emerging
distribution. From a physical point of view, we identify the two processes that generate inhomo-
geneities to be the stretching within the sheet and the projection of the deformed sheet onto the target
surface. We point out that an extreme form of inhomogeneity, caustics, can develop for sheets. We
exemplify our geometrical results with simulations of particle advection in a simple kinematic flow,
study the dependence on various parameters involved, and illustrate that the basic mechanisms work
similarly if the initial (homogeneous) distribution occupies a more general region of finite extension
rather than a sheet. Published by AIP Publishing. https://doi.org/10.1063/1.5024356
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Sedimentation of small particles in complex flows is an25

outstanding problem in science and technology. In par-26

ticular, the sinking of biogenic particles from the marine27

surface to the bottom is a fundamental process of the28

biological carbon pump, playing a key role in the global29

carbon cycle. A complete understanding of this problem is30

still lacking. It has been recently shown that despite fluid31

incompressibility, sedimenting particles moving as nonin-32

ertial particles in the ocean on large scales show density33

inhomogeneities when accumulated on some bottom sur-34

face. Here, we analytically derive the relation between the35

geometry of the flow and the emerging distribution for an36

initially homogeneous sheet of particles. From a physical37

point of view, we identify the two processes that gener-38

ate inhomogeneities to be the stretching within the sheet39

and the projection of the deformed sheet onto the target40

surface. We point out conditions under which an extreme41

form of inhomogeneity, caustics, can develop.42

I. INTRODUCTION43

The sinking of small particles immersed in fluids is a44

problem of great importance both from theoretical and practi-45

cal points of view.1,2 In an environmental context, the sinking46

of biogenic particles in the ocean is a fundamental process. It47

plays a key role in the Earth carbon cycle through the biolog-48

ical carbon pump, i.e., the sequestration of carbon from the49

a)gabor@ifisc.uib-csic.es

atmosphere performed by phytoplankton via photosynthesis 50

in the surface waters and posterior sedimentation over the 51

oceanic floor.3 This is a complex problem, which involves the 52

interplay of biogeochemical processes with oceanic transport 53

phenomena where many open questions remain. In particu- 54

lar, some of these open questions concern the identification of 55

the catchment area (the place near the surface where the par- 56

ticles come from) of a given oceanic floor zone, and which 57

the mechanisms are that lead to the observed inhomogeneous 58

distribution of particles in surface and subsurface oceanic 59

layers4–6 or when collected at a given depth by sediment 60

traps.5,7–10 61

In this paper, we shall describe basic ingredients for 62

the processes that lead to large-scale inhomogeneities in the 63

density of the particles after sedimentation.11 These inhomo- 64

geneities emerge as a result of advection of the particles by 65

flows in the ocean. For the range of parameters that is rele- 66

vant for marine biogenic particles, a very good approximation 67

for the equation of motion of the particles,7,9,10,12 as it has 68

been explicitly shown in Ref. 11, simply consists of motion 69

following the fluid velocity with an additional settling term. 70

Such an equation of motion, if the fluid flow is incom- 71

pressible, preserves phase-space volume (note that the phase 72

space coincides here with the configuration space). Thus, 73

inertial effects, which have been typically identified as the 74

main causes for particle clustering (also called preferen- 75

tial concentration) in other situations,13–18 cannot explain 76

inhomogeneities in mesoscale oceanic sedimentation. Then 77

the question is which are the mechanisms that lead to 78
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sedimentation inhomogeneities in the absence of particle79

inertia.80

In incompressible flows, density is conserved along tra-81

jectories, so that inhomogeneities can occur only if they are82

already present in the initial distribution of the particles, and83

these initial inhomogeneities are carried over as intact during84

the entire time evolution, as long as characterizing the concen-85

tration of particles by a density is an appropriate framework.86

Note that this fact could already be sufficient for explaining87

the presence of inhomogeneities: for example, biogenic parti-88

cles in the ocean are not produced in a uniform distribution,89

of course.90

At the same time, one can also argue that parti-91

cles become uniformly distributed for asymptotically long92

times in bounded incompressible flows of chaotic nature,1993

which translates to a uniform particle density, at least when94

coarse-grained. For localized initial particle distributions in95

unbounded chaotic systems, a (growing and flattening) Gaus-96

sian is obtained instead of a uniform density, but such a shape97

can also be regarded as trivial.98

However, if the initial distribution is localized, even if99

being homogeneous within the localized support, it is well-100

known that complicated structures can be observed before101

reaching the asymptotic state.20,21 In particular, stretching102

and folding of the phase-space volume in which the parti-103

cles are located can, at least when looking at coarse-grained104

scales, considerably rearrange the density. That is, (coarse-105

grained) inhomogeneities emerge due to advection, which106

can be regarded as clustering or preferential concentration. In107

fact, it is the same process that leads to the above-mentioned108

asymptotic simplification, but the effect of this process is109

opposite on non-asymptotic time scales.110

Preliminary numerical studies in a realistic oceanic set-111

ting showed that a homogeneous layer of particles (with112

neglecting the interaction between them) indeed evolves to113

complicated shapes by stretching and folding while it is sink-114

ing. As a motivation, Fig. 1 presents such a direct numerical115

simulation. It is clear that homogenization or simplification116

is not reached on the time scale of the sinking process.117

The example of oceanic sedimentation thus emphasizes the118

practical importance of the investigation of non-asymptotic119

time scales in general, which, from a practical point of120

view, has received relatively little attention in the literature121

so far (an important exception is the paradigmatic problem of122

weather forecasting).123

Beyond stretching and folding during the sinking pro-124

cess, an important additional ingredient for the emergence125

of observable inhomogeneities in the density of sedimented126

particles is the accumulation at the bottom of the domain.127

This is a time-integration of the density at a two-dimensional128

subset of the full three-dimensional space, and this results129

in the translation of the complicated shapes to actual130

inhomogeneities without any coarse-graining: the conserva-131

tion of density no longer holds for such time-integrated132

projections.133

In this paper, we shall describe in detail how inhomo-134

geneities in the accumulated density emerge in incompressible135

flows on non-asymptotic time scales. We will derive the136

basic mechanisms analytically, and we will investigate the137

FIG. 1. The positions of particles (projected onto a vertical plane) at dif-
ferent times in a realistic ROMS simulation22 of the Benguela zone. The
numerical experiment consisted of releasing 6000 particles from initial con-
ditions randomly chosen in a square with sides of 1/6◦, centered at 10.0◦ E
29.12◦ S and 100 m depth. The particles’ trajectories X(t) were calculated
from dX/dt = vROMS − W k̂, where vROMS is the velocity from the ROMS
model, and W = 10 m/day corresponds to the sinking velocity,11 pointing in
the vertical direction given by the unit vector k̂.

properties of these mechanisms in a simplified kinematic flow, 138

in order to focus on the particle dynamics. 139

The main results we achieve are (i) we identify and quan- 140

tify two geometrical mechanisms contributing to the creation 141

of inhomogeneities in the density: the stretching due to the 142

flow and the projection onto the constant depth where the par- 143

ticles accumulate; (ii) we obtain an explicit expression for the 144

density at an arbitrary position of the accumulation level in 145

terms of the trajectories arriving to that particular position; 146

and (iii) in the context of a simplified kinematic flow, we study 147

the dependence on parameters that are generic to the problem: 148

the settling velocity, the depth of the accumulation level, and 149

the amplitude of the fluctuating flow. 150

The paper is organized as follows. In Sec. II, we establish 151

the setup for our analysis. In Sec. III, we obtain the expres- 152

sion for the final density and quantify the above-mentioned 153

two effects leading to inhomogeneities. In Sec. IV, we eval- 154

uate these results in the kinematic flow model. This flow is 155

defined in two dimensions (one horizontal and one vertical), 156

and it may show chaotic behavior. The role of the chaoticity 157

of the flow will be explicitly addressed. In Sec. V, we study 158

the parameter dependence. Finally, in Sec. VI, we summarize 159

and comment on the results. A number of appendices contain 160

the more technical aspects of our paper. 161

II. FORMULATION OF THE SETUP 162

A. Equations of motion 163

In this work, we will consider the motion of particles 164

that follow closely the velocity of the fluid in which they 165

are dispersed, except for the addition of a constant vertical 166
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velocity arising from the particle weight. This description is167

adequate in a variety of circumstances. In particular, it was168

shown by Monroy et al.11 to be the adequate one to describe169

a wide range of biogenic particles sedimenting in ocean flows170

with turbulent intensity typical of the open ocean. We revise171

in the following the arguments leading to that conclusion.172

The dynamics of spherical particles advected in flu-173

ids is described, in the small-particle limit, by the174

Maxey–Riley–Gatignol equation.11,23,24 When writing it in a175

nondimensionalized form that uses the characteristic length L176

and magnitude U of the fluid velocity field as units of space177

and velocity, two relevant dimensionless parameters appear.178

The first one is the Stokes number179

St = a2U

3νβL
, (1)

where a is the radius of the particle, ν is the kinematic viscos-180

ity of the fluid, and β = 3ρf/(2ρp + ρf), with ρp and ρf being181

the densities of the particle and of the fluid, respectively. This182

number quantifies the importance of inertia with respect to183

viscous drag. The second dimensionless quantity is the Froude184

number, quantifying the importance of inertia with respect to185

gravity,186

Fr = U√
gL

, (2)

where g is the gravitational acceleration. In terms of these187

numbers, the dimensionless terminal settling velocity of a188

particle in still fluid is189

W = (1 − β)
St

Fr2
. (3)

In complex turbulent flows such as in the ocean, the values190

of St and Fr vary with scale. Monroy et al.11 showed that191

for a relevant range of sizes and densities of biogenic parti-192

cles, St is very small. For example, it takes values11 in the193

range 10−7–10−1 in wind-driven surface turbulence in the194

open ocean at the Kolmogorov scale (∼ 0.3–2 mm), where25195

typical turbulent velocities are in the range 0.5–3 mm/s. At196

larger scales, St is still smaller. For example, for mesoscale197

oceanic motions, Lh = 100 km and Uh = 0.1 m/s for horizon-198

tal motion and Lv = 100m and Uv = 10 m/day ≈ 10−4 m/s199

for vertical motion. This gives St ≈ 10−6 for both horizontal200

and vertical motion. In any case, St is typically very small for201

the type of particles we are interested in. Under these circum-202

stances, a standard approach24 can be used to approximate the203

equation of motion for the particle in the limit of vanishing St204

[see Appendix A and Eq. (A1) in particular], provided that the205

settling velocity W is also small [Eq. (3)].206

In our ocean situation, the Froude number ranges from207

10−5 at the mesoscale to a maximum of 10−2 at the Kol-208

mogorov scale. Thus, the combination St/Fr2, appearing in209

the settling velocity W , Eq. (3), is within few orders of mag-210

nitude from 1 and is typically larger than 1. This means, first,211

that W is always orders of magnitude larger than St, W � St,212

and, second, that W is typically not a small quantity.213

If W � 1 does not hold, the standard approach24 for214

the small-St approximation is incorrect. In this case, what215

is appropriate is to take the limit defined by St → 0 and216

Fr → 0 with the value of W ∼ St/Fr2 remaining constant.217

Both in this new limit (see Appendix A) and in the standard 218

approach24 with W � St, the leading order contribution in St 219

to the equation of motion for the particle is a well-known7,9–12 220

approximation 221

Ẋ = v(X, t) ≡ vfluid(X, t) − W k̂, (4)

where we have introduced the notation v for the “velocity 222

field of the particle.” An important feature of the approximate 223

Eq. (4) is the absence of any inertial term. 224

The description (4) would be applicable in other circum- 225

stances beyond the ones described above, but, of course, there 226

would be situations—for example, coastal wave-breaking tur- 227

bulence environments, industrial flows, or (other) cases in 228

which St is not small enough—in which inertial terms will 229

have central importance, with effects that have been studied 230

in recent works.13–18 231

In our paper, we shall restrict our investigations to 232

dynamics of the form of Eq. (4). Additionally, we shall assume 233

|vfluid,z(X, t)| < W for the vertical component of the fluid 234

velocity field, which ensures vz < 0 for the vertical com- 235

ponent of the “particle velocity field” v. This assumption 236

excludes the presence of particle trajectories that would be 237

trapped forever to the system, which simplifies the technical 238

treatment of the problem and the interpretation of the phe- 239

nomenology in that the accumulated density at the bottom of 240

the domain is obtained by integrating over finite times. This 241

assumption is reasonable in the above-discussed example of 242

oceanic biogenic particles serving as our motivation.11 243

B. Definitions 244

Let us consider a flow in a d-dimensional space in 245

which we distinguish a “vertical” direction, characterized 246

by the “vertical” coordinate z, and the remaining (d − 1)- 247

dimensional subspace, which we call “horizontal,” with the 248

position vector x = (x, y, . . .) = (x1, x2, . . . , xd−1). We ana- 249

lyze the case d = 2 in detail, with mentioning d = 3 at some 250

points due to its practical relevance, but all results can eas- 251

ily be generalized to higher dimensions, which can be useful 252

when analyzing problems with phase spaces of higher dimen- 253

sionality. The flow is defined by the velocity field v(X, t), 254

X = (x, z) = (x, y, . . . , z) = (x1, x2, . . . , xd) being the position 255

vector in the full space and t being time. vz < 0 is assumed for 256

all X and t. 257

We initialize noninertial particles at t = t0 on a given 258

level z = z0 whose density within the so-defined horizontal 259

subspace (a material line and surface for d = 2 and d = 3, 260

respectively) is described by a “surface” density σ . We let the 261

particles fall until all of them reach a depth z = −a where 262

they accumulate. We are interested in the resulting horizon- 263

tal “surface” density σ‖ of the particles measured within the 264

accumulation level. 265

In our notation, a vertical line with a variable in the lower 266

index, |α , corresponds to keeping that particular variable, α, 267

constant, while a vertical line with the declaration of a value, 268

|β=β0
, denotes evaluating the preceding expression at the indi- 269

cated value, β0. These two notations can also occur together. 270

As an implicit rule in our notation, when taking derivatives 271
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with respect to a horizontal coordinate, all other horizontal272

coordinates are assumed to be kept constant.273

III. RELATING THE DENSITY TO PARTICLE274
TRAJECTORIES275

The final density σ‖ forming at any position of the accu-276

mulation level can be related to geometric properties of the277

flow observable along the trajectory of a particle that was ini-278

tialized on the initial level z0 at t0 and that arrives at the given279

position. If we have more particles, the corresponding densi-280

ties are to be added. In this section, we first explain that the281

relation can be given in terms of a special Jacobian, and ana-282

lyze the formula from some practical aspects. Then we present283

(for simplicity, taking d = 2 in the main text) an intuitive way284

of building up our formula, which lets us distinguish between285

the contribution of two simple effects: the stretching within286

the material line or material surface in which the particles287

are distributed, and the horizontal kinematic projection (i.e.,288

a projection that takes the horizontal component of the veloc-289

ity into account) of the density at the points of arrival at the290

accumulation level. Each of these two effects is well-defined291

even in setups in which the other is absent.292

A. General results293

Let the endpoint of a trajectory at time t that was ini-294

tialized at x0 be denoted by f(t; x0) = [ fx(t; x0), fy(t; x0), . . . ,295

fz(t; x0)] = [ f1(t; x0), f2(t; x0), . . . , fd(t; x0)]. The horizontal296

density at the point where a particular trajectory crosses the297

accumulation plane z = −a is proportional to the density at298

the initial position of the given trajectory:299

σ‖[t(fz = −a, x0), x0] = σ(t = t0, x0)F[t(fz = −a, x0), x0],300

(5)301

where x0 is the d − 1 dimensional initial position at t = t0302

of the particular trajectory within the initial level z = z0,303

σ(t = t0, x0) is the initial “surface” density at x0, and σ‖(t, x0)304

is the horizontal “surface” density at the endpoint, at some305

time t, of the trajectory that was initialized at x0. The time t306

of arrival at the accumulation level is unique, since vz < 0 is307

assumed, see Sec. II. This time depends on the vertical posi-308

tion of the accumulation level, where fz = −a, and also on309

which trajectory is chosen, which is defined by the initial posi-310

tion x0. (More generally, an arbitrary time t can be regarded311

as a function of any final vertical position fz and of the initial312

position x0, t = t(fz, x0). The relation t(fz, x0) is single-valued313

because of the assumption vz < 0.) In case more than one tra-314

jectory arrives at the same position within the accumulation315

level, the corresponding densities are summed up.316

The total factor, F(t(fz = −a, x0), x0), that multiplies the317

original density at the starting point of the given trajectory, is318

the reciprocal of the determinant of a Jacobian:319

F(t(fz = −a, x0), x0) = det [J(t(fz = −a, x0), x0)]
−1 , (6)

where J is a (d − 1) × (d − 1) Jacobian:320

Jij[t(fz, x0), x0] = ∂fj[t(fz, x0), x0]

∂x0i

∣
∣
∣
∣
fz

(7)

for i, j ∈ {1, . . . , d − 1}. This Jacobian is not a usual one in 321

two aspects. First, it is not a full-dimensional Jacobian, but 322

it is restricted to the horizontal coordinates. In particular, 323

for flows with d = 2, it is a scalar. Second, the derivatives 324

with respect to the coordinates of x0 are taken at a constant 325

value of the vertical coordinate fz, and not at a constant time. 326

For this reason, the direct numerical evaluation of Eq. (7) 327

for a given trajectory is not straightforward. Nevertheless, 328

Eqs. (6)–(7) are intuitive in the sense that they give the ratio 329

between the final and the initial values of the “area” of an 330

infinitesimal “surface” element neighboring the given trajec- 331

tory within the material “surface” of particles. For a more 332

rigorous derivation, see Appendix B. Note that the determi- 333

nant of a full-dimensional Jacobian taken at a constant time 334

is always one for volume-preserving flows. In our setup, the 335

reduced dimensionality and the non-instantaneous accumu- 336

lation process lead to changes in the density, and thus the 337

formation of inhomogeneities becomes possible. 338

We show in Appendix C that the derivatives taken at a 339

constant fz in the Jacobian (7) can be replaced by derivatives 340

taken at a constant time t in the following way: 341

∂fi[t(fz, x0), x0]

∂x0j

∣
∣
∣
∣
fz

= ∂fi(t, x0)

∂x0j

∣
∣
∣
∣
t

− vi[t, f(t; x0)]

vz[t, f(t; x0)]

∂fz(t, x0)

∂x0j

∣
∣
∣
∣
t

, 342

(8) 343

for i, j ∈ {1, . . . , d − 1}. The difference between taking 344

derivatives at constant fz and constant t stems from the fact 345

that different trajectories in the material “surface” reach a 346

given level fz at different times t. From a practical point of 347

view, Eq. (8) can easily be evaluated numerically. 348

Transforming the right-hand side of Eq. (6) in an alter- 349

native way, we learn that it can be obtained from an integral 350

along the given trajectory (as derived in Appendix D): 351

F[t(fz = −a, x0), x0] 352

= exp

⎧
⎨

⎩
−
∫ −a

z0

d−1∑

i=1

∂

∂fi

[
v̂i(fz, f‖)
v̂z(fz, f‖)

]∣∣
∣
∣
∣
fz ,f‖=f‖(fz ,x0)

dfz

⎫
⎬

⎭
,

(9)

353

where f‖ = (f1, . . . , fd−1) denotes the horizontal coordi- 354

nates of the trajectory, and v̂i(fz, f‖) = vi(t(fz, x0(fz, f‖)), f(t(fz, 355

x0(fz, f‖)), x0(fz, f‖))) for i ∈ {1, . . . , d}, i.e., v̂(fz, f‖) is the 356

velocity as regarded as a function of the endpoints of the 357

trajectories (instead of the time and the “bare” geometrical 358

coordinates of the domain of the fluid flow). When keeping fz 359

constant, the derivatives taken with respect to the coordinates 360

fi, with i ∈ {1, . . . , d − 1}, correspond to varying the selected 361

trajectory and also the time t, so that these derivatives are not 362

the instantaneous geometrical derivatives of the velocity field 363

(see Appendix D for a more detailed explanation). By replac- 364

ing the derivatives taken at a constant fz with those taken at a 365

constant t, we can further transform our formula such that it 366

can be directly evaluated numerically, see Appendix E. 367

One important aspect of the results presented in this 368

section is that the final density at a given point can be obtained 369

in terms of the initial density at one point (or, at least, a 370

countable number of them) and of the particle trajectory (or 371

trajectories) linking the points: these are all local properties, 372
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and no spatially extended information (within the material373

“surface”) is needed to determine the final density at the given374

point. In Sec. III B, we rewrite Eqs. (6)–(8) in alternative375

ways which highlight the contributions from two different and376

physically intuitive processes.Q2 377

B. Stretching and projection378

In this section, we obtain Eqs. (6)–(8) via two physically379

intuitive steps which correspond to two individual effects that380

modify the original density. For simplicity, we restrict our-381

selves to d = 2. In order to be able to precisely formulate our382

considerations, we use a parametric notation for the material383

line in this section.384

Let f(t = t0; u) describe a line segment of initial condi-385

tions at time t = t0 (a material line of particles) embedded386

in 2 dimensions, parameterized by the arc length u, and let387

σ(t = t0; u) be the initial density along the line segment at388

u. Note that the initial line segment need not be horizontal:389

the results of this section apply for a 1-dimensional initial390

subset of arbitrary shape, which extends the validity of these391

considerations to more general setups.392

Let us denote the image of the initial line segment at time393

t by f(t; u). The density σ(t; u) along this image at t in a point394

whose initial position was characterized by u is given by395

σ(t; u) = σ(t = t0; u)S(t; u), (10)

where396

S(t; u) =
∣
∣
∣
∣
df(t; u)

du

∣
∣
∣
∣

−1

. (11)

This simply follows from imposing the conservation of mass397

(i.e., continuity) within the material line of the particles. Note398

that the density (due to the incompressibility of the fluid) is399

conserved only in the full space, but not along subsets with400

lower dimensionality. For a precise derivation based on the401

full-dimensional density, see Appendix H. The factor S(t; u),402

multiplying the original density, describes the stretching along403

the material line up to time t experienced near a particle404

initialized at position u.405

We can obtain the horizontal density σ‖(t; u) by pro-406

jecting the instantaneous density σ(t; u), which is measured407

along the material line, to the horizontal direction taking408

into account the kinematics of the problem. In particular, we409

need to take into account the instantaneous orientation of the410

material line at the position characterized by u, and also the411

velocity at the same position:412

σ‖(t; u) = σ(t; u)P(t; u), (12)

where, according to simple geometry relating the pre- and413

the post-projection length of an infinitesimal segment of the414

material line around the position characterized by u,415

P(t; u) =
∣
∣
∣
∣
dfx(t; u)

ds
− dfz(t; u)

ds

vx[f(t; u), t]

vz[f(t; u), t]

∣
∣
∣
∣

−1

. (13)

Here, s is the arc length along the image of the line segment at416

t, and u can be regarded as a function of s. The first term holds417

alone when there is no horizontal velocity at the given time418

instant at the position of the given particle, and the second419

term originates from an additional change in the length, which420

is due to the presence of horizontal motion. It is worth empha- 421

sizing that the presence of the second term is due to projecting 422

the material line to a given depth, instead of taking the pro- 423

jection at a given time, in agreement with Eq. (7). For a more 424

detailed explanation of the formula, see Appendix I. This rela- 425

tion is valid for any t and u, so that it also applies to the time 426

instant when a given particle arrives at the accumulation level. 427

In total, there are two independent effects modifying the 428

initial density σ(t = t0; u): the stretching and the projection, 429

and both of them appear as a factor multiplying σ(t = t0; u) 430

σ‖(t; u) = σ(t = t0; u)F(t; u) = σ(t = t0; u)S(t; u)P(t; u), 431

(14) 432

where F(t; u) is the total factor [the same as in (6), for d = 2], 433

and S(t; u) and P(t; u) correspond to the stretching and the 434

projection as defined by Eqs. (11) and (13), respectively. 435

We can simplify the total factor to obtain (6) with (8) as 436

follows. Applying the chain rule for the partial derivatives in 437

(13) yields 438

P(t; u) =
∣
∣
∣
∣
df(t; u)

du

∣
∣
∣
∣

∣
∣
∣
∣
dfx(t; u)

du
− dfz(t; u)

du

vx[f(t; u), t]

vz[f(t; u), t]

∣
∣
∣
∣

−1

,

(15)
where 439

∣
∣
∣
∣
du

ds

∣
∣
∣
∣ =

∣
∣
∣
∣
df(t; u)

du

∣
∣
∣
∣

−1

(16)

has been used [see Eq. (H11) and the preceding discussion in 440

Appendix H]. Note that, according to (11), 441
∣
∣
∣
∣
df(t; u)

du

∣
∣
∣
∣ = S(t; u)−1, (17)

the substitution of which into (15) cancels out S(t; u) in (14): 442

F(t; u) =
∣
∣
∣
∣
dfx(t; u)

du
− dfz(t; u)

du

vx[f(t; u), t]

vz[f(t; u), t]

∣
∣
∣
∣

−1

, (18)

which is equivalent to (6)–(8) for d = 2. 443

The first term in Eq. (18), 444

δx(t; u) = dfx(t; u)

du
, (19)

is the parametric derivative, with respect to the position along 445

the initial line segment, of the horizontal component of the 446

current position vector, while the second term, 447

δ̃z(t; u) = −δz(t; u)
vx[f(t; u), t]

vz[f(t; u), t]
= −dfz(t; u)

du

vx[f(t; u), t]

vz[f(t; u), t]
, 448

(20) 449

is its vertical counterpart, but it is weighted by the ratio of the 450

two velocity components. As in Eq. (13), the former one is 451

due to a “static” change in length (i.e., not influenced by any 452

horizontal motion), and the latter one is the “correction” when 453

horizontal motion is present. The possibility of simplifying 454

Eq. (14) [with Eqs. (11) and Eq. (13)] to Eq. (18) is not a 455

surprise: it is only the ratio between the final and the initial 456

length of an infinitesimal line segment that is relevant, which 457

we have already learnt in Sec. III A. 458

Results for d = 3 corresponding to those of this section 459

discussed so far are given in Appendix J, and formulae for 460

d > 3 can be constructed similarly. 461
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TABLE I. The main quantities relevant for changes in the density.

Notation Name Defining formula

F Total factor (14)
S Stretching factor (11)
P Projection factor (13)
δx Parametric derivative of the

horizontal position
(19)

δz Parametric derivative of the vertical
position

(20)

δ̃z Weighted parametric derivative of
the vertical position

(20)

For d = 2, we can summarize our final expression as462

σ‖(t; u) = σ(t = t0; u)F(t; u)463

= σ(t = t0; u)S(t; u)P(t; u)464

= σ(t = t0; u)

∣
∣
∣δx(t; u) + δ̃z(t; u)

∣
∣
∣
−1

, (21)465

with the particular quantities collected in Table I. Note that466

a special situation may occur for those trajectories for which467

|δx + δ̃z| = 0 at the accumulation level. In this case, the final468

horizontal density is unbounded. The corresponding positions469

within the accumulation level characterize the so-called (den-470

sity) caustics,26 and they refer to the maximum levels of471

inhomogeneity in the accumulated density, so that their identi-472

fication and dependence on parameters is of great relevance in473

our work. Of course, the integral of the density (with respect474

to the final horizontal coordinate x) over such caustics remains475

finite. In particular, the generic form of a density caustic orig-476

inating from a standard parabolic fold with its vertex located477

at xc is ∼ 1/
√

x − xc.478

We can give a more intuitive condition for the positions of479

the caustics. We first recognize a simplification of (13), which480

is useful in general, too, and reads as481

P(t; u) =
∣
∣
∣
∣

vz[f(t; u), t]

n(t; u) · v[f(t; u), t]

∣
∣
∣
∣ , (22)

where n(t; u) is the normal vector of the line f at time t at a482

position that is characterized by u. Equation (22) is true, since483

n is obtained by rotating the tangent vector df/ds of the line484

by π/2485

n(t; u) =
[

−dfz(t; u)

ds
,

dfx(t; u)

ds

]

. (23)

A remarkable property of (22) is that it remains valid for486

d = 3; see Appendix K for the derivation.487

The presence of caustics actually originates from the488

projection factor P alone, and Eq. (22) gives a particularly489

intuitive interpretation by identifying the positions of the490

caustics as491

n(t; u) · v[f(t; u), t] = 0. (24)

That is, caustics appear in the accumulation plane wherever492

the local normal vector of the line is perpendicular to the local493

velocity, or, equivalently, where the local tangent of the line494

coincides with the direction of the local velocity.495

IV. NUMERICAL EXAMPLES 496

In this section, we present the basic phenomenology of 497

our setup via numerical examples in a 2D model flow. 498

A. Model flow 499

The equation of motion for the particles, Eq. (4), relies 500

on a fluid flow vfluid(X, t). For clarity, we choose this velocity 501

field to have zero mean integrated over space. Note, however, 502

that as long as the spatial distribution of the particles is inho- 503

mogeneous, the vertical velocity averaged over all particles 504

will be different from −W due to the inhomogeneities of the 505

velocity field.27 506

In order to present relevant phenomena in a clear way, 507

we use a d = 2 model flow vfluid(X, t) for our numerical 508

examples: we choose a modified version of the paradigmatic 509

double-shear flow.28 In its classical version, it is a periodic 510

velocity field consisting of a horizontal shear during the first 511

half of the temporal period and of a vertical shear during the 512

other half. We modify this in two aspects: First, we smooth 513

the discontinuous transition between the two orientations by 514

introducing a hyperbolic-tangent-type transition.15 Second, 515

we rotate the shear directions by 45◦, to break the coincidence 516

of the two instantaneous velocity directions with the horizon- 517

tal and vertical axes, which in our sedimentation setup have a 518

very specific role. The resulting velocity field is written as 519

vfluid,x(X, t) = 1√
2

[vfluid,ξ (X, t) − vfluid,η(X, t)], (25) 520

521

vfluid,z(X, t) = 1√
2

[vfluid,ξ (X, t) + vfluid,η(X, t)], (26) 522

where 523

vfluid,ξ (X, t) = A{1 + tanh[γ sin(2π t)]} sin[
√

2π(z − x)],
(27)

524

525

vfluid,η(X, t) = A{1 − tanh[γ sin(2π t)]} sin[
√

2π(z + x)].
(28)

526

γ = 20/π controls the temporal sharpness of the shear- 527

direction switching, and it is fixed throughout the paper (as 528

well as the temporal period of the fluid, which is set to 1). A 529

is half of the amplitude of each elementary velocity compo- 530

nent (in what follows: the “amplitude”). By increasing A, we 531

increase the strength of the flow and, as a consequence, also 532

its chaoticity, i.e., the (largest positive) Lyapunov exponent, 533

which is associated with the separation with time of fluid par- 534

ticle trajectories. Note that the velocity field (26)–(28) is also 535

periodic in space, with a period of
√

2 in both x and z. For the 536

trajectories, at variance with other implementations of flows 537

related to the double shear, we do not impose any periodic 538

boundary conditions, so that the particles’ positions evolve in 539

the unbounded directions x and z. 540

If we regard the accumulation level as the bottom of the 541

domain of a realistic fluid flow, the velocity field vfluid(X, t) 542

would have to fulfill a no-flux or even a no-slip boundary 543

condition at z = −a, which is not satisfied by (26)–(28). 544

As for the no-flux boundary condition, we do not expect 545

to introduce any qualitative difference compared to the results 546
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FIG. 2. The positions of the particles
of the initially horizontal material line of
unit length, at the indicated time instants.
Dashed lines mark the accumulation
levels taken for Figs. 3–5. A = 0.06,
W = 0.6.

obtained in our example flow, since in all our theoretical547

formulae, the relevant quantity at the accumulation level548

appears to be not the fluid velocity vfluid, but the particle549

velocity v, which would not have a vanishing vertical compo-550

nent. Indeed, we carried out our main analyses in a different551

flow, namely, a spatially periodic sheared vortex flow with552

temporal modulation,29,30 with accumulation levels fulfilling553

the no-flux boundary condition, and obtained the very same554

qualitative results.555

In principle, a viscous boundary layer with a so-slip556

boundary condition, or any kind of a separate flow regime557

at the bottom of the fluid with different characteristics com-558

pared to the bulk (e.g., length and time scales, magnitude of559

the velocity), cannot be excluded to leave an important, spe-560

cific imprint on the qualitative properties of the accumulated561

particle density. However, with our assumptions and param-562

eters, as well as in oceanic settings, the time that is spent by563

a particle in a given layer is mainly determined by the set-564

tling velocity W , independent of the flow; hence, the effects565

of any boundary layer or separate flow regime are expected566

to be negligible if the boundary layer is thin compared to the567

bulk of the fluid (like in the ocean).568

Beyond all of the above, in experimental set-ups such as569

in sediment traps, the accumulation points are not at the bot-570

tom of the sea, but at some intermediate depth at which no571

boundary conditions apply at all.572

B. Illustrative results573

We now present typical examples for the final density574

within the accumulation level and show how its form emerges575

from the reshaping of the material line, which gives rise to576

the different density-modifying contributions that have been577

introduced in Sec. III. We always initialize, at t0 = 0, 10 000 578

particles at z0 = 0 uniformly in a line segment x ∈ [0, 1]. 579

(Note that any initial length of the order of unity would suf- 580

fice for our examples.) We follow the particles’ trajectories 581

in the double-shear flow [Eq. (26)] and compute the rele- 582

vant quantities numerically (see Table I). When more than one 583

branch of the material line arrives at the same position (as a 584

result of folding), we additionally calculate the sum
∑F of 585

the total factors F corresponding to the individual branches. 586

Furthermore, we compare
∑F to a normalized histogram h 587

calculated directly from the arrival positions of the individual 588

particles. 589

We start with a parameter setting that does not produce 590

noticeable chaos but leads to regular motion: the portrait 591

of the corresponding stroboscopic map consists of slightly 592

undulating quasi-vertical lines. However, the net horizontal 593

displacement of a trajectory after vertically traversing one 594

spatial period of the flow is not zero generally; it is just very 595

small. 596

Snaphots from the time evolution of the line of particles 597

are shown in Fig. 2. At the beginning, both horizontal and rel- 598

ative vertical displacements of neighboring particles remain 599

small, and the line becomes slightly undulated [Fig. 2(a)]. 600

Later on, relative vertical displacements become much larger 601

[see Fig. 2(b)]. When they become large enough, it can happen 602

that certain, more slowly falling, parts of the line are folded 603

above the faster parts, as can be observed in Fig. 2(c). Such 604

folds, together with the nearly vertical velocity vector, result 605

in caustics after accumulation. 606

Figure 3 considers the parameter setting of Fig. 2 and 607

shows the quantities of Table I for an accumulation level 608

placed at z = −a = −2.7 [marked also in Fig. 2(a)]. We can 609

see in Fig. 3(a) that the total factor F computed along the 610

FIG. 3. (a) The total factor F , at the accumulation level a = 2.7 [marked by a horizontal dashed line in Fig. 2(b)], computed along the individual trajectories
according to (18) (in black), and the histogram h (with bin size 0.02) obtained from the positions of the trajectories on the accumulation level (in dark yellow),
both as a function of the position along the accumulation level. (b) The total factor F (black) compared to the stretching factor S (orange) and to the projection
factor P (blue). (c) The reciprocal of the total factor F (black) compared to the parametric derivative of the horizontal position δx (green), to the parametric
derivative of the vertical position δz (thin magenta), and to the weighted parametric derivative of the vertical position δ̃z (thick magenta). See Table I to locate
the corresponding formulae. A = 0.06, W = 0.6.
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FIG. 4. Same as Fig. 3 for a deeper
accumulation depth, a = 16.2 [marked
by a horizontal dashed line in Fig. 2(b)].

individual trajectories according to (18) gives practically per-611

fectly the same result as directly calculating the histogram612

h from the positions of the trajectories on the accumula-613

tion level. The total factor does not take a constant value614

of 1, so that the density developsinhomogeneities, but only615

weak ones, which depend smoothly on the position along the616

accumulation level.617

In Fig. 3(b), we can observe that the smooth “undulation”618

of the total factor F originates from rather generic “undula-619

tions” of the stretching factor S and the projection factor P ,620

the deviation of which from 1 is of similar magnitude as that621

of F . A little bit more interesting is Fig. 3(c), which analyzes622

the contributions from the different terms in the reciprocal623

of the total factor F . Due to the weak horizontal displace-624

ments, a unit change along the initial, horizontally oriented625

material line segment approximately results in a unit change626

along the accumulation depth as well. As a consequence, the627

value of the parametric derivative δx is near to 1. The para-628

metric derivative δz, however, deviates more from its initial629

value of 0, which indicates that relative vertical displacements630

are stronger. Nevertheless, from the point of view of the den-631

sity, weighting this parametric derivative by vx/vz to obtain632

δ̃z keeps the effect of stronger relative vertical displacements633

small: the amplitude A of the fluctuating part of the velocity634

field, contributing alone to vx, is much smaller than W , which635

dominates in vz.636

If we let the line fall more and prescribe z = −a = −16.2637

[seen in Fig. 2(b)], the “undulation” of the total factor F , of638

course, becomes stronger [see Fig. 4(a)]. It may be surprising639

that stretching and projection both have even much stronger640

effect, shown in Fig. 4(b), but they are approximately anti-641

correlated, so that they more or less cancel out each other642

[note that S and P are multiplied in (14) and are shown on643

a logarithmic scale in Fig. 4(b)]. Qualitatively, this can be644

understood as a result of the relative vertical displacements645

being much larger than the horizontal ones, which is clearly646

observable in Fig. 2(b): both the stretching and the tilting of647

the line result mainly from the vertical deformation, and, when 648

different parts of the line are accumulated on the same level, 649

with a nearly vertical velocity (vx/vz is still small), this defor- 650

mation is practically removed, resulting in an approximately 651

homogeneous horizontal line after projection. 652

An open question is why horizontal displacements are 653

much smaller than vertical ones. Note that the amplitude of 654

the shear flow is the same in the vertical and the horizontal 655

directions. The phenomenon is certainly due to the symmetry 656

breaking introduced by the settling term in the velocity (4). 657

We shall return to the possible importance of this phenomenon 658

in Sec. V C. 659

Note in Fig. 4(b) that stretching almost always dilutes the 660

original density, while projection almost always densifies it. 661

While this already follows from the geometry of the line in 662

Fig. 2(b), we can easily provide with a more general explana- 663

tion: On the one hand, anyhow we initialize our material line 664

segment, and it will gradually align with the stretching direc- 665

tion (as opposed to shrinking). As for the projection, on the 666

other hand, the simple horizontal projection of a (in our case, 667

curved) line is always shorter than the original line. This can 668

only be altered by a strong horizontal velocity component, but 669

vx/vz is small here. 670

Figure 4(c) confirms our visual observation [in Fig. 2(b)] 671

of the strong vertical and relatively weak horizontal deforma- 672

tion and emphasizes the importance of the smallness of vx/vz 673

in avoiding strong modifications of the density. 674

In Fig. 5, accumulation is prescribed at an even deeper 675

depth, z = −a = −97.2 [seen in Fig. 2(c)]. As Fig. 2(c) 676

shows, the line segment has undergone foldings by the time 677

it reaches this accumulation level. At the folding points (note 678

that they occur in pairs), where the tangent of the line coin- 679

cides with the local velocity [see Eq. (24)], caustics appear: 680

the projection factor P tends to infinity[blue line in Fig. 5(b)], 681

and this is carried over also to the total factor F [black line in 682

Fig. 5(b)]. To obtain the total density forming along the accu- 683

mulation level, the total factors F corresponding to each of 684

FIG. 5. Same as Fig. 3 for a = 97.2
[marked by a horizontal dashed line in
Fig. 2(c)], and panel (a) showing the
total factor F summed over the different
branches of the material line segment.
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FIG. 6. Same as Fig. 2 for A = 0.25.
The dashed lines in panels (a) and (c)
mark the accumulation levels taken for
Figs. 7 and 8.

the branches of the material line have to be summed up [see685

Fig. 5(a)]. Figure 5(a) also shows that our histogram h is not686

able to resolve the caustics and fine structures.687

The novelty in Fig. 5(c) is that even the weighted para-688

metric derivative δ̃z grows to considerable magnitudes, this689

is how it becomes possible that the sum δx + δ̃z crosses zero,690

where the caustics are found [see Eq. (21)]. The unweighted691

parametric derivative δz is so large that it typically does not fit692

to the scale of the plot, which concentrates on the other quan-693

tities. Note also that vx changes sign near the caustics, which694

is not surprising: this is how folds can appear.695

Now, we change our parameter setting to obtain a com-696

pletely chaotic case, when the phase portrait shows homo-697

geneous mixing. The time evolution of the geometry of the698

line of particles is shown in Fig. 6. Strong stretching occurs699

at the very beginning, which is accompanied soon by sev-700

eral folds [Fig. 6(a)]. This is the situation that resembles the701

most to our motivating example in Fig. 1. Later on, rather702

complicated structures develop [Fig. 6(b)]. Finally, the line703

follows finer and finer structures of the typical fractal fila-704

mentation of chaos [Fig. 6(c)]. Unlike in Fig. 2, anisotropy705

in the relative displacement of neighboring particles is not706

obvious.707

For an accumulation level that is reached during the early708

stages of the development of the structures [see Fig. 6(a)], the709

summed total factor
∑F , as well as the histogram h, exhibits710

considerable inhomogeneities [see Fig. 7(a)]. (In this case,711

they are only the peaks of the caustics that are not resolved712

by h.) Therefore, we can say that chaos first inhomogenizes713

the initially uniform distribution.714

In Fig. 7(b), we can observe that stretching dilutes and715

projection densifies, in accordance with our general argumen-716

tation that we gave when discussing Fig. 4(b).717

In Fig. 7(c), we can see that δx and δz have similar718

magnitude, lacking the anisotropy observed in Figs. 3–5. Fur-719

thermore, δ̃z is not much smaller than δz, due to the relatively720

strong amplitude A of the flow compared to W .721

For an accumulation level placed at a depth where 722

chaotic filamentation is rather developed [see Fig. 6(c)], the 723

summed total factor
∑F , shown in Fig. 8(a), is composed of 724

extremely many contributions from individual branches and 725

thus exhibits extremely many corresponding caustics. How- 726

ever, apart from the caustics and some fine-scale structures, 727

the resulting shape is quite simple: it is a single bump. The 728

histogram h, not being able, of course, to resolve the caus- 729

tics, only “detects” this bump. This coarse-grained structure 730

is resembling somewhat to the Gaussian that is expected to 731

appear for asymptotically long times and clearly indicates that 732

chaos nowhomogenizes earlier inhomogeneities (cf. Fig. 7), 733

unless the density is investigated on a fine scale. Due to 734

conservation of mass and the not very enhanced horizontal 735

extension, the bulk of the bump is close to 1 in Fig. 8(a). 736

This is not so, however, before summing up the contri- 737

butions from the different branches; see the black line, F , in 738

Fig. 8(b). It is clear that stretching (represented by S, orange 739

line), which dilutes, “wins” as opposed to projection (rep- 740

resented by P , blue line), which densifies. Chaos naturally 741

involves very strong stretching. Projection, however, origi- 742

nates from local geometric properties: it is determined solely 743

by the local orientation of the material line and the local veloc- 744

ity of the fluid where and when a particle of the line arrives 745

at the accumulation depth. The local orientation of the line is, 746

after strong enough mixing, practically random (with a possi- 747

bly nonuniform distribution, determined by the flow). After 748

reaching this randomness, the projection factor P will not 749

grow any more, i.e., its magnitude saturates. At the same time, 750

stretching can always grow. Note, however, that the projection 751

factor P should also increase at the beginning. 752

In this last, chaotic case, the parametric derivatives of the 753

horizontal and vertical positions behave in a completely irreg- 754

ular way [see Fig. 8(c)]. The only conclusion that we can draw 755

from Fig. 8(c), based on some breaks in some lines, is that the 756

resolution of the filamentation is reaching its limit with the 757

current number of the particles. 758

FIG. 7. Same as Fig. 5 for A = 0.25 and
accumulation level a = 1.8 [shown as a
horizontal line in 6(a)].
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FIG. 8. Same as Fig. 7 for A = 0.25 and
a = 7.2 [shown as a horizontal line in
6(c)].

V. SYSTEMATIC STUDY OF PARAMETER759
DEPENDENCE760

It is an interesting question how inhomogeneities and the761

underlying effects, as presented in Sec. IV, respond to changes762

in the parameters. For characterizing the basic properties of763

the quantities analyzed in Sec. IV B, we evaluate their aver-764

age and standard deviation along the accumulation level. The765

former gives the net effect (dilution or densification), while766

the latter characterizes the strength of inhomogeneities. We767

emphasize that evaluation along the accumulation level means768

that we evaluate the statistics with respect to horizontal length,769

but we do not sum up over possible different branches of the770

material line that are present at the same point within the accu-771

mulation level (except for the summed total factor
∑F and772

the normalized histogram h, the definition of which implies773

summation). In particular, the average of a quantity φ, where774

φ is either S, P , F , δx, δz, or δ̃z, is obtained as775

〈φ〉 =
n∑

i=1

1

xi − xi−1

∫ xi

xi−1

φ dx, (29)

where x is the horizontal coordinate along the accumulation776

level, x1 and xn are the positions where the beginning and777

the endpoint of the material line reach the accumulation level,778

respectively, xi for i ∈ {2, . . . , n − 1} are the positions of the779

caustics where the line undergoes a fold (note that xi+1 < xi780

if xi > xi−1 and vice versa, which implies that n, and also the781

number of the caustics, n − 2, are even). The formula for the 782

standard deviation is similar. Beyond averages and standard 783

deviations, we shall also consider the number of the caustics. 784

We mention here that the standard deviation is not well- 785

defined if caustics are present. Since caustics, as mentioned, 786

are 1/
√

x-type singularities in the density, the integral over 787

their square, 1/x, does not remain finite. Indeed, we numer- 788

ically found that the standard deviation calculated from a 789

normalized histogram h grows approximately as − log �x 790

with the bin size �x of the histogram whenever the number 791

of the caustics is greater than zero (should it be 2 or several 792

thousands), which is a characteristic of numerical integrals 793

over 1/x. Therefore, for such parameter values, we plot the 794

standard deviation of the normalized histogram h, separately 795

for a smaller and for a larger bin size and do not show the 796

numerically obtained standard deviation for
∑F , F , or P . 797

When calculating h for different parameter values, we keep 798

the number N of the bins constant (instead of the bin size) and 799

indicate N in the lower index of h as hN . 800

We concentrate on the dependence on the following 801

parameters: the settling velocity W , the accumulation depth a, 802

and the amplitude of the fluctuating part of the velocity field, 803

which corresponds to A in Eq. (28). An important combination 804

of these quantities is τ = a/W , which is roughly proportional 805

to the time needed for the material line to reach the accumu- 806

lation level. The difference of τ from the actual settling time, 807

when averaged over the particles, is due to the inhomogeneous 808

FIG. 9. (a) The average and (b) the
standard deviation, as a function of the
settling velocity W , of the stretching fac-
tor S, of the projection factor P , and of
the total factor F , the latter also summed
up over the different branches of the line
in panel (a) (for the chosen values of τ

and A, the result mostly coincides with
the non-summed-up factor). (c) and (d)
The same for the parametric derivative of
the horizontal position δx (minus 1 for
comparability), the parametric deriva-
tive of the vertical position δz, and the
weighted parametric derivative of the
vertical position δ̃z. τ = a/W = 12.5 is
kept constant. The amplitude of the shear
flow is A = 0.07.
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FIG. 10. (a) The average and (b) the
standard deviation, as a function of the
accumulation depth a, of the indicated
quantities. W = 0.6 is kept constant, as
well as the amplitude A = 0.25 of the
shear flow.

spatial distribution of the particles, as explained in Sec. IV A.809

Note, furthermore, that different parts of the material line810

reach the accumulation level at different times. This results811

in a smearout of the settling time along the line, which is also812

reflected in the properties that we investigate. As the vertical813

extension of the material line grows in time, or with increasing814

depth, the importance of this phenomenon also increases. At815

the beginning, the spread of the settling time is smaller than816

the characteristic time scale of the flow (i.e., unity), but later817

on, it grows above this characteristic time. In spite of all this,818

the time τ gives a good guidance for the interpretation of what819

can be observed.820

A. Dependence on the settling velocity W821

Keeping a (and A) constant for increasing W leads to822

a decrease in τ and a corresponding weakening in both the823

average and the standard deviation of all effects under inves-824

tigation, since they have less time available to act on the825

material line. However, when keepingτ constant for increas-826

ing W , we can still experience a reduction in all effects827

represented by S, P , δx, δz, and δ̃z; hence, also in the total828

factor F , as the example in Fig. 9 illustrates. This is due to829

the fact that particles falling faster experience the inhomo-830

geneities of the shear flow at a higher frequency, as a result of831

which these inhomogeneities average out (similarly as shown832

in Ref. 31 and then applied in Ref. 32 in a damped noisy833

setting). We have found this phenomenon to be present inde-834

pendently of the amplitude A, including whether the flow is835

observed to be chaotic or not.836

An additional feature in Fig. 9 is the presence of reso-837

nances at W = √
2 and its odd multiples, affecting some small838

neighborhood around these values. W = √
2 corresponds to a839

special case when the vertical displacement that would arise840

from the settling velocity W alone during one time period841

of the shear flow [taken to be unity in (28)] coincides with842

the spatial period
√

2 of the flow in the z coordinate. How- 843

ever, this is a phenomenon very specific to the choice of our 844

kinematic flow and would not exist in a generic, spatially, or 845

temporally nonperiodic flow. 846

For the smallest value, W = 0.2, and near W = √
2, caus- 847

tics and more than one branch are present for the setting of 848

Fig. 9. As a consequence, the average of the total factor F is 849

not the same as that of its summed up version
∑F [Fig. 9(a)], 850

and their standard deviation, as well as that of the projection 851

factor P , is not defined [in Fig. 9(b)]. 852

An interesting observation in Fig. 9(b) is that the effect of 853

projection becomes completely negligible compared to that of 854

stretching (for the standard deviation at least) for increasing 855

W . Without being able to provide an explanation, we cannot 856

judge to what extent this property is universal, but it becomes 857

clear that one effect can be more important than the other in 858

some situations. 859

B. Dependence on the depth a 860

The dependence on a, when keeping W and A constant, is 861

composed of two “signal,” for each quantity. One corresponds 862

to the spatial and the temporal periodicity of the flow, causing 863

quasiperiodic oscillations in the strengths of the investigated 864

effects on fine scales. While quasiperiodic oscillations would 865

not be present in a generic flow, the presence of fluctuations 866

is natural. The other “signal”, more relevant for us, is a much 867

smoother trend observable on coarser scales. We shall concen- 868

trate on the coarse-grained behavior. Generally, the individual 869

effects become stronger with increasing a, which results from 870

the longer time available for them to act (this time is roughly 871

proportional to τ ). At the same time, there are several nontriv- 872

ialities, and we shall highlight the main points on the example 873

of a chaotic case. The regular case is qualitatively similar with 874

different functional forms, and a full description of both cases 875

is found in Appendix L. 876

FIG. 11. The number of the caustics, as
a function of the accumulation depth a.
For comparison, a linear law is shown in
panel (a). W = 0.6, and the amplitudes A
are as indicated.
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FIG. 12. (a) The average and (b) the
standard deviation, as a function of the
amplitude A of the shear flow, of the
indicated quantities. W = 0.6 is kept con-
stant, as well as τ = 12.5.

The chaotic example is presented in Fig. 10 (we note that877

individual spikes in the plots for a > 6 are numerical arte-878

facts due to the presence of caustics). Figure 10(a) indicates879

that both 〈S〉 and 〈F〉 decrease exponentially as a function880

of the depth a. For the stretching, this can be regarded as a881

direct consequence of chaos, taking into account that depth is882

roughly proportional to settling time. The average 〈P〉 of the883

projection factor increases only moderately (possibly related884

to saturational effects), and this is why the stretching behavior885

determines the total factor, resulting in an exponential depen-886

dence. Still, if we sum up the total factor over line branches,887

its average 〈∑F〉 remains approximately constant [see the888

gray line in Fig. 10(a)] because of mass conservation. That is,889

in spite of the strong reshapement of the material line, there is890

no net densification or much net dilution. Only a slight dilu-891

tion is observable, for larger a, when the flow is able to advect892

parts of the material line horizontally farther away from the893

unit-sized horizontal section in which it was initialized. Cal-894

culating the average 〈hN 〉 of the normalized histogram hN895

yields the same result as 〈∑F〉 (for a wide range of bin num-896

bers N , of which only one is shown), except for the absence897

of the artificial individual spikes.898

As for the inhomogeneities, Fig. 10(b) shows that the899

total factor F exhibits an increasing inhomogeneity with900

increasing depth a, for small a, with a slight slowing down901

in the rate before the first caustics appear, and it is not mean-902

ingful to continue the graph. This behavior seems to result903

from those of the stretching factor S and the projection factor904

P , with equal importance. In particular, the standard devi-905

ation of the projection factor P is also increasing as long906

as it exists, due to the access to more and more different907

degrees of tiltness. Since different parts of the (phase) space908

are stretched differently, an even sharper increase is observ-909

able at the very beginning for the stretching factor S, too.910

This increase, however, levels off very soon and then turns to911

a pronounced decrease. This might be related to the decreas-912

ing magnitude of the factor S itself in average, but also to913

the stretching of any given part of the line being influenced914

by more and more parts of the (phase) space, more and more915

homogeneously. Maybe, this mixing is why the standard devi-916

ation of the normalized histogram hN also starts decreasing917

for deeper depths a, for any particular choice N of the coarse-918

graining (though taking on slightly different values depending919

on the number N of the bins). At the same time, the coarse-920

grained quantifier hN follows, of course, the behavior of the921

total factor F very accurately for small depths a, i.e., it detects922

the inhomogenization, and does not depend on the choice923

of N .924

To summarize, both in chaotic and regular settings (see 925

Appendix L), the emergence of the inhomogeneities mostly 926

takes place at the beginning of the settling process (observable 927

for small accumulation depths a). As soon as caustics appear, 928

the standard deviation diverges, but any given coarse-graining 929

exhibits homogenization on the long term (for large a). 930

It is important to point out that the number of the caustics, 931

besides the usual fluctuations (which are present in any statis- 932

tics of any quantity), increases without bounds: it increases 933

linearly and exponentially as a function of the depth a in 934

the regular and the chaotic case, respectively [see Figs. 11(a) 935

and 11(b)]. This indicates that inhomogenization always con- 936

tinues on infinitely small spatial scales, due to the perpetual 937

mixing of the (phase) space. 938

C. Dependence on the amplitude A and a balance 939
between stretching and projection 940

Even in the presence of strong oscillations as a function 941

of a, and of resonances as a function of W , the dependence on 942

the amplitude A of the shear flow can be investigated without 943

being influenced by the spatial and temporal periodicities. We 944

concentrate here on the factors S, P , and F . 945

As Fig. 12(a) illustrates, the average stretching factor 〈S〉 946

exhibits a stronger response to increasing amplitude than the 947

average projection factor〈P〉, resulting in a net dilution in the 948

average total factor 〈F〉. The projection factor 〈P〉 actually 949

saturates and even turns to a little (unexplained) weakening. 950

Mass conservation keeps the total factor, when summed up 951

over the different branches, approximately constant on aver- 952

age, with a slight dilution for larger A, like in Fig. 10(a) for 953

larger a. In total, the dependences in Fig. 12(a) are remarkably 954

similar to those in Fig. 10(a) [and Fig. 16(a) as well]. 955

Due to the presence of caustics, only the stretching fac- 956

tor S and the coarse-grained normalized histograms hN are 957

presented in Fig. 12(b), which shows the standard deviations, 958

and there is an inevitable dependence on N . Nevertheless, the 959

matching with the corresponding figures showing the depen- 960

dence on the depth [Figs. 10(b) and 16(b)] is also remarkably 961

good. We conclude that increasing the amplitude A has a 962

similar effect as increasing the depth a, which is a conse- 963

quence of a stronger rearrangement of the material in both 964

cases. 965

Note in Fig. 12(a) that 〈F〉 seems to tend to 1 for decreas- 966

ing A more quickly than 〈S〉 and 〈P〉 themselves, and, in 967

particular, it practically never goes above 1. That is, for 968

decreasing A, it might not be permitted to happen that pro- 969

jection would start to dominate stretching, even though this 970
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would be the inverse of what happens for increasing A. The971

prohibition of projection “winning” is also indicated by the972

experience that stretching and projection tend to be anticor-973

related for decreasing A [not shown, but cf. Fig. 3(b) and974

the related discussion]. All this would mean that stretching975

and projection would become exactly balanced (canceling out976

each other) in the limit of small A. The existence of this bal-977

ancing limit would also imply that stretching and projection978

effects cannot occur without each other even for arbitrarily979

small perturbations of a uniform flow.980

The existence of this balancing limit between stretching981

and projection, with a vanishing effect on the final density,982

might be a plausible assumption based on the observation that983

the horizontal displacements are much smaller than the verti-984

cal ones for the rather small amplitude A of Figs. 3(c)–5(c).985

Furthermore, taking into account the similar dependence on986

the amplitude A and the depth a, and the smaller magni-987

tude of 〈F〉 in Figs. 10(a) and 16(a) than 〈S〉 or 〈P〉, a988

similar balancing might also occur for small depths a. How-989

ever, note in Fig. 3(b) that stretching and projection do not990

cancel out each other locally in space, and Fig. 9(b) also sug-991

gests that stretching can be more important than projection992

in certain setups with weak mixing. As the reason for the993

anisotropy in the magnitudes of the relative displacements994

[e.g., in Figs. 3(c)–5(c)] is unexplained, we are not able to995

draw solid conclusions about the existence of a balancing limit996

between stretching and projection.997

VI. DISCUSSION AND CONCLUSION998

In this paper, we have described the mechanisms, stretch-999

ing and projection, that give rise to inhomogeneities in the1000

density of a layer of noninertial particles when the particles,1001

after falling in a d-dimensional fluid flow (such that the par-1002

ticle velocity field is incompressible), are accumulated on a1003

particular level. We have explored in an example flow how1004

different characteristics of the accumulated density depend on1005

generic parameters.1006

In order to check if our numerical observations are1007

generic, we carried out the main analyses in a different1008

example flow, a spatially periodic sheared vortex flow with1009

temporal modulation.29,30 Considering a completely chaotic1010

case in the presence of temporally periodic modulation, we1011

found all of our qualitative conclusions to hold. What is1012

even more important, breaking temporal periodicity did not1013

introduce any relevant alteration.1014

The emergence of inhomogeneities from a homogeneous1015

distribution, pointed out in this context first in Ref. 11,1016

might be surprising in volume-preserving flows. In the special1017

setting when the initial conditions are distributed in a (d −1018

1)-dimensional subset of the d-dimensional domain of the1019

fluid flow, the (d − 1)-dimensional density defined along the1020

evolving subset is not conserved. However, this fact cannot1021

be regarded as the basic source of inhomogeneity. If we have1022

a full-dimensional set of initial conditions, distributed over1023

a continuous range of levels, we can apply the results of this1024

paper to the horizontal layers and then integrate over the initial1025

vertical coordinate to obtain the final, (d − 1)-dimensional1026

density after the accumulation—and inhomogeneities arising1027

within the individual layers are expected to be carried over to 1028

this final density. As a conclusion, we can say that the finite 1029

support of an (otherwise homogeneous) initial distribution is 1030

at the origin of the observed inhomogeneities at the accumu- 1031

lation level (without any coarse-graining, cf. Sec. I), but the 1032

mechanism by which they develop involves the stretching and 1033

the projection processes described above. 1034

To illustrate the above considerations, we first show that 1035

a 2-dimensional set of initial conditions in the 2-dimensional 1036

shear flow problem (see Sec. IV A) also leads to inho- 1037

mogeneities in the accumulated density. In particular, we 1038

distribute 10 201 initial conditions on a uniform grid in a 1039

small square, (x0, z0) ∈ [0.4, 0.6] × [−0.1, 0.1]. We numeri- 1040

cally approximate the resulting accumulated density by cal- 1041

culating a normalized histogram h, which is shown in Fig. 13 1042

and is clearly inhomogeneous. For comparison, we also 1043

include the total factors F (not summed up over the differ- 1044

ent branches) that come from the lowest and the highest rows 1045

of the initial square (z0 = −0.1 and 0.1, respectively), as well 1046

as that corresponding to the total factor in Fig. 5(b), which 1047

is obtained with the same parameters but from a horizon- 1048

tal line segment of unit length at z0 = 0. The factors from 1049

the lowest and the highest rows of the initial square closely 1050

embrace the factor from Fig. 5(b), exhibiting similar features 1051

(e.g., the caustics). The final density corresponding to the full 1052

square, as a function of the position, shows a similar shape 1053

to those of the individual factors, but the fine-scale structures 1054

are smeared out. In particular, all caustics disappear. Although 1055

this final density has a character different from those of the 1056

total factors of the individual lines, we can still say that the 1057

mechanisms leading to the final shape are strongly related to 1058

those (stretching and projection) that work for the individual 1059

lines. 1060

In Fig. 14, a sequence of densities is obtained from 1061

increasingly thicker layers of initial conditions (each having 1062

a unit horizontal width, x0 ∈ [0, 1]) for the same parameter 1063

setting as in Fig. 13. When the initial thickness �0 is 0, 1064

we recover the total factor in Fig. 5(b) with strong inhomo- 1065

geneities, including caustics. When increasing the thickness, 1066

FIG. 13. The normalized histogram h resulting from the small square
(x0, z0) ∈ [0.4, 0.6] × [−0.1, 0.1] of initial conditions (green), the total fac-
tor F corresponding to the lowest and the highest rows of the small square
(z0 = −0.1 and 0.1, blue and magenta, respectively), and the total factor F
corresponding to an initial line segment of unit length at z0 = 0 [the black
line of Fig. 5(b), black here, too], as a function of the position along the accu-
mulation level. The bin size of the histogram is 0.01. A = 0.06, W = 0.6,
a = 97.2.
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FIG. 14. The normalized histogram h, as a function of the position along
the accumulation level, resulting from rectangles of initial conditions with
(x0, z0) ∈ [0, 1] × [0, �0], where �0 is the thickness of the rectangle. The bin
size of the histogram is 0.02. Inset: the standard deviation of h along the
accumulation level, as a function of the thickness �0. A = 0.06, W = 0.6,
a = 97.2.

the caustics immediately disappear (i.e., no caustics can exist1067

for any nonzero thickness), but all other inhomogeneities are1068

smoothed out gradually. We obtain a rather homogeneous1069

final horizontal density σ‖ for �0 = 1, which does not change1070

much for a much larger thickness of �0 = 16. The standard1071

deviation of the final horizontal density, given in the inset of1072

Fig. 14, decreases as a function of the initial thickness �01073

for small thickness values, while it levels off for larger val-1074

ues, presumably as a result of the slow smearing out of the1075

initially step-like distribution. We have thus confirmed that1076

a finite initial support, smaller than (or, at most, comparable1077

to) the characteristic length scale of the flow (being unity in1078

Fig. 14), is needed for inhomogeneities to emerge from an1079

initially homogeneous distribution within its support. Note1080

that a reduced dimensionality or a finite support of the sub-1081

set in which the initial conditions are distributed represents1082

a strong inhomogeneity itself, but stretching and projection,1083

determined by the geometry of the flow, give rise to additional1084

inhomogeneities.1085

More generally, we can say that some kind of inhomo-1086

geneity is required in the initial distribution, but the advec-1087

tion in the flow introduces modifications to this distribution,1088

and these modifications are characteristic to the geometry1089

of the flow. For initial distributions with a full-dimensional1090

(d-dimensional) support, stretching and projection are still1091

the two mechanisms that modify the distribution. For generic1092

shapes of the initial support, we expect the properties to be1093

the most closely related to stretching and projection of those1094

(d − 1)-dimensional (hyper-) surfaces that are aligned with1095

the unstable foliation of the phase space from the beginning.1096

For initial supports with a small extension in a particular1097

direction, stretching and projection of a (d − 1)-dimensional1098

(hyper-) surface perpendicular to this direction are expected1099

to provide with a good approximation.1100

The relevance of stretching and projection also extends1101

to the case when vz > 0 is allowed, which has not been inves-1102

tigated here. For this case, our results can be generalized1103

by taking the first intersection of the investigated trajecto- 1104

ries with the accumulation surface and formally extending the 1105

accumulation to infinitely long times. A special property of 1106

such a setup is the typical presence of a chaotic saddle33 in the 1107

domain of the flow, the unstable manifold of which may leave 1108

an important imprint on the particular shape of the distribution 1109

that is observed on the accumulation surface. 1110

However, note that the unstable manifold gets impor- 1111

tance for time scales of increasing duration, and its properties 1112

become actually observable for asymptotically long times. 1113

As discussed in Sec. I, relevant time scales in our motivat- 1114

ing example are much shorter than asymptotically long ones, 1115

and our investigation in Secs. IV and V revealed interesting 1116

phenomenology before reaching asymptotic behavior. 1117

The study of dynamical systems has traditionally con- 1118

centrated on asymptotically long time scales,19 even in open 1119

systems.33 The motivation for studying this regime proba- 1120

bly has its roots in equilibrium statistical physics, in which 1121

any macroscopic time scale is infinitely long compared to 1122

the characteristic time scales of the individual components 1123

of the system. A common argument, furthermore, is that 1124

long-term behavior dominates observations of the system as 1125

opposed to short-term transients. Our study underlines the 1126

practical relevance of non-asymptotic behavior, which can 1127

exhibit remarkably rich phenomenology.20,21 1128

A natural next step is the application of our results to a 1129

realistic oceanic setting to study the sedimentation of biogenic 1130

particles. From a theoretical point of view, the corresponding 1131

novelties are the anisotropy of the velocity field (cf. Sec. II A) 1132

and its nonperiodic dependence on time. For a complete 1133

description, biogeochemical reactions and (dis)aggregation 1134

processes of the particles may need to be taken into account. 1135

Once all relevant ingredients are incorporated, the results 1136

should be useful to interpret instrumentally observed data, 1137

e.g., from sediment traps, as well. 1138
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APPENDIX A: JUSTIFICATION OF THE PARTICLE 1145
EQUATION OF MOTION, EQ. (4) 1146

Starting from the Maxey–Riley–Gatignol equations 1147

describing the motion of small particles in a flow, and for 1148

small enough values of the Stokes number St, it can be 1149

shown24 that, after a short transient time (of order St), the 1150

particle dynamics approaches a slow manifold on which the 1151

particle position X is described, to the first order in St, by 1152

Ẋ = vfluid(X, t) + St(β − 1)

(
Dvfluid

Dt
+ 1

Fr2 k̂
)

, (A1)

where vfluid is the nondimensionalized velocity field of the 1153

fluid flow, D/Dt denotes the advective derivative following 1154

the fluid velocity, with Dvfluid/Dt describing particle inertia, 1155
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and k is the vertical unit vector pointing upwards (in the z1156

direction).1157

In case St is very small, it may justify the complete1158

neglection of the first-order term in St in (A1). However, if Fr1159

is considerably smaller than unity such that St � St/Fr2 � 1,1160

the gravitational term k̂/Fr2 may not be negligible even if1161

the inertial term Dvfluid/Dt is. This situation leads to the1162

well-known7,9–12 approximation1163

Ẋ = v(X, t) ≡ vfluid(X, t) − W k̂. (A2)

In cases, however, when Fr is so small that even St/Fr2 �1164

1 does not hold, the perturbative derivation of Eq. (A1) is1165

invalid. Nevertheless, in such circumstances, it is straight-1166

forward to amend the derivation by Haller and Sapsis24 by1167

considering the regime St → 0 and Fr → 0 with the dimen-1168

sionless terminal settling velocity of a particle in still fluid,1169

W = (1 − β) St/Fr2 [Eq. (3)], remaining constant. In this sit-1170

uation, for small enough values of St, a normally hyperbolic1171

slow manifold still exists, which is globally attracting, and in1172

which the motion is described, to the first order in St, by1173

Ẋ = vfluid(X, t) − W k̂ + St

[

(β − 1)
Dvfluid

Dt
+ W k̂ · ∇vfluid

]

.

(A3)

1174

For very small St, when it is appropriate to neglect the first-1175

order term in St in Eq. (A3), we recover Eq. (A2), which is1176

also Eq. (4) of the main text. We thus conclude that whenever1177

St � 1 and St � W ∼ St/Fr2, irrespectively of whether W ∼1178

St/Fr2 � 1 or not, Eq. (4) is a good approximation. From a1179

physical point of view, St � W , or, equivalently, 1/Fr2 � 11180

means that gravity is strong.1181

As discussed in Sec. II A, St is typically very small for the1182

type of particles we are interested in within a broad range of1183

scales of oceanic flows, but Fr is very small as well under the1184

same circumstances, so that St � 1 and St � W ∼ St/Fr2 are1185

both satisfied. Therefore, according to our conclusion above,1186

Eq. (4) provides with the relevant approximation, whether or1187

not W ∼ St/Fr2 is small compared to unity (although it is typi-1188

cally not in our motivating situation, as mentioned in the main1189

text).1190

APPENDIX B: THE DERIVATION OF EQS. (5)–(7)1191

For this derivation, we introduce the notation dd−1S1192

for integrations over d − 1-dimensional (hyper-) surfaces1193

when no parameterization is specified. Integrations over1194

d-dimensional volumes are denoted by ddX.1195

The surface density σ‖ at a given point x, with z = −a, of1196

the accumulation level accumulated up to some time instant1197

t from the time of initialization t0, can be computed from the1198

mass that has crossed the accumulation level at x:1199

σ‖(x, t; t0) = lim
|SB|→0

1

|SB|
∫ t

t0

∫

SB

ρ(t′, X)v(t′, X) · dd−1Sdt′,

(B1)

1200

where SB is a surface in the neighborhood of x within the1201

accumulation level (defined by z = −a), and ρ(t, X) is the1202

full-dimensional density.1203

Let us consider all trajectories, initialized at z = z0, that1204

arrive at the accumulation level within SB. We denote by S the1205

(hyper-) surface that encloses all these trajectories from their 1206

initialization to z = −a. Since the density is assumed to be the 1207

constant zero above z = z0, and trajectories do not cross the 1208

side of the surface S by definition, we can extend the domain 1209

of integration from SB to S in (B1) 1210

σ‖(x, t; t0) = lim
|SB|→0

1

|SB|
∫ t

t0

∫

S
ρ(t′, X)v(t′, X) · dd−1Sdt′ 1211

= lim
|SB|→0

1

|SB|
∫ t

t0

∫

V

∂

∂X′ 1212

· [ρ(t′, X′)v(t′, X′)]ddX′dt′, (B2) 1213

where we have used the divergence theorem, and V is the 1214

d-volume enclosed by S. Using the mass conservation 1215

expressed by the continuity equation 1216

∂ρ(t, X)

∂t
= − ∂

∂X
[ρ(t, X)v(t, X)] , (B3)

we obtain 1217

σ‖(x, t; t0) = − lim
|SB|→0

1

|SB|
∫ t

t0

∫

V

∂ρ(t′, X′)
∂t′

ddX′dt′. (B4)

For a fixed volume, we can take the partial derivative outside 1218

the spatial integral as a total derivative: 1219

σ‖(x, t; t0) = − lim
|SB|→0

1

|SB|
∫ t

t0

d

dt′

∫

V
ρ(t′, X′)ddX′dt′ 1220

= lim
|SB|→0

1

|SB|
(∫

V
ρ(t0, X′)ddX′−

∫

V
ρ(t, X′)ddX′

)

. 1221

(B5) 1222

For sufficiently large t, i.e., after the arrival of all trajectories 1223

within V to the accumulation level, the second term in (B5) 1224

vanishes (the trajectories have already crossed the accumula- 1225

tion level). In the limit |SB| → 0, we only have one trajectory 1226

within V , which arrives to the accumulation level at the point 1227

x, and the preimage of which at t = t0, we denote by x0 at 1228

z = z0. In this limit, the “sufficiently large” t is t ≥ t(fz = 1229

−a, x0), and σ‖[x, t ≥ t(fz = −a, x0); t0] is what was denoted 1230

in Sec. III A as σ‖[t(fz = −a, x0), x0]. As for the first term 1231

in (B5), it is the total initial mass within V , which can be, 1232

again in the limit |SB| → 0, written as the product of the ini- 1233

tial surface density σ(t = t0; x0) at x0 and the area |SU | of the 1234

infinitesimal surface SU at z = z0 that corresponds to the tra- 1235

jectories arriving at z = −a within SB. For some given x0, we 1236

can thus write 1237

σ‖[t(fz = −a, x0), x0] = lim
|SB|→0

1

|SB|σ(t = t0; x0)|SU |. (B6)

Since σ(t = t0; x0) itself is unaffected by the limit, (B6) is the 1238

same as (5) with 1239

F[t(fz = −a, x0), x0] = lim
|SB|→0

|SU |
|SB| , (B7)

that is, the total factor is just the ratio of the areas of the 1240

initial and the final infinitesimal surfaces, one image of the 1241

other, neighboring horizontally (with z = z0 and z = −a) the 1242

starting and the endpoint of the trajectory, respectively. 1243
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We are now looking for the mathematical relation linking1244

these areas. This relation is provided by the transformation of1245

the coordinates from those of the initial surface to those of the1246

final one:1247

|SB| =
∫

SB

dd−1S =
∫

SB

dd−1x1248

=
∫

SU

det

(
∂{f1[t(fz = −a, x0), x0], . . . , fd−1[t(fz = −a, x0), x0]}

∂x0

∣
∣
∣
∣
fz

)

dd−1x0.

(B8)

1249

Substituting this and |SU | = ∫
SU

dd−1S = ∫
SU

dd−1x0 into1250

(B7), we recover (6)–(7) in the indicated limit.1251

APPENDIX C: THE DERIVATION OF EQ. (8)1252

Let us compare two forms of the total differential of the1253

horizontal position of the endpoint of a trajectory:1254

dfi(t, x0) =
d−1∑

j=1

∂fi(t, x0)

∂x0j

∣
∣
∣
∣
t

dx0j + ∂fi(t, x0)

∂t

∣
∣
∣
∣
x0

dt, (C1)1255

1256

dfi[t(fz, x0), x0] =
d−1∑

j=1

∂fi[t(fz, x0), x0]

∂x0j

∣
∣
∣
∣
fz

dx0j1257

+ ∂fi[t(fz, x0), x0]

∂fz

∣
∣
∣
∣
x0

dfz (C2)1258

for i ∈ {1, . . . , d − 1}. For (C1), the independent variables are1259

t and x0, while for (C2), they are fz and x0 (cf. Sec. III A).1260

Similarly to (C1), we can write the total differential of fz itself1261

as follows:1262

dfz(t, x0) =
d−1∑

j=1

∂fz(t, x0)

∂x0j

∣
∣
∣
∣
t

dx0j + ∂fz(t, x0)

∂t

∣
∣
∣
∣
x0

dt. (C3)

Substituting (C3) into (C2) and comparing the result with1263

(C1), which must be equal to (C2), gives1264

∂fi(t, x0)

∂x0j

∣
∣
∣
∣
t

= ∂fi[t(fz, x0), x0]

∂x0j

∣
∣
∣
∣
fz

1265

+ ∂fi[t(fz, x0), x0]

∂fz

∣
∣
∣
∣
x0

∂fz(t, x0)

∂x0j

∣
∣
∣
∣
t

, (C4)1266

1267

∂fi(t, x0)

∂t

∣
∣
∣
∣
x0

= ∂fi[t(fz, x0), x0]

∂fz

∣
∣
∣
∣
x0

∂fz(t, x0)

∂t

∣
∣
∣
∣
x0

. (C5)1268

for all i, j ∈ {1, . . . , d − 1}. Taking into account in (C5) that,1269

along a given trajectory characterized by x0,1270

∂fi(t, x0)

∂t

∣
∣
∣
∣
x0

= vi[t, f(t, x0)] (C6)

for i ∈ {1, . . . , d}, substituting ∂fi[t(fz ,x0),x0]
∂fz

∣
∣
∣
x0

from (C5) into1271

(C4) yields (8).1272

APPENDIX D: THE DERIVATION OF EQ. (9) 1273

According to a Jacobi-type formula,34 1274

|J−1|∂|J |
∂α

= Tr

(
∂J

∂α
J−1

)

, (D1)

where α can be an arbitrary variable. We shall choose α = fz 1275

and solve the differential Eq. (D1) for |J | for a fixed x0 1276

(i.e., “along a trajectory”). In order to do this, we shall trans- 1277

form the right-hand side of (D1) to express it in terms of the 1278

velocity field. 1279

We first introduce a new quantity, the derivative of the 1280

final position f with respect to the vertical coordinate fz: 1281

ṽi[t(fz, x0), x0] = ∂fi[t(fz, x0), x0]

∂fz

∣
∣
∣
∣
x0

1282

= ∂fi(t, x0)

∂t

∣
∣
∣
∣
x0,t=t(fz ,x0)

∂t(fz, x0)

∂fz

∣
∣
∣
∣
x0

1283

= vi{t(fz, x0), f[t(fz, x0), x0]}
vz{t(fz, x0), f[t(fz, x0), x0]} , (D2) 1284

for i ∈ {1, . . . , d}—that is, our new quantity ṽ is simply a 1285

rescaled version of the original velocity v. 1286

Now let us perform a change in the variables: in a 1287

sufficiently small neighborhood of a given trajectory (charac- 1288

terized by x0), let us regard the coordinates f = (f1, . . . , fd) of 1289

the endpoint of the trajectory as independent variables, instead 1290

of x0 and fz—then x0 becomes a function of f, x0 = x0(f). This 1291

change is possible only in a local sense, since the function 1292

f = f[t(fz, x0), x0] is not invertible, but we can usually find a 1293

small neighborhood around a given trajectory where it is. The 1294

exceptions are trajectories for which det(J) = 0. For such tra- 1295

jectories, the factor F tends to infinity (the positions f of the 1296

endpoints of these trajectories correspond to those of the caus- 1297

tics, cf. Sec. III B, and (21) and (24) in particular), so that the 1298

computation of F becomes irrelevant. 1299

In terms of the new independent variables, let us take the 1300

horizontal part of the divergence of the rescaled velocity ṽ, 1301

while keeping fz constant (note that this implies the variation 1302

of x0, cf. the discussion below), 1303

d−1∑

i=1

∂

∂fi
ṽi{t[ fz, x0(f)], x0(f)}

∣
∣
∣
∣
fz

1304

=
d−1∑

i,j=1

(
∂ ṽi[t(fz, x0), x0]

∂x0j

∣
∣
∣
∣
fz ,x0=x0(f)

∂x0j(f)
∂fi

∣
∣
∣
∣
fz

)

1305

=
d−1∑

i,j=1

⎛

⎜
⎜
⎝

∂

(
∂fi[t(fz ,x0),x0]

∂fz

∣
∣
∣
x0,x0=x0(f)

)

∂x0j

∣
∣
∣
∣
∣
∣
∣
∣
fz ,x0=x0(f)

∂x0j(f)
∂fi

∣
∣
∣
∣
fz

⎞

⎟
⎟
⎠ 1306

=
d−1∑

i,j=1

⎛

⎜
⎜
⎝

∂

(
∂fi[t(fz ,x0),x0]

∂x0j

∣
∣
∣
fz ,x0=x0(f)

)

∂fz

∣
∣
∣
∣
∣
∣
∣
∣
x0,x0=x0(f)

∂x0j(f)
∂fi

∣
∣
∣
∣
fz

⎞

⎟
⎟
⎠ ,

(D3)

1307
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where we applied the chain rule in the first line, substituted1308

(D2) for the second line, and, for the third line, took advan-1309

tage of the fact that the partial derivative is taken at a constant1310

fz. If it were taken at a constant time t, changing the order of1311

the derivations would not be possible. What we obtain in the1312

third line of (D3) is exactly the right-hand side of (D1). After1313

changing the independent variables back to x0 and fz, and sub-1314

stituting (D3) into (D1), we can solve the differential equation1315

in terms of fz, keeping x0 constant, which corresponds to fol-1316

lowing one particular trajectory. With the initial condition that1317

|J | is the identity matrix for fz = z0, we obtain (9), for which1318

we introduce a new notation. In particular, due to the differ-1319

ent role of fz compared to the horizontal components of the1320

endpoint f of the trajectory, we find it useful to introduce the1321

vector f‖ = (f1, . . . , fd−1), composed of the horizontal coordi-1322

nates of the trajectory. At a constant fz (or at a constant t, as1323

in Appendix F), it is f‖ that identifies the particular trajectory,1324

and this is why the variation of f‖ at a constant fz (or t) implies1325

the variation of x0.1326

APPENDIX E: TRANSFORMING EQ. (9)1327

In this Appendix, we collect the results for how Eq. (9)1328

can be transformed and evaluated numerically and discuss the1329

derivations in further appendices.1330

As shown in Appendix F, Eq. (9) can be written with1331

derivatives taken at a constant time t1332

F[t(fz = −a, x0), x0]1333

= exp

(

−
∫ t(fz=−a,x0)

t0

d−1∑

i=1

[
∂vi{t, f[t, x0(t, f‖)]}

∂fi

∣
∣
∣
∣
t,f‖=f‖(t,x0)

1334

− ∂vz{t, f[t, x0(t, f‖)]}
∂fk

∣
∣
∣
∣
t,f‖=f‖(t,x0)

vk[t, f(t, x0)]

vz[t, f(t, x0)]
1335

+
∂fz[t,x0(t,f‖)]

∂fi

∣
∣
∣
t,f‖=f‖(t,x0)

∂
∂t

(
vi[t,f(t,x0)]
vz[t,f(t,x0)]

)∣
∣
∣
f1,...,fd−1

∑d−1
k=1

∂fz[t,x0(t,f‖)]
∂fi

∣
∣
∣
t,f‖=f‖(t,x0)

vi[t,f(t,x0)]
vz[t,f(t,x0)] − 1

⎤

⎥
⎦

⎞

⎟
⎠ ,

(E1)

1336

where the derivatives taken with respect to the coordinates fi,1337

i ∈ {1, . . . , d − 1}, at a constant t again correspond to vary-1338

ing x0, which implies that these derivatives are taken along1339

the surface to which the initial sheet of particles evolves1340

up to time t. The distinguishing property of this formula is1341

that all of its components can be evaluated locally, except1342

for
∂fz[t,x0(t,f‖)]

∂fi

∣
∣
∣
t,f‖=f‖(t,x0)

. These latter quantities describe the1343

tiltness of the surface, and they can be obtained by solving1344

the following differential equation (see Appendix G for the1345

derivation):1346

d

dt

(
∂fz[t, x0(t, f‖)]

∂fi

∣
∣
∣
∣
t

)

1347

= ∂vz[t, f(t, f‖)]
∂xi

∣
∣
∣
∣
t

+ ∂fz[t, x0(t, f‖)]
∂fi

∣
∣
∣
∣
t

∂vz[t, f(t, f‖)]
∂z

∣
∣
∣
∣
t

−
d−1∑

j=1

(
∂vj[t, f(t, f‖)]

∂xi

∣
∣
∣
∣
t

+ ∂fz[t, x0(t, f‖)]
∂fi

∣
∣
∣
∣
t

1348

× ∂vj[t, f(t, f‖)]
∂z

∣
∣
∣
∣
t

)
∂fz[t, x0(t, f‖)]

∂fj

∣
∣
∣
∣
t

, (E2) 1349

with the initial condition
∂fz[t,x0(t,f‖)]

∂fi

∣
∣
∣
t=t0,f‖=f‖(t=t0,x0)

= 0. The 1350

solution can numerically be evaluated along any single 1351

trajectory. 1352

It is important to note that typically, 1353
∂fz[t,x0(t,f‖)]

∂fi

∣
∣
∣
t,f‖=f‖(t,x0)

� 0 in realistic oceanic flows, and 1354

neglecting the second and the third terms in (E2) yields 1355

∂fz[t, x0(t, f‖)]
∂fi

∣
∣
∣
∣
t,f‖=f‖(t,x0)

1356

�
∫ t

t0

∂vz{t′, f[t′, f‖ = f‖(t′, x0)]}
∂xi

∣
∣
∣
∣
t′

dt′. (E3) 1357

APPENDIX F: THE DERIVATION OF EQ. (E1) 1358

First, the integral in (9) can be transformed to a temporal 1359

one as 1360

F[t(fz = −a, x0), x0] 1361

= exp

(

−
∫ t(fz=−a,x0)

t0

d−1∑

i=1

∂

∂fi
1362

×
(

v̂i(fz, f‖)
v̂z(fz, f‖)

)∣
∣
∣
∣
fz ,fz=fz(t,x0),f‖=f‖(t,x0)

vz[t, f(t, x0)]dt

)

.

(F1)

1363

In order to replace the derivatives taken at constant depth fz by 1364

derivatives that are taken at constant time t, we perform a cal- 1365

culation similar to that expressed by (C1)–(C5) in Appendix C 1366

for ṽ instead of f. We first recognize that we can regard 1367

f‖ = (f1, . . . , fd−1) (the horizontal coordinates of a trajectory) 1368

and t as independent variables, too, instead of f = (f1, . . . , fd) 1369

(i.e., f‖ and fz) as in Appendix D. We are interested here in 1370

the direct dependence of ṽ on these new independent vari- 1371

ables. To emphasize this, we introduce the notations ˆ̃v(t, f‖) 1372

and ˆ̃v(fz, f‖) in this Appendix instead of the more complicated 1373

notation ṽ[t, x0(t, f‖)] and ṽ{t[ fz, x0(fz, f‖)], x0(fz, f‖)}, and we 1374

compare the total differential of ˆ̃v expressed in terms of t and 1375

f‖ and that expressed in terms of fz and f‖: 1376

d ˆ̃vi(t, f‖) =
d−1∑

j=1

∂ ˆ̃vi(t, f‖)
∂fj

∣
∣
∣
∣
∣
t

dfj + ∂ ˆ̃vi(t, f‖)
∂t

∣
∣
∣
∣
∣
f‖

dt, (F2) 1377

1378

d ˆ̃vi(fz, f‖) =
d−1∑

j=1

∂ ˆ̃vi(fz, f‖)
∂fj

∣
∣
∣
∣
∣
fz

dfj + ∂ ˆ̃vi(fz, f‖)
∂fz

∣
∣
∣
∣
∣
f‖

dfz (F3) 1379

for i ∈ {1, . . . , d − 1} (note that ˆ̃vz = 1 is constant). 1380

Before we can compare (F2) and (F3), we have to take 1381

into account that fz itself can be regarded as a function of our 1382
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independent variables f‖ and t; hence,1383

dfz(t, f‖) =
d−1∑

j=1

∂fz(t, f‖)
∂fj

∣
∣
∣
∣
t

dfj + ∂fz(t, f‖)
∂t

∣
∣
∣
∣
f‖

dt. (F4)

Substituting this into (F2) and comparing the result with (F3),1384

we obtain1385

∂ ˆ̃vi(t, f‖)
∂fj

∣
∣
∣
∣
∣
t

= ∂ ˆ̃vi(fz, f‖)
∂fj

∣
∣
∣
∣
∣
fz

+ ∂ ˆ̃vi(fz, f‖)
∂fz

∣
∣
∣
∣
∣
f‖

∂fz(t, f‖)
∂fj

∣
∣
∣
∣
t

, (F5)1386

1387

∂ ˆ̃vi(t, f‖)
∂t

∣
∣
∣
∣
∣
f‖

= ∂ ˆ̃vi(fz, f‖)
∂fz

∣
∣
∣
∣
∣
f‖

∂fz(t, f‖)
∂t

∣
∣
∣
∣
f‖

(F6)1388

for i, j ∈ {1, . . . , d − 1}.1389

Still similarly to what is done in Appendix C, we can sub-1390

stitute
∂ ˆ̃vi(fz ,f‖)

∂fz

∣
∣
∣
∣
f‖

from (F6) into (F5). Additionally,
∂fz(t,f‖)

∂t

∣
∣
∣
f‖

1391

in (F6) can be expressed based on (F4). Namely, (F4) can be1392

written as1393

dfz(t, f‖)
dt

=
d−1∑

j=1

∂fz(t, f‖)
∂fj

∣
∣
∣
∣
t

dfj
dt

+ ∂fz(t, f‖)
∂t

∣
∣
∣
∣
f‖

, (F7)

in which we can identify the velocities according to (C6),1394

but with total derivatives, if we exclude varying x0: this1395

choice means that we are following particular trajectories,1396

and the horizontal components fj, j ∈ {1, . . . , d − 1} become1397

functions of the time t. In this way, we obtain1398

∂fz(t, f‖)
∂t

∣
∣
∣
∣
f‖

= vz[t, f(t, f‖)] −
d−1∑

j=1

∂fz(t, f‖)
∂fj

∣
∣
∣
∣
t

vj[t, f(t, f‖)].1399

(F8)1400

Taking this into account in (F6) when substituting
∂ ˆ̃vi(fz ,f‖)

∂fz

∣
∣
∣
∣
f‖

1401

from (F6) into (F5), we obtain1402

∂ ˆ̃vi(fz, f‖)
∂fj

∣
∣
∣
∣
∣
fz

= ∂ ˆ̃vi(t, f‖)
∂fj

∣
∣
∣
∣
∣
t

1403

−

∂ ˆ̃vi(t,f‖)

∂t

∣
∣
∣
∣
f‖

vz[t, f(t, f‖)] −∑d−1
k=1

∂fz(t,f‖)

∂fk

∣
∣
∣
t
vk[t, f(t, f‖)]

∂fz(t, f‖)
∂fj

∣
∣
∣
∣
t

(F9)

1404

for i, j ∈ {1, . . . , d − 1}. Note that the derivatives taken at con-1405

stant time t with respect to fj, j ∈ {1, . . . , d − 1}, correspond to1406

varying the selected trajectory, as explained in Appendix D, so1407

that these derivatives are not taken at a constant vertical coor-1408

dinate: instead, they are taken along the surface to which the1409

initial sheet of particles evolves up to time t.1410

Expanding the definition (D2), (F9) can be applied to1411

express
∑d−1

i=1
∂
∂fi

(
v̂i(fz ,f‖)

v̂z(fz ,f‖)

)∣
∣
∣
fz ,fz=fz(t,x0),f‖=f‖(t,x0)

in (F1). After1412

expanding the first term, simplification, and changing the1413

variables from t and f‖ to t and x0, we recover (E1).1414

APPENDIX G: THE DERIVATION OF EQ. (E2) 1415

In this derivation, we regard the quantities fz and 1416
∂fz[t,x0(t,f‖)]

∂fi

∣
∣
∣
t

to be functions of t and f‖ [we express this by 1417

writing fz(t, f‖) and
∂fz(t,f‖)

∂fi

∣
∣
∣
t
], and, as explained in relation 1418

with (F8), we regard f‖ itself to be a function of t, which means 1419

that we choose to follow particular trajectories. 1420

After applying the definition of the total derivative to 1421
∂fz(t,f‖)

∂fi

∣
∣
∣
t

(in terms of t and f‖), we can make a rearrangement 1422

to obtain 1423

d

dt

(
∂fz(t, f‖)

∂fi

∣
∣
∣
∣
t

)

1424

= ∂

∂fi

⎛

⎝
∂fz(t, f‖)

∂t

∣
∣
∣
∣
f‖

+
d−1∑

j=1

vj[t, f(t, f‖)]
∂fz(t, f‖)

∂fj

∣
∣
∣
∣
t

⎞

⎠

∣
∣
∣
∣
∣
∣
t

1425

−
d−1∑

j=1

∂vj[t, f(t, f‖)]
∂fi

∣
∣
∣
∣
t

∂fz(t, f‖)
∂fj

∣
∣
∣
∣
t

. (G1) 1426

From (F8), we can substitute the vertical velocity component 1427

vz to obtain 1428

d

dt

(
∂fz(t, f‖)

∂fi

∣
∣
∣
∣
t

)

= ∂vz[t, f(t, f‖)]
∂fi

∣
∣
∣
∣
t

1429

−
d−1∑

j=1

∂vj[t, f(t, f‖)]
∂fi

∣
∣
∣
∣
t

∂fz(t, f‖)
∂fj

∣
∣
∣
∣
t

. (G2) 1430

In (G2), we are still facing the problem that the partial deriva- 1431

tives, taken with respect to the horizontal coordinates of the 1432

trajectory, are taken along the material sheet, not with respect 1433

to the Cartesian coordinates of the domain of the fluid flow. 1434

The transformation between the two types of coordinates is 1435

given by the relation 1436

∂

∂fk

∣
∣
∣
∣
t

= ∂

∂xk

∣
∣
∣
∣
t

+ ∂fz(t, f‖)
∂fk

∣
∣
∣
∣
t

∂

∂z

∣
∣
∣
∣
t

, (G3)

where (x1, . . . , xd−1, z) denote the desired Cartesian coordi- 1437

nates. By substituting (G3) into (G2), we recover (E2). 1438

APPENDIX H: THE DERIVATION OF EQS. (10) AND (11) 1439

First, we formalize densities on surfaces embedded into 1440

volumes. Let us consider a d dimensional space, into which 1441

a (d − 1)-dimensional surface is embedded. Let us take a 1442

parameterization f of this surface by u, where f is a d dimen- 1443

sional vector, and u is a d − 1 dimensional vector. In case 1444

mass is (or particles are) only distributed on the surface, then 1445

the d dimensional density ρ(X) at the position X of the d 1446

dimensional space can be written as 1447

ρ(X) =
∫

Df

σ(u)δ[X − f(u)]dd−1u, (H1)

where Df is the domain of f(u), and σ(u) characterizes the 1448

distribution of mass (or particles) within the surface. In partic- 1449

ular, it gives the surface density with respect to the coordinates 1450

that parameterize the surface. In physical problems, one is 1451

usually interested in the surface density that is taken with 1452
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respect to length (area, etc., for higher dimensions), which1453

is obtained by choosing the parameter(s) to be the arc length1454

(and its generalizations for higher dimensions, in the sense1455

that integrating 1 with respect to the parameters gives the1456

[generalized] area of the [generalized] surface).1457

In the special case d = 2, the parameter vector u simpli-1458

fies to a scalar u, so that1459

ρ(X) =
∫ l

0
σ(u)δ[X − f(u)]du, (H2)

where l is the length of the line segment parameterized by u.1460

A line segment of initial conditions (a material line of1461

particles) at the time of initialization t = t0 in a d = 2 dimen-1462

sional flow, parameterized by its arc length u, shall be denoted1463

as1464

f(t = t0; u) = f0(u). (H3)

Any later image (at time t) of any point of this line segment1465

is obtained via the time evolution of the flow, and the line1466

segment can thus still be parameterized by u,1467

f(t; u) = P[f(t = t0; u), t0; t] = P[f0(u), t0; t], (H4)

where P is the flow map, that is, X = P(X0, t0; t) gives the1468

position X at time t of the fluid element that was at X0 at time1469

t0. It follows that1470

ḟ(t; u) = v[f(t; u), t], (H5)

where v(X, t) is the velocity field at the position X at time t.1471

The initial “surface” density (with respect to arc length)1472

is given by σ(t = t0; u), by which1473

ρ(X, t = t0) =
∫ l

0
σ(t = t0; u)δ[X − f(t = t0; u)]du. (H6)

The question is how this “surface” density transforms with1474

time evolution.1475

Certainly,1476

ρ(X, t) =
∫ l

0
σ(t = t0; u)δ[P(X, t; t0) − f(t = t0; u)]du1477

=
∫ l

0
σ(t = t0; u)δ[X − f(t; u)]du (H7)1478

because of (H4) (note the reverse time evolution here) and1479

since the determinant of the Jacobian of P(X, t; t0) is 1 in1480

volume-preserving flows. The problem is that u is not an arc1481

length of the image of the material line, i.e., of f(t; u). We have1482

to transform the integration such that it is taken with respect1483

to the arc length s of the image f(t; u).1484

This means that we are looking for a function u = ϕt(s)1485

such that1486
∫ s

0

∣
∣
∣
∣
df[t; ϕt(s′)]

ds′

∣
∣
∣
∣ ds′ = s (H8)

for all s within the full length of the image of the material line.1487

Let us transform the integration by the change u = ϕt(s) itself1488

as 1489
∫ u=ϕt(s)

0

∣
∣
∣
∣
df(t; u′)

du′

∣
∣
∣
∣ du′ = s. (H9)

Now let us take the derivative of both sides with respect to s: 1490
∣
∣
∣
∣
df(t; u)

du

∣
∣
∣
∣
u=ϕt(s)

dϕt(s)

ds
= 1 (H10)

that is, 1491

dϕt(s)

ds
=
∣
∣
∣
∣
df(t; u)

du

∣
∣
∣
∣

−1

u=ϕt(s)

. (H11)

This, along with the condition ϕt(s = 0) = 0, defines ϕt(s) 1492

uniquely. 1493

Now let us perform the change of the integration variable 1494

in (H7) as 1495

ρ(X, t) =
∫ s=ϕ−1

t (l)

0
σ [t = t0; u = ϕt(s)] 1496

× δ{X − f[t; u = ϕt(s)]}dϕt(s)

ds
ds (H12) 1497

where dϕt(s)
ds is given by (H11). In fact, it is enough to know 1498

dϕt(s)
ds [and not ϕt(s) itself], since from (H12) we can read off 1499

the surface density of the image of the material line (at time t) 1500

with respect to the arc length of this image: 1501

σ [t; u = ϕt(s)] = σ [t = t0; u = ϕt(s)]
dϕt(s)

ds
1502

= σ [t = t0; u = ϕt(s)]

∣
∣
∣
∣
df(t; u)

du

∣
∣
∣
∣

−1

u=ϕt(s)

.

(H13)

1503

Keeping u as a parameter of σ is reasonable if we follow the 1504

time evolution of σ in a Lagrangian sense: the “surface” den- 1505

sity σ associated with a given particle is characterized by a 1506

particular value of u, describing the initial position of our par- 1507

ticle along the initial line segment. In terms of u instead of the 1508

final position of the particle, (H13) reads as 1509

σ(t; u) = σ(t = t0; u)

∣
∣
∣
∣
df(t; u)

du

∣
∣
∣
∣

−1

, (H14)

which is (10) and (11). 1510

APPENDIX I: EXPLANATION FOR EQ. (13) 1511

One configuration of the simple geometry relating the 1512

pre- and the post-projection length of an infinitesimal segment 1513

of the material line(at time t around a position that is charac- 1514

terized by u) is illustrated in Fig. 15. The thick solid line in 1515

black is the pre-projection state of the infinitesimal line seg- 1516

ment (of length �s, where s is the arc length along the material 1517

line and increases from the left to the right in Fig. 15), while 1518

the post-projection length is marked by a thick dashed line. 1519

The orientation of the former is determined by the dynam- 1520

ics and is given by the two components, �fx and �fz, of the 1521

infinitesimal line segment corresponding to �s, while the lat- 1522

ter is horizontal. The post-projection length �l is determined 1523

by the direction of the velocity v as indicated by a thin dashed 1524

line in the figure (the velocity is assumed to be uniform in the 1525
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FIG. 15. The geometry of the projection of an infinitesimal line segment
taking into account kinematic effects. See text for details.

infinitesimal domain considered here), and we are interested1526

in the ratio of �l and �s:1527

P = lim
�s→0

�s

�l
. (I1)

As a vertical thin dashed line indicates in Fig. 15, the post-1528

projection line segment can be divided to two sections, and �l1529

can be calculated as the sum of the lengths of these two sec-1530

tions. The length of the left-hand-side section is simply �fx,1531

while that of the right-hand-side one can be obtained as �fz1532

multiplied by the tangent of the angle enclosed by the two thin1533

dashed lines. The latter is the opposite of the ratio of the two1534

components of the velocity, so that we have −�fzvx/vz for the1535

length of the right-hand-side segment. Therefore, we have1536

P = lim
�s→0

�s

�fx − �fz
vx
vz

1537

= lim
�s→0

1
�fx
�s − �fz

�s
vx
vz

1538

=
(

dfx
ds

− dfz
ds

vx

vz

)−1

(I2)1539

for the configuration presented in Fig. 15.1540

Other configurations (when s increases from the right to1541

the left or when the velocity has an essentially different direc-1542

tion) can be treated in a similar way, and the general result for1543

the projection factor P differs from (I2) only in an absolute1544

value:1545

P =
∣
∣
∣
∣
dfx
ds

− dfz
ds

vx

vz

∣
∣
∣
∣

−1

. (I3)

With the notation indicating that we are investigating an1546

infinitesimal line segment of the material line at a time1547

instant t and that is characterized by the initial position u, we1548

recognize (13).1549

APPENDIX J: STRETCHING AND PROJECTION FOR1550
3D FLOWS1551

For d = 3, let f(t = t0; u) be the parametric form of a pla-1552

nar sheet of initial conditions at time t = t0, parameterized by1553

the vector u = (u1, u2) that is an appropriate generalization of1554

arc length (in the sense that
∫ ∫ max

min 1 d2u gives the initial area1555

of the sheet). Let σ(t = t0; u) be the initial density within the1556

sheet at u. The density σx(t; u) at a point of the accumulation1557

level whose initial preimage was characterized by u is given1558

by1559

σ‖(t; u) = σ(t = t0; u)F(t; u) = σ(t = t0; u)S(t; u)P(t; u),1560

(J1)1561

where F(t; u) is the total factor multiplying the initial density, 1562

S(t; u) =
∣
∣
∣
∣
∂f(t; u)

∂u1
× ∂f(t; u)

∂u2

∣
∣
∣
∣

−1

, (J2)

with × denoting the vector cross product, is the factor repre- 1563

senting stretching [f(t; u) stands for the image of the sheet at 1564

t], and 1565

P(t; u) =
∣
∣
∣
∣

(
∂f(t; u)

∂s1
− v[f(t; u), t]

vz[f(t; u), t]

∂fz(t; u)

∂s1

)

1566

×
(

∂f(t; u)

∂s2
− v[f(t; u), t]

vz[f(t; u), t]

∂fz(t; u)

∂s2

)∣
∣
∣
∣

−1

(J3) 1567

is the factor representing projection [s = (s1, s2) is the appro- 1568

priate generalization of the arc length for the image of the 1569

sheet]. 1570

More direct forms are 1571

F(t; u) =
∣
∣
∣
∣

(
∂f(t; u)

∂u1
− v[f(t; u), t]

vz[f(t; u), t]

∂fz(t; u)

∂u1

)

1572

×
(

∂f(t; u)

∂u2
− v[f(t; u), t]

vz[f(t; u), t]

∂fz(t; u)

∂u2

)∣
∣
∣
∣

−1

(J4) 1573

1574

=
∣
∣
∣
∣

(
∂fx(t; u)

∂u1
− vx[f(t; u), t]

vz[f(t; u), t]

∂fz(t; u)

∂u1

)

1575

·
(

∂fy(t; u)

∂u2
− vy[f(t; u), t]

vz[f(t; u), t]

∂fz(t; u)

∂u2

)

1576

−
(

∂fy(t; u)

∂u1
− vy[f(t; u), t]

vz[f(t; u), t]

∂fz(t; u)

∂u1

)

1577

·
(

∂fx(t; u)

∂u2
− vx[f(t; u), t]

vz[f(t; u), t]

∂fz(t; u)

∂u2

)∣
∣
∣
∣

−1

. (J5) 1578

The second equation is due to the fact that the vectorial prod- 1579

uct in the first line has only one nonzero component. Unlike 1580

for d = 2, the parametric derivatives of the position do not 1581

appear here in a simple combination. Nevertheless, (J5) is 1582

equivalent to (6)–(8) for d = 3. Formulae for d > 3 can be 1583

constructed similarly. 1584

Appendix K transforms the results to a matrix formula- 1585

tion and links them to the local normal vector of the sheet at 1586

the time and place of its arrival to the accumulation level. 1587

APPENDIX K: THE PROJECTION FACTOR IN 3D 1588
FLOWS EXPRESSED IN TERMS OF THE NORMAL 1589
VECTOR 1590

Note that the right-hand side of (J5) can be written as 1591

F(t; u) = |det [J(t; u)]|−1 , (K1)

where 1592

Jij(t; u) = ∂fi(t; u)

∂uj
− vi[f(t; u), t]

vz[f(t; u), t]

∂fz(t; u)

∂uj
(K2)
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is a 2 by 2 matrix with i, j ∈ {x, y}. For det J , the matrix1593

determinant lemma34 can be applied:1594

det [J(t; u)] = det

(
∂f‖(t; u)

∂u

)

1595

×
⎛

⎝1 −
∑

i,j∈{x,y}

∂fz(t; u)

∂ui

∂ui(t; f‖)
∂fj

∣
∣
∣
∣
f‖=f‖(t;u)

vj[f(t; u), t]

vz[f(t; u), t]

⎞

⎠ ,

(K3)

1596

where f‖(t; u) denotes the vector formed from the first two1597

components of f(t; u), and u(t; f‖) is the inverse of f‖(t; u).1598

The second factor in (K3) can be simplified using the chain1599

rule (note the sum for i), and one obtains1600

det [J(t; u)] = det

(
∂f‖(t; u)

∂u

)

1601

×
⎛

⎝1 −
∑

j∈{x,y}

∂fz[t; u(t; f‖)]
∂fj

∣
∣
∣
∣
f‖=f‖(t;u)

vj[f(t; u), t]

vz[f(t; u), t]

⎞

⎠ .

(K4)

1602

Now let us introduce the normal vector n of the surface f:1603

n(t; u) =
(

∂f(t; u)

∂u1
× ∂f(t; u)

∂u2

) ∣
∣
∣
∣
∂f(t; u)

∂u1
× ∂f(t; u)

∂u2

∣
∣
∣
∣

−1

1604

=
(

∂f(t; u)

∂u1
× ∂f(t; u)

∂u2

)

S(t; u), (K5)1605

where the second line is obtained by substituting (J2). Note1606

that1607

nz(t; u) = det

(
∂f‖(t; u)

∂u

)

S(t; u), (K6)

which can be substituted in (K4). Furthermore, it can be1608

shown that1609

ni(t; u) = nz(t; u)
∂fz[t; u(t; f‖)]

∂fi

∣
∣
∣
∣
f‖=f‖(t;u)

(K7)

for i ∈ {x, y}, so that (K4) can be written as 1610

det [J(t; u)] = S(t; u)−1

(

nz(t; u) + nx(t; u)
vx[f(t; u), t]

vz[f(t; u), t]
1611

+ ny(t; u)
vy[f(t; u), t]

vz[f(t; u), t]

)

1612

= S(t; u)−1 n(t; u) · v(f(t; u), t)

vz(f(t; u), t)
. (K8) 1613

According to (K8) and (K1), we finally have 1614

F(t; u) = S(t; u)

∣
∣
∣
∣

vz[f(t; u), t]

n(t; u) · v[f(t; u), t]

∣
∣
∣
∣ , (K9)

from which 1615

P(t; u) =
∣
∣
∣
∣

vz[f(t; u), t]

n(t; u) · v[f(t; u), t]

∣
∣
∣
∣ (K10)

also follows. 1616

One sees from (K9) or (K10) that the caustics (diver- 1617

gences in the denominator) are located where the local normal 1618

vector of the sheet is perpendicular to the local velocity, 1619

similarly to the d = 2 case. 1620

APPENDIX L: ADDITIONAL DETAILS ABOUT THE 1621
DEPENDENCE ON THE DEPTH A OF SEVERAL 1622
QUANTITIES IN THE DOUBLE-SHEAR FLOW 1623

Figure 16 exhibits an example when chaos is not observ- 1624

able. The average of each factor introduced in Sec. III B, 1625

shown in Fig. 16(a), starts with small slopes for small depths 1626

a. The average of the stretching factor, 〈S〉, bends down for 1627

increasing a. In particular, for intermediate values of a, it 1628

might seem to follow a 1/a dependence. This would agree 1629

with the expectation that the reciprocal of the stretching fac- 1630

tor, corresponding to the length of the line, should increase 1631

proportionally to time in this non-chaotic situation—but the 1632

line bends down even more for increasing a. The average pro- 1633

jection factor, 〈P〉, increases with depth, which is a natural 1634

FIG. 16. (a) The average and (b) the
standard deviation, as a function of the
accumulation depth a, of the same quan-
tities as in Fig. 10. (c) The average and
(d) the standard deviation of the paramet-
ric derivative of the horizontal position δx

(minus 1 for comparability), the paramet-
ric derivative of the vertical position δz,
and the weighted parametric derivative
of the vertical position δ̃z. For compar-
ison, the dashed lines mark power laws
with the exponents indicated in the leg-
end. W = 0.6 and A = 0.07.
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FIG. 17. Same as Figs. 16(c) and 16(d)
for A = 0.25.

consequence of the undulation of the material line. Approx-1635

imately 〈P〉 ≈ 1/〈S〉 until a ≈ 20, and the increase of 〈P〉1636

gets slower for larger values of a, which might be related to1637

the bounded nature of the average effect of the projection. As1638

a consequence of this behavior, the average total factor 〈F〉1639

[still in Fig. 16(a)] is practically 1 up to a ≈ 20 and exhibits1640

a slight decrease above (even though F = SP only point-1641

wise, and 〈F〉 �= 〈S〉〈P〉). We are facing thus a net dilution for1642

increasing depth, but without a known simple functional form.1643

However, this dilution is local along the line: when summing1644

up over the different branches of the line, the average 〈∑F〉1645

of the summed total factor does not follow the decrease in1646

〈F〉. Instead, it remains remarkably close to a constant. The1647

approximate conservation of 〈∑F〉 is not a surprise, since1648

mass is conserved, and the horizontal support of the distribu-1649

tion of the particles changes very little in our example. The1650

average 〈hN 〉 of the normalized histogram hN , for N = 20001651

and also in a wide range in N around this choice, is practically1652

the same as 〈∑F〉 (without the spike near a = 80, which1653

indicates that probably this little spike is a numerical artifact).1654

The parametric derivatives, 〈δx〉 and 〈δz〉 [their absolute1655

values are shown in Fig. 16(c)], obey a clear linear law as a1656

function of a (at least in terms of the envelope in the case of1657

〈δx〉, which otherwise oscillates so strongly that sign changes1658

occur in each “period” of the oscillation). This might be so1659

because these quantities directly concern the final positions1660

observed at the accumulation depth. Weighting δz by the local1661

(time-dependent!) velocity does not ruin the linear functional1662

relation; see 〈δ̃z〉 in Fig. 16(c). The effect of this weighting is1663

the reduction of the magnitude to approximately match that of1664

〈δx〉 [without weighting, 〈δz〉 is much larger, cf. Figs. 3(c)–5(c)1665

and the related discussion], and the enhancement of the oscil-1666

lations. The linear nature agrees with the regular dynamics1667

and with the proportional increase of the settling time for1668

increasing depth a.1669

Turning to the characterization of the inhomogeneities,1670

which we do by investigating the standard deviation of the1671

relevant quantities, we can conclude from Fig. 16(b) that the1672

total factor F (black line) exhibits an increasing inhomogene-1673

ity with increasing depth a for approximately a < 30, while1674

there are no caustics, i.e., while it is meaningful to plot the1675

line. The similarity in the functional form corresponding to the1676

projection factor P (blue line) suggests the strong influence1677

of this latter factor. The stretching factor is also getting more1678

and more inhomogeneous at the beginning, but the increase1679

in its standard deviation slows down and turns to a homoge-1680

nization, which might be related to the decreasing magnitude1681

of the factor S itself in average [as discussed in relation with1682

Fig. 16(a)]. As long as the standard deviation of the total fac- 1683

tor F is meaningful, the standard deviation of the normalized 1684

histogram hN matches that of F very closely both for small 1685

(N = 2000) and large (N = 500) bin size, i.e., clearly indi- 1686

cates stronger and stronger inhomogeneities. However, later 1687

on, when the standard deviation of hN becomes N-dependent 1688

(at approximately a = 50), inhomogenization does not con- 1689

tinue any more, but it turns to a homogenization for any N , 1690

similarly to what is seen in the chaotic case [Fig. 10(b)]. 1691

The standard deviations of the parametric derivatives, as 1692

shown in Fig. 16(d), increase in a simple, ballistic manner, in 1693

agreement with the regular features of the flow. 1694

In the chaotic case, illustrated by Figs. 10 and17, the 1695

tendencies are always the same as in the regular case, and 1696

the main difference lies in the functional forms of the depen- 1697

dences. The dependence of the averages and the standard 1698

deviations of the particular factors on a are discussed in 1699

Sec. V B of the main text. 1700

Figure 17(a) indicates that the (unweighted and weighted) 1701

parametric derivatives exhibit a pronounced strengthening 1702

with a in average, but the particular functional form is not 1703

clear. Note that, in contrast with the regular case of Fig. 16(c), 1704

the unweighted parametric derivative δz of the vertical loca- 1705

tion is not larger in magnitude than the other two quantities in 1706

the plot [cf. Figs. 7(c)–8(c)]. As for the standard deviations 1707

of the (unweighted and weighted) parametric derivatives, 1708

Fig. 17(b) shows that they do not increase with a in a diffu- 1709

sional way (which could be expected in the presence of chaos) 1710

but follow an exponential law. 1711

Summarizing the dependence on the accumulation depth 1712

a, we always experience a net local dilution with increasing 1713
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