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f(x) =

{

x
1+x , +& x ∈ Q ∩ R+(Q ,!#'-!% -.! %!- '& /$-+'#$( #012!/%)

1, !(%!).!/! .

>- $1& )$1&+ 13-", &%&+: 34&-3;6&, 78;3""#$#%& 3-" 4)-)$)-& <8-
$#)-

5+&7&+%&7 4&$+#
7' ?&%&+$1&6&77, $1&+& &2#7$ mp@<8-
$#)-7 $13$ 3+& -)$ 4)-)@

$)-& 37 71)*7 $1& <)66)*#-= #-7$3-
& ;37&" )- A23456& B #- ./B℄'

 !"#$%& '('()( 3'#%+,!/ -.! &0#
-+'# f : R+ → R+ 5+6!# 27*

f(x) =















0, +& x = 0;

2, +& x ∈]0, 1[;
1, +& x ∈ [1,∞[.

C$ #7 
6&3+ $13$ f(1/2) > f(1), ;8$ 1/2 < 1'

D#$1 $1& 3#4 )< #-$+)"8
#-= 3 
13+3
&+#E3$#)- )< mp@<8-
$#)-7, *& -&&"

$) +&
366 $1& -)$#)- )< $+#3-=6& $+#56&$' F8
1 3 -)$#)- *37 #-$+)"8
&" ;: G'

H&+5& #- .IJ℄ 3-" #$ *#66 ;& 
+8
#36 <)+ 3 78;7&K8&-$ "#7
877#)-' G)+ &3
1

a, b, c ∈ R+, $1& $+#56&$ (a, b, c) #7 
366&" 3 1 !"#$%&"'%() *+"(%,)$ *+"-)$* #<

a ≤ b+ c; b ≤ a+ c 3-" c ≤ a+ b.

L 4&$+#
 5+)%#"&7 3 *3: $) 
)-7$+8
$ 1@"#4&-7#)-36 $+#3-=6& $+#56&$7' C-@

"&&", #< *& 
)-7#"&+ 3 4&$+#
 753
& (X, d) 3-" *& $3M& x, y, z ∈ X, $1&- $1&

$+#3-=6& #-&K836#$: &-78+&7 $13$ (a, b, c) #7 3 1@"#4&-7#)-36 $+#3-=6& $+#56&$,

*1&+& a = d(x, z), b = d(x, y) 3-" c = d(y, z)'



 !"#$%&
"($!  !

"#$% $& '(& ')*& +# ,-+(#./
& +1& '--#/-
&. 
1'('
+&(,2'+,#- #3 +1& 
*'44

#3 mp53/-
+,#-4 4/
1 '4 ,+ $'4 6,7&- )8 9#)#: ,- ; <℄>

 !"#$"% &'&'('  !" f ∈ O# $%!& "%! '())(*+&, -.! !/0+1-)!&"2

3# f +4 -& mp5'0&
"+(&7

8# +' (a, b, c) +4 - 159+:!&4+(&-) ".+-&,)! ".+;)!"7 "%!& (f(a), f(b), f(c)) +4

4(7

<# +' (a, b, c) +4 - 159+:!&4+(&-) ".+-&,)! ".+;)!"7 "%!& f(a) ≤ f(b) + f(c)7

=# '(. !-
% x, y ∈ R+ *! %-1! "%-" max{f(z) : |x − y| ≤ z ≤ x + y} ≤
f(x) + f(y)#

?#(4@A '-. 9#)#: '*4# 
1'('
+&(,2&. ,- ;B℄ +1#4& mp53/-
+,#-4 3#( $1,
1

+1& +#C#*#68 ,-./
&. )8 df #- X 
#,-
,.&4 $,+1 +1& +#C#*#68 ,-./
&. )8 d #-

X 3#( &'
1 D&+(,
 4C'
& (X, d)> E/
1 3/-
+,#-4 $&(& 
'**&. 4+(#-6*8 D&+(,


C(&4&(7,-6 3/-
+,#-4 F)(,&G8 smp53/-
+,#-4H '-. +1&8 '(& 
1'('
+&(,2&. '4

3#**#$4 F4&& ; <℄H>

 !"#$"% &'&')'  !" f : R+ → R+ >! - mp5'0&
"+(&# $%!& "%! '())(*+&,

-44!."+(&4 -.! !/0+1-)!&"2

3# f +4 
(&"+&0(047

8# f +4 
(&"+&0(04 -" 07

<# '(. !-
% ǫ > 0 *! 
-& ?&9 x > 0 40
% "%-" f(x) < ǫ,

=# f +4 - smp5'0&
"+(&#



 !  !"#$%&
"($!

"# $%℄' ()*+,- .#/ 0)1)2 
)#45#67/ 487 .1)97 +46/:; <86+ 487: /5+
6++7/

487 
.+7 5# =85
8 . >.?5@:' 5#+47./ )> . +5#A@7 )#7' )> ?74*5
 +B.
7+ 5+ 
)#+5/C

7*7/; D ?)459.45)# )> +6
8 . =)*- 
)6@/ 17 487 >)@@)=5#A;

E74 {(Xi, di) : i ∈ N} FN +4.#/+ >)* 487 +74 )> B)+54597 5#47A7* #6?17*+G

17 . >.?5@: )> ?74*5
 +B.
7+; "> =7 /7#)47 1: X 487 H.*47+5.# B*)/6
4
∏

i∈N

Xi'

487# 487 >6#
45)# D : X ×X → R+' A597# 1:

D(x,y) =
∑

i∈N

2−i · di(xi, yi)

1 + di(xi, yi)
,

5+ . ?74*5
 )# X' =85
8 5+ -#)=# 5# 487 @547*.46*7 .+ I*J
874 ?74*5
 )# .

B*)/6
4 )> 
)6#4.1@7 >.?5@: )> ?74*5
 +B.
7+;

"# 487 @5A84 )> 487 B*7
7/5#A 7K.?B@7' 54 +77?+ #.46*.@ 4) 7KB@)*7 48)+7

>6#
45)#+ =85
8 ?7*A7 . 
)@@7
45)# F#)#C#7
7++.: L#547G )> ?74*5
+ 5#4) . +5#C

A@7 )#7; <85+ B*)1@7? =.+ .//*7++7/ 1: ()*+,-' .#/ 0)1)2 5# $%℄; D@48)6A8

.@@ 487 >)@@)=5#A *7+6@4+ =7*7 A597# =87# 487 
)#+5/7*7/ >.?5@: 5+ #)#CL#547'

=7 =5@@ *7
.@@ 487? .++6?5#A 48.4 487 8.#/@7/ >.?5@: 5+ L#547' +5#
7 =7 .*7

?)459.47/ 1: 487 B)++51@7 .BB@5
.45)#+ 4) *7.@ B*)1@7?+ 5# =85
8' )195)6+@:'

=7 =)6@/ 
)#+5/7* )#@: 487 L#547 
.+7;

M7K4 =7 =5@@ /7#)47 1: Rn+ 487 +74 )> .@@ 97
4)*+ =548 n #)#C#7A.4597 *7.@


)?B)#7#4+; N)*7)97*' >*)? #)= )#' =7 =5@@ /7#)47 1: 0 487 7@7?7#4 )> Rn+
A597# 1: 0i = 0 >)* .@@ i ∈ {1, . . . , n}; D+ 6+6.@ =7 =5@@ 
)#+5/7* 487 +74 Rn+
)*/7*7/ 1: 487 B)5#4C=5+7 )*/7* *7@.45)# �' 5; 7; x � y ⇔ xi ≤ yi >)* .@@

i ∈ {1, . . . , n};

M)=' =7 8.97 ./.B47/ +)?7 +61
@.++7+ )> 1C/5?7#+5)#.@ *7.@C9.@67/ >6#
C

45)#+ 4) 487 nC/5?7#+5)#.@ 
)#47K4;

E74 F : Rn+ → R+; O7 =5@@ +.: 48.4



 !"#$%&
"($!  !

"#$ F #%  !"# $%" #& F−1(0) = {0}'

"##$ F #% &'$ (()*)+" #& &() *+
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7:9 ;( F (a) = 03 ".!$ min{a1, . . . an} = 0<
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E( .

$/(* $3 9L;℄1 . 3/(
*'$( Φ : R2
+ → R+ 2'55 D, 
.55,& .  !"#$


&!'!#("$'& )*'
"$+' 84+$%*5@ mg63/(
*'$(= '3 *+, 3/(
*'$( dΦ : X ×X → R+

'4 . 0,*%'
 $( X1 3$% ,>,%@ ?/.4'60,*%'
 4-.
, (X, q)1 2+,%, *+, 3/(
*'$( dΦ
'4 &,C(,& D@

dΦ(x, y) = Φ(q(x, y), q(y, x))

3$% .55 x, y ∈ XA

B( 9L;℄1 '* 2.4 -%$>,& . 
+.%.
*,%'J.*'$( $3 *+, 
5.44 $3 mg63/(
*'$(4 '(

2+'
+ *+, 3$55$2'() ($*'$( -5.@4 .( ,44,(*'.5 %$5,A M,* a, b, c, d, f, g ∈ R+A

N, 2'55 4.@ *+.* *+, *%'-5,*4 (a, b, c) .(& (d, f, g) .%, 0'F,& -%$>'&,& *+.*
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"#$ %&''&()*+ )*$,-.')")$/ #&'01

a ≤ b+ c, b ≤ a+ f, c ≤ g + a,

d ≤ f + g, f ≤ d+ b, g ≤ c+ d.

2#$ .**&-*
$0 
#.4.
"$4)5.")&* )/ 64$/$*"$0 7$'&(8

 !"#$"% &'&'()'  !" Φ : R2
+ → R+ #! $ %&'
")*'+ ,-!' "-! #!.*/ $00!12

")*'0 $1! !3&)4$.!'"5

678 Φ )0 $ mg2%&'
")*'+

698 Φ -*.:0 "-! %*..*/)'; <1*<!1")!05

69+78 Φ ∈ O.

69+98 Φ )0 0=>>!"1)
? )+!+? Φ(a, b) = Φ(b, a) %*1 $.. (a, b) ∈ R2
++

69+@8 Φ(a, d) ≤ Φ(b, g) + Φ(c, f) %*1 $.. a, b, c, d, f, g ∈ R+ 0&
- "-$"

(a, b, c) $': (d, f, g) $1! >)A!: "1)<.!"0+

9&4$&:$4; ($ #.:$ &7/$4:$0 "#." 7&"# Fmax .*0 F+ .4$ nqmp<%-*
")&*/8

=*/6)4$0 7> "#)/ %.
"; ?8 9.4"@*; A8 9.>&4 .*0 B8 C.'$4& ".
D'$0 "#$ /"-0>

&* "#$ 4$'.")&*/#)6 7$"($$* nqmp<%-*
")&*/ .*0 E$"4)
 +$*$4.")*+ &*$ F/$$

GHI℄K8

2#$ *$L" 4$/-'" /#&(/ "#." 0$E.*0)*+ .* $L"4. 
&*0)")&* &* "#$ 
'.// &%

2qmp<%-*
")&*/ ($ 
.* $*/-4$ "#." "#$> .4$ /-7
'.// &% mg<%-*
")&*/8

*$#+#,-.-#/ &'&'(&'  !" Φ : R2
+ → R+ #! $ %&'
")*'+ B% Φ )0 $ 0=>>!"1)


2qmp2%&'
")*'? "-!' Φ )0 $' mg2%&'
")*'+
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"#$%&'$()$'* +, -./℄* %&' 1)22)3+,4 '56(72'8 )1 2qmp91#,
%+),* 3&+
& 6$'

mg91#,
%+),8* 368 7$);+<'< =

 !"#$%& '('())(  ! "# 
%&'( !)'! !)& *&%+, -./
!"+/# Φ : R2
+ −→ R+ #'!"#-0

#!'!&1&/!# "/ 2)&+(&1 343435 '/67 "/ '66"!"+/7 !)&0 '(& #011&!("
 -./
!"+/#4

2).#7 *0 8(+9+#"!"+/ 3434537 '%% +- !)&1 '(& mg:-./
!"+/#;

<3= Φ(a, b) =

{

0 "- a = b = 0

1 +!)&(,"#&
.

<5= Φ(a, b) = (w (ap + bp))
1
p -+( '%% w ∈ R+ \ {0}7 ,)&(& p ∈ [1,∞[4

<>= Φ(a, b) = wmax{a, b} -+( '%% w ∈ R+ \ {0}4

<?= Φ(a, b) = w (a+ b) -+( '%% w ∈ R+ \ {0}4

>)3';'$* %&'$' '5+8% mg91#,
%+),8 3&+
& 6$' ,)% 6 2qmp91#,
%+),* 8#
&

68 %&' ,'5% '56(72' 8&)38=

 !"#$%& '('()*( @&! Φ : R2
+ → R+ *& !)& -./
!"+/ 6&A/&6 *0

Φ(a, b) =















0 "- max{a, b} = 0

2 "- max{a, b} ∈]0, 1[
1 "- max{a, b} ≥ 1

.

?' @,+8& %&+8 8'
%+), 3+%& ,'5% $'8#2% %&6% <'8
$+A'8 %&' $'26%+),8&+7

A'%3'', 2qmp91#,
%+),8 6,< mg91#,
%+),8=

+,&-.&# '('()/( @&! Φ : R2
+ → R+ *& ' mg:-./
!"+/4 2)&/ !)& -+%%+,"/B

'##&(!"+/# '(& &C."D'%&/!;
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 !" Φ #$ % 2qmp&'()
+#,)-

 ." Φ #$ /,),+,)0-

 ! !" #$%$&'($)* %+',-(+%+.), './ )0+$( )('.,12(%')$2.,

"# $%&' '()'*
$&,# -* 
,./&0* ',.* 1*'(0$' 2//*21*3 &# $%* 0&$*12$(1*4 &#

-%&
% $%* 1*02$&,#'%&/ )*$-**# '&.&021&$5 2#3 3&''&.&021&$5 .*2'(1*.*#$' -2'

'$(3&*36 7(
% 2 '$(35 8,
(' ,# 3*'
1&)&#9 $%,'* 8(#
$&,#' -%&
% $12#'8,1.

2 '&.&021&$5 .*2'(1*.*#$ &#$, 2 3&''&.&021&$5 ,#*4 2#3 :&
*;:*1'26 7,4 -*

-&00 
,00*
$ ',.* #,$&,#' ,8 .*2'(1*.*#$' 812.*3 &# $%* 8(<<5 
,#$*=$4 2'

&#3&'$&#9(&'%2)&0&$5 ,/*12$,1 ,1 8(<<5 .*$1&
4 &# -%&
% -* 21* &#$*1*'$*3 &#6

>, $%&' *#34 -* )*9&# 1*
200&#9 $%* #,$&,# ,8 $1&2#9(021 #,1.4 -%&
% &' 
1(
&20

&# $%* 3*?#&$&,# ,8 '&.&021&$5 .*2'(1*.*#$' 
,#'&3*1*3 &# $%&' 3&''*1$2$&,#6

 !"#$%&'#! $(!)*

>%&' /21$ ,8 $%* '()'*
$&,# &' 3*:,$*3 $, 
,00*
$ ',.* 
,#
*/$' 2#3 /1,/*1$&*'

1*02$*3 $, $%* #,$&,# ,8 $1&2#9(021 #,1.'4 -%&
% -&00 )* *''*#$&20 &# $%&' -,1@6

A(1 .2&# 1*8*1*#
* 8,1 $1&2#9(021 #,1.' &' BC!℄6

E*
200 $%2$ 2  !"#$%&'#! $(!) F)1&*G54 t;#,1.H &' 2 8(#
$&,# T : [0, 1]2 →
[0, 1] '(
% $%2$4 8,1 200 x, y, z ∈ [0, 1]4 $%* 8,00,-&#9 8,(1 2=&,.' 21* '2$&'?*3I

+ ,- T (x, y) = T (y, x)J FK,..($2$&:&$5H

+ .- T (x, T (y, z)) = T (T (x, y), z)J FL'',
&2$&:&$5H

+ /- T (x, y) ≥ T (x, z)4 -%*#*:*1 y ≥ zJ FM,#,$,#5H
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 !"# T (x, 1) = x" #$%&'()*+ ,%'(-.-%'/

012' T -3 ) 
%'.-'&%&3 5&'
.-%' #5%* .12 &3&)6 .%7%6%8-23 -' [0, 1]2 )'(

-' [0, 1]/ 92 9-66 3)+ .1). T -3 ) 
%'.-'&%&3 t:'%*;"

<%.-
2 .1). ) t:'%*; 
)' =2 
%'3-(2*2( )3 ) =-')*+ %72*).-%' ∗ %' [0, 1]

91-
1 3).-3>23 .12 )5%*2;2'.-%'2( )?-%;3 %5 
%;;&.).-@-.+A )33%
-).-@-.+A

;%'%.%'+ )'( .12 =%&'()*+ 
%'(-.-%'" B%A 5%* %&* 
%'@2'-2'
2A 92 *252* .%

) t:'%*; )3 ) =-')*+ %72*).-%'"

C' -'.2*23.-'8 3&=
6)33 %5 t:'%*;3A -' %&* 3&=32D&2'. 3.&(+A )*2 .12 3%


)662( C*
1-;2(2)'" C t:'%*; ∗ -3 
)662(  !
#$%&'&() -5 -. 3).-3>23 .12

5%66%9-'8 
%'(-.-%'E

F%* 2)
1 x, y ∈]0, 1[ .12*2 2?-3.3 n ∈ N 3&
1 .1). x(n) < yA 912*2 x(n) =

x ∗ · · · ∗ x n:.-;23"

G' .1%32 
)323 -' 91-
1 ∗ -3 
%'.-'&%&3A .12' C*
1-;2(2)' t:'%*;3 )*2


1)*)
.2*-H2( =+ .12 7*%72*.+ x ∗ x < x 5%* 2)
1 x ∈]0, 1[" I9% 9266:J'%9'

2?);7623 %5 
%'.-'&%&3 C*
1-;2(2)' t:'%*;3 )*2 .12 &3&)6 7*%(&
.A -"2"A

x∗P y = x·yA )'( .12 K&
J)3-2@-
H t:'%*;A 8-@2' =+ x∗Ly = max{x+y−1, 0}"
L5 
%&*32A -' 82'2*)6A 
%'.-'&%&3 t:'%*;3 )*2 '%. C*
1-;2(2)'" G'(22(A )'

2?);762 %5 
%'.-'&%&3 t:'%*; 91-
1 -3 '%':C*
1-;2(2)' -3 .12 ;-'-;&; t:

'%*;A -"2"A x∗M y = min{x, y}" I1232 t:'%*;3 )*2 .12 ;%3. 
%;;%'6+ &32( -'

F&HH+ K%8-
" F-')66+A ) 9266:J'%9' 2?);762 %5 '%':
%'.-'&%&3 C*
1-;2(2)'

t:'%*; -3 .12 3%:
)662( M*)3.-
 7*%(&
. t:'%*;A 91-
1 -3 8-@2' =+

x ∗D y =

{

0 -5 x, y ∈ [0, 1[

min{x, y} %.12*9-32
.

C3 -'(-
).2( )=%@2A 92 5%
&3 %&* -'.2*23. %' C*
1-;2(2)' t:'%*;3A 91-
1
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#$ %& '&('&)&$*&+ %, -&#$) ./ # '&#0 /1$
*2.$ 
#00&+  !!"#"$% &%'%( #)(3 4.

2$*'.+1
& *52) 
.$
&(* 6& '&
#00 %&/.'& *5& $.*2.$ ./ ()&1+.72$8&')& ./ # '&#0

/1$
*2.$3

9&* [a, b] #$+ [c, d] %& *6. 
0.)&+ )1%2$*&'8#0) ./ *5& &:*&$+&+ '&#0 02$&

[−∞,∞]; #$+ 0&* f : [a, b] → [c, d] %& # +&
'&#)2$< /1$
*2.$3 45&$ *5&

 !"#$%&'()"*!" f (−1) : [c, d]→ [a, b] ./ f 2) +&=$&+ %,

f (−1)(y) = sup{x ∈ [a, b] : (f(x)− y)(f(b)− f(a)) < 0}.

>.*2
& *5#* 6& '&)&'8& *5& *&'- ?)*'2
*0,@ -.$.*.$& /.' *5.)& /1$
*2.$) %&2$<

?)*'2
*0,@ 2$
'&#)2$<3

A$ *5& (#'*2
10#' 
#)& 2$ 652
5 f 2) # )*'2
*0, +&
'&#)2$< /1$
*2.$; 6&

.%*#2$ *5& $&:* )2-(0&' /.'-10#

f (−1)(y) = sup{x ∈ [a, b] : f(x) > y}.

A/ 2$ #++2*2.$; f 2) 0&/*7
.$*2$1.1) #* 1 *5& #%.8& &:('&))2.$ 2) &B128#0&$* *.

f (−1)(y) = f−1(min{f(0), y}) = max{0, f−1(y)}. ?!3!@

C)2$< *5& #%.8& 
.$
&(*; 2$ DEF℄; *5& $&:* *5&.'&- 6#) ('.8&+3

 !"#$"% &'&'()' +", f : [0, 1] → [0,∞] -" . !,*'
,01 $"
*".!'(2 3#(
,'%(

4',5 f(1) = 0 !#
5 ,5.,

f(x) + f(y) ∈ Ran(f) ∪ [f(0+),∞]

3%* .00 x, y ∈ [0, 1]6 75" -'(.*1 % "*.,'%( ∗ %( 89:;℄ '! . t&(%*=: 45"*" ∗ '!

$">("$ -1

x ∗ y = f (−1)(f(x) + f(y)), 3%* ".
5 x, y ∈ [0, 1].
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"# $%& '(&
&*+#, $%&-(&./ f(0+) *&#-$&0 $%& (+,%$10+*&* 2+.+$ 30 x →
0/ +4&4/ f(0+) = limx→0+ f(x)4 5%+0 (&062$ .-$+73$&* $%& 38-(&.&#$+-#&*


-#
&'$ -8 3**+$+7& ,&#&(3$-(4

"# $%& 2+,%$ -8 5%&-(&. 9494!:/ ;& ;+22 03< $%3$ f∗ : [0, 1] → [0,∞] +0 3#

 !!"#"$% &%'%( #)( -8 3 t1#-(. ∗/ +8 +$ +0 3 0$(+
$2< *&
(&30+#, 86#
$+-# ;%+
%

+0 320- (+,%$1
-#$+#6-60 3$ 0 3#* 03$+0=&0 f∗(1) = 0/ 06
% $%3$ 8-( x, y ∈ [0, 1]

;& %37&

f∗(x) + f∗(y) ∈ Ran(f∗) ∪ [f∗(0),∞],

x ∗ y = f
(−1)
∗ (f∗(x) + f∗(y)).

>3
% t1#-(. ;+$% 3# 3**+$+7& ,&#&(3$-( +0 ?(
%+.&*&3#4 5%& 
-#7&(0& -8

$%+0 300&($+-# +0 #-$ $(6& +# ,&#&(324 @-;&7&(/ $%& #&A$ $%&-(&. 0%-;0 $%3$

8-( 
-#$+#6-60 t1#-(.0 $%& 
-#7&(0& %-2*04

 !"#$"% &'&'()' * +"' (, )-%( #)( ∗ )' [0, 1] ".  
)'#"'0)0. *(
1"2%!% '

t3')(2 "4  '! )'5, "4 #1%(% %6".#.  
)'#"'0)0.  !!"#"$% &%'%( #)( f∗ .0
1 #1 #

x ∗ y = f
(−1)
∗ (f∗(x) + f∗(y))

4)( % 
1 x, y ∈ [0, 1]7

* +$,-./#$%,+0#- #/ 1-20.+0-340.!,5060+7 #8"$,+#$.

"# $%+0 06B0&
$+-#/ ;& (&
322 $%& 
-#
&'$ -8 +#*+0$+#,6+0%3B+2+$< -'&(3$-( 3#*

+$0 (&23$+-#0%+' ;+$% 
2300+
32 .&$(+
04

?

-(*+#, $- CDE/ FG℄ 3#  !" #$ !%& #'() * $+ ,-./($,/ -# 3 #-#1&.'$< 0&$

X 8-( 3 t1#-(. ∗/ +0 3 86II< 0&$ E : X ×X → [0, 1] ;%+
% 03$+0=&0 8-( &3
%

x, y, z ∈ X $%& 8-22-;+#,J
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 !"# E(x, x) = 1! "#$%$&'(')*+

 !$# E(x, y) = E(y, x)! ",*--$).*+

 !%# E(x, z) ≥ E(x, y) ∗ E(y, z)/ "0.123')'(')*+

45 '2 166')'728 E 31)'39$38 57. 1:: x, y ∈ X );$ 57::7<'2= 
726')'72?

 !"&# E(x, y) = 1 '-@:'$3 x = y8

);$2 E '3 31'6 )7 3$@1.1)$ @7'2)3/

45 
725A3'72 67$3 27) 1.'3$8 <$ 
12 
1:: B7); '26'3)'2=A'3;1B':')* 7@$.1)7.3/

,$($.1: 1A);7.3 ;1($ 3)A6'$6 );$ .$:1)'723;'@ B$)<$$2 '26'3)'2=A'3;1B':')*

7@$.1)7.3 126 -$).'
3 "3$$ CDE8 EF8 GH8 GI8 HJ8 JK8 IF℄+/ 42 );'3 6'.$
)'72 1

)$
;2'MA$ )7 =$2$.1)$ -$).'
3 5.7- '26'3)'2=A'3;1B':')* 7@$.1)7.38 126 ('
$N

($.318 ;13 B$$2 6$($:7@$6 B* 3$($.1: 1A);7.3 '2 );$ :')$.1)A.$/ O72
.$)$:*8

12 '263')'2=A'3;1B':')* 7@$.1)7. 
12 B$ @.7('6$6 5.7- 1 "@3$A67N+-$).'
 13

57::7<3?

'()*+), "-"-$.-  !" X #! $ %&%'!()"* +!" $%, -!" ∗ #! $ t'%&.( /0"1

$,,0"02! 3!%!.$"&. f∗ : [0, 1] → [0,∞]4 56 ⋄ 0+ $ t'%&.(7 "1!% "1! 6&--&/0%3

$++!."0&%+ $.! !8902$-!%":

;< ∗ ≤ ⋄ =04!47 x ∗ y ≤ x ⋄ y 6&. $-- x, y ∈ [0, 1]<4

>< ?&. $%* 0%,0+"0%390+1$#0-0"* &)!.$"&. E &% X 6&. ⋄7 "1! 69%
"0&% dE,f∗ :
X ×X → [0,∞] ,!A%!,7 6&. !$
1 x, y ∈ X7 #*

dE,f∗(x, y) = f∗(E(x, y)),

0+ $ )+!9,&'(!".0
 &% X4
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 ! "#$ %&' (&)(*+(&,-(*.%/(0(+' #12$%+#$ E #& X 3#$ ⋄ +.%+ *21%$%+2* 1#(&+*4
+.2 3-&
+(#& dE,f∗ : X ×X → [0,∞] )26&2)4 3#$ 2%
. x, y ∈ X4 /'

dE,f∗(x, y) = f∗(E(x, y)),

(* % 72+$(
 #& X8

"# $%& '()%$ *+ $%& ,-&
&/(#) -&01'$2 3& 
4# 0&& 4# 4//($(5& )&#&-4$*- *+ 4

t6#*-7 40 4 +1#
$(*# $%4$ $-4#0+*-70 &4
% (#/(0$(#)1(0%48('($9 *,&-4$*-2 +*- 4

:;&/ t6#*-72 (#$* 4 7&$-(
< =&#
& 01
% 4 -&01'$ 9(&'/0 4 7&$%*/ $* $-4#0+*-7

4 >)&#&-4'(?&/ #*$(*# *+ 7&$-(
@ (#$* 4 7&$-(
< A*#
-&$&'92 ($ $-4#0+*-70 4

0(7('4-($9 7&401-&7&#$ (#$* 4 7&$-(
<

A*#5&-0&'92 $%& +*''*3(#) $%&*-&7 ,-*5(/&0 4 $&
%#(B1& $* 
*#0$-1
$ 4#

(#/(0$(#)1(0%48('($9 *,&-4$*- +-*7 4 C,0&1/*6D7&$-(
<

 !"#$"% &'&'()' 92+ ∗ /2 % 
#&+(&-#-* :$
.(72)2%& t;&#$7 #& X <(+.

%))(+(=2 ,2&2$%+#$ f∗ : [0, 1] → [0,∞]8 >3 d (* % 1*2-)#;72+$(
 #& X4 +.2&

+.2 3-&
+(#& Ed,f∗ : X ×X → [0, 1] )26&2)4 3#$ %00 x, y ∈ X4 /'

Ed,f∗(x, y) = f
(−1)
∗ (d(x, y)),

(* %& (&)(*+(&,-(*.%/(0(+' #12$%+#$ 3#$ ∗4 <.2$2 f
(−1)
∗ )2&#+2* +.2 1*2-)#;

(&=2$*2 #3 +.2 %))(+(=2 ,2&2$%+#$ f∗8 ?#$2#=2$4 +.2 (&)(*+(&,-(*.%/(0(+' #12$;

%+#$ Ed,f∗ *21%$%+2* 1#(&+* (3 %&) #&0' (3 d (* % 72+$(
 #& X8

E0 8&+*-&2 (# $%(0 '40$ 
40&2 3& 
4# 4F-7 $%4$ $%& ,0&1/*6(#5&-0& *+ 4#

4//($(5& )&#&-4$*- *+ 4 
*#$(#1*10 E-
%(7&/&4# t6#*-7 (0 4 +1#
$(*# $%4$

$-4#0+*-70 &4
% C,0&1/*6D7&$-(
 (#$* 4# (#/(0$(#)1(0%48'& *,&-4$*-<
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 !""# $%&'(
* +,- &.%(' &'+,*/0'$+&(0,*

"#$% %&
($)* $% +&,)(&+ () 
)--&
( %).& /&%0-(% /&-1(&+ () 1 20334 ,&/%$)*

)2 (#& *)($)* )2 56%&0+)78.&(/$
9 1*+ $(% /&-1($)*%#$6 :&(;&&* <&*&/1-$3&+

.&(/$
% 1*+ (/1*%2)/.1($)* (&
#*$=0&%> ?0334 .&(/$
% ;&/& $*(/)+0
&+ :4 @>

A/1.)%$- 1*+ B> C$
#1-&D $* E!F℄9 1-(#)0<# *);1+14% $% 
)..)*-4 0%&+ 1%

(#& 2)--);$*< /&2)/.0-1($)* 6/&%&*(&+ :4 C> H/1:$&
 $* EIJ℄>

K&
1-- (#1( 1 KM  !"##$ %&'()
 +,-
& $% 1* )/+&/&+ (/$6-& (X,M, ∗) %0
#
(#1( X $% 1 5*)*7&.6(48 %&(9 ∗ $% 1 
)*($*0)0% t7*)/. 1*+ M $% 1 20334 %&(

)* X ×X × [0,∞[ %1($%24$*< (#& 2)--);$*< 
)*+$($)*%9 2)/ 1-- x, y, z ∈ X 1*+

s, t > 0L

12345 M(x, y, 0) = 0;

12365 M(x, y, t) = 1 2)/ 1-- t > 0 $2 1*+ )*-4 $2 x = y;

12375 M(x, y, t) =M(y, x, t);

12385 M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s);

12395 M(x, y,M) : [0,∞[→ [0, 1] $% -&2(7
)*($*0)0%>

N0
# 1 
)*
&6( ;1% %-$<#(-4 .)+$O&+ -1(&/ )* :4 P> H&)/<& 1*+ Q> R&&/17

.1*$ $* EI ℄ 1% 2)--);%9 1 GV 720334 .&(/$
 %61
& $% 1* )/+&/&+ (/$6-& (X,M, ∗)
%0
# (#1( X $% 1 5*)*7&.6(48 %&(9 ∗ $% 1 
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<(=(> ?+ *'7+ &*'& &*+-+ +./%&% k0 ∈]0, 1[ %0
* &*'& 1#- +'
* c ∈]0, 1[ ?+ 
'$

@$4 ac ∈ [0,∞[ %'&/%1;/$8 f(k0ac) > cf(ac)( A#$%/4+- &*+ 6'-&/'2 5+&-/


%6'
+ ([0,∞), pm) '$4 4+@$+ &*+ 5'66/$8 T : R+ → R+ B; T (x) = k0x 1#-

'22 x ∈ R+( )*+$ /& /% 
2+'- &*'& T /% ' pm3
#$&-'
&/#$( C+@$+ &*+ 5'66/$8

dp : [0,∞) × [0,∞)→ R+ B;

dpm(x, y) =

{

0 /1 x = y

pm(x, y) /1 x 6= y
.

D& /% +'%; &# %++ &*'& dpm /% ' 5+&-/
 #$ R+ E
#56'-+ F!!℄H '$4 &*'& T /% '

dpm3
#$&-'
&/#$( I/$
+ f /% ' 5+&-/
3
#$&-'
&/#$36-+%+-7/$8 10$
&/#$ ?+ *'7+

&*'& T /% ' dpmf
3
#$&-'
&/#$( J+$
+, &*+-+ +./%&% k1 ∈ (0, 1) %0
* &*'&

dpmf
(T (x), T (y)) ≤ k1dpmf

(x, y)

1#- '22 x, y ∈ R+( A#$
-+&+2;, ?+ *'7+ &*'&

pmf
(T (x), T (y)) ≤ k1pmf

(x, y)

1#- '22 x, y ∈ R+ ?/&* x 6= y( D& 1#22#?% &*'&

f(k0ak1) = pmf
(T (ak1), T (0))) ≤ k1pmf

(ak1 , 0) = k1f(ak1).
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 #$.
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"##$%#"&'() *+)
&'() -.$'%/01 qma2*+)
&'()3 '*1 *($ %"
4 )()2%56&0 7%& X ")8

%"
4 *"5'90 (* :+"7'25%&$'
7 {q1, . . . , qn} () X1 &4% *+)
&'() QnF : X ×X →
[0,∞[ '7 " :+"7'25%&$'
 () X1 ;4%$%

QnF (x, y) = F (q1(x, y), . . . , qn(x, y))

*($ %"
4 x, y ∈ X<

=4% )%>& %>"569% #'?%7 " 7'569%1 .+& '99+7&$"&'?%1 ')7&")
% (* " qma2

*+)
&'()<

 !"#$%& '()()(  !" n ∈ N #$% &' # 
)**!
"+)$ ), 
)!&
+!$"- {α2, . . . , αn}
-.
/ "/#" αi ∈ (0,∞) ,)0 #** i = 2, . . . , n1 2!&$! "/! ,.$
"+)$ Fs : [0,∞)n →
[0,∞) 3+4!$5 ,)0 !#
/ a ∈ [0,∞)n5 67 Fs(a) =

∑n
i=2 αi ·ai1 8 -"0#+3/",)09#0%


):;."#"+)$ -/)9- "/#" Fs +- # qma<,.$
"+)$1

@.7%$?% &4"& %?%$0 qma2*+)
&'() '7 " ma2*+)
&'()< A)8%%81 9%& n ∈ N ")8

9%& F : [0,∞)n → [0,∞) .% " qma2*+)
&'()< B()7'8%$ " )()2%56&0 7%& X ")8

" *"5'90 (* 5%&$'
7 {d1, . . . , dn} () '&< C0 (+$ "77+56&'()1 &4% *+)
&'() QnF
'7 " :+"7'25%&$'
 () X1 ;4%$% QnF (x, y) = F (d1(x, y), . . . , dn(x, y)) *($ %"
4

x, y ∈ X< C%7'8%71 QnF (x, y) = QnF (y, x) ")8 7( QnF '7 " 5%&$'
 () X1 7')
%

di(x, y) = di(y, x) *($ %"
4 i ∈ {1, . . . , n}< =4%$%*($%1 F '7 ") ma2*+)
&'()<

D'&4 &4% "'5 (* #%&&')# " 
4"$"
&%$'E"&'() (* qma2*+)
&'()7 ;% ')&$(8+
%

&4% *(99(;')# 9%55"&" ;4'
4 ;'99 .% 
$+
'"9 9"&%$ ()<

*&##" '()(+(  !" n ∈ N #$% *!" F : [0,∞)n → [0,∞) 6! # qma<,.$
"+)$1

=/!$5 F (a) ≤ F (b) + F (c) ,)0 !#
/ a,b, c ∈ [0,∞)n 9+"/ a � b+ c1

,-../( B()7'8%$ " 7%& X = {x, y, z} ;'&4 "99 %9%5%)&7 8'F%$%)&< G%>& ;%

74(; &4"& *($ %?%$0 a,b, c ∈ [0,∞)n ;'&4 a � b+ c1 &4%$% %>'7&7 " *"5'90 (*
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"#$%&'()*+&
% {qa,b1 , . . . , qa,bn } %#
- *-$* qa,bi &% .)/0). 10 X $0.2 &0 $..&*&102

qa,bi (x, z) = ai2 q
a,b
i (z, y) = bi $0. qa,bi (y, z) = ci 31+ $44 i ∈ {1, . . . , n}5 61

*-&% )0.2 7&8)0 a,b, c ∈ [0,∞)n2 9) .&%*&07#&%- *91 :1%%&;4) 
$%)% 9-)0 )$
-


11+.&0$*) 13 b $0. c &% 
10%&.)+).<

=$%) >5 max{bi, ci} = 05 6-)0 9) 
10%&.)+ *-) "#$%&'()*+&
 qa,bi,1 .)/0).

$% 314419%<

qa,bi,1 (x, y) = qa,bi,1 (x, z) = qa,bi,1 (y, z) = qa,bi,1 (x, x) = qa,bi,1 (y, y) = qa,bi,1 (z, z) = 0;

qa,bi,1 (y, x) = qa,bi,1 (z, x) = qa,bi,1 (z, y) = 1.

=$%) ?5 max{bi, ci} 6= 05 6-)0 9) 
10%&.)+ *-) "#$%&'()*+&
 qa,bi,2 .)/0).

$% 314419%<
qa,bi,2 (x, x) = qa,bi,2 (y, y) = qa,bi,2 (z, z) = 0;

qa,bi,2 (x, z) = ai; q
a,b
i,2 (z, x) = max{bi, ci};

qa,bi,2 (x, y) = qa,bi,2 (z, y) = bi;

qa,bi,2 (y, z) = qa,bi,2 (y, x) = ci.

@&0
) F &% $ qma'3#0
*&102 *-)0 *-) 3#0
*&10 QnF : X×X → [0,∞) 7&8)02

31+ )$
- u, v ∈ X2 ;A

QnF (u, v) = F (qa,b1 (u, v), . . . , qa,bn (u, v))

&% $ "#$%&'()*+&
 10 X2 9-)+)

qa,bi (u, v) =

{

qa,bi,1 (u, v) &3 max{ai, bi} = 0

qa,bi,2 (u, v) &3 max{ai, bi} 6= 0
, 31+ )$
- i ∈ {1, . . . , n}.

B* 314419% *-$*

F (a) = QnF (x, z) ≤ QnF (x, y) +QnF (y, z) = F (b) + F (c)

$% 9) 
4$&().5 �

6-) 0)C* +)%#4*% 314419 &(().&$*)4A 3+1( *-) :+)
).&07 10)5
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 !"!##$"% &'('&'  !" n ∈ N #$% &!" F : [0,∞)n → [0,∞) '! # qma()*$
",-$.

/0!$ "0! )-&&-1,$2 #33!4",-$3 0-&%5

678 F ,3 3*'#%%,",9!.

6:8 F ,3 ;-$-"-$!.

)"!!*' "# $%&&' ()*)+ ,% -'.% /-'/ F (a) ≤ F (b) + F (c) 012 %'
-

a,b, c ∈ [0,∞)n4 ,5/- a � b+c) 6'7589 a = b+c 58 /-% :2%
%;589 58%<='>5/#

,% 1?/'58 /-% @=?';;5/5.5/# 10 F '8; /'7589 c = 0 ,% ;%;=
% /-% &181/18#

10 F ) �

6-% ?%>1, :21:%2/# ,5>> :'># ' 
%8/2'> 21>% 58 1=2 @=?@%<=%8/ ;5@
=@@518)

+,--$ &'('.'  !" n ∈ N #$% &!" F : [0,∞[n→ [0,∞[ '! # 3*'#%%,",9!

)*$
",-$. /0!$ "0! )-&&-1,$2 #33!4",-$3 #4! !<*,9#&!$"5

6,8 /0!4! !=,3"3 i0 ∈ {1, . . . , n} 3#",3)>,$2 "0! )-&&-1,$25 )-4 !#
0 a ∈
[0,∞)n 1,"0 F (a) = 0 1! 0#9! "0#" ai0 = 0?

6,,8 @) a ∈ [0,∞)n 3*
0 "0#" F (a) = 0A "0!$ min{a1, . . . , an} = 0.

)"!!*' A/ 5@ 1?.51=@ /-'/ (i) ⇒ (ii)) B1 ,% 18># 8%%; /1 @-1, /-'/

(ii)⇒ (i)) 61 /-5@ %8;4 @=::1@% 012 /-% :=2:1@% 10 
18/2';5
/518 /-'/ 012 %'
-

i ∈ {1, . . . , n} /-%2% %C5@/@ ai ∈ [0,∞)n @=
- /-'/ F (ai) = 0 ?=/ aii > 0) B58
%

F 5@ @=?';;5/5.% ,% 1?/'58 /-'/ F (a1 + · · ·+ an) ≤ F (a1)+ · · ·+F (an) = 0)

6-=@4 /-%2% %C5@/@ c ∈ [0,∞)n ,5/- c = a1 · · · + an @=
- /-'/ F (c) = 0 '8;4

-1,%.%24 ci > 0 012 %'
- i ∈ {1, . . . , n}4 ,-5
- 
18/2';5
/@ (ii)) �

A8 /-% :'2/5
=>'2 
'@% 10 qmaD0=8
/518@ ,% -'.% /-% 01>>1,589)
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"# $%&&' ()!)* '+, -./.00'/# ()!)( 1% .23'4+ 35% 6.00.14+7 /%8903)

 !""# $%&%'%  !" n ∈ N #$% &!" F : [0,∞)n → [0,∞) '! # qma()*$
",-$.

/0!$ "0! )-&&-1,$2 #33!4",-$3 #4! !5*,6#&!$"7

8,9 /0!4! !:,3"3 i0 ∈ {1, . . . , n} 3#",3);,$2 "0! )-&&-1,$27 )-4 !#
0 a ∈
[0,∞)n 1,"0 F (a) = 0 1! 0#6! "0#" ai0 = 0<

8,,9 =) a ∈ [0,∞)n 3*
0 "0#" F (a) = 0> "0!$ min{a1, . . . , an} = 0.

:+ 35% 04753 .6 35% ;/%<4.98 /%89038= 1% '/% '20% 3. ;/.<% 35% ;/.&48%,


5'/'
3%/4?'34.+ .6 qma@69+
34.+8)

()!*+!" $%&%,%  !" n ∈ N #$% &!" F : [0,∞)n → [0,∞) '! # )*$
",-$.

/0!$ "0! )-&&-1,$2 #33!4",-$3 #4! !5*,6#&!$"7

8?9 F ,3 # qma()*$
",-$<

8@9 F 3#",3A!3 "0! )-&&-1,$2 
-$%,",-$37

8@.?9 F (0) = 0<

8@.@9 =) F (a) = 0> "0!$ min{a1, . . . , an} = 0<

8@.B9 F (a) ≤ F (b) + F (c) )-4 !#
0 a,b, c ∈ [0,∞)n 1,"0 a � b+ c.

8B9 F 3#",3A!3 "0! )-&&-1,$2 
-$%,",-$37

8B.?9 F (0) = 0<

8B.@9 =) F (a) = 0> "0!$ min{a1, . . . , an} = 0<

8B.B9 F ,3 C-$-"-$! #$% 3*'#%%,",6!.
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 !""#$ (1) ⇒ (2)" #$ %&''() *"+"! (,- *"+". /& 0(1& 20(2 F )(23)4&)


6,-3236,) (2.2) (,- (2.3)" 7&82 /& )06/ 20(2 F (0) = 0" 9,-&&-: 
6,)3-&; 20&

<=()3>'&2;3
 )?(
& ([0,∞), qu): /0&;& qu(x, y) = max{y−x, 0}" @0& A(
2 20(2
F 3) ( qma>A=,
236, B31&) 20(2 20& A=,
236, QnF 3) ( <=()3>'&2;3
 6, X: /0&;&

QnF (x, y) = F (qu(x, y), . . . , qu(x, y)) A6; (CC x, y ∈ X" 92 A6CC6/) 20(2: 48&-

x ∈ [0,∞): F (0) = F (0, . . . , 0) = F (qu(x, x), . . . , qu(x, x)) = QnF (x, x) = 0"

(2) ⇒ (1)" D6,)3-&; ( ,6,>&'?2$ )&2 X (,- ( A('3C$ {q1, . . . , qn} 6A

<=()3>'&2;3
) 6, X" E& /3CC )06/ 20(2 20& A=,
236, QnF : X ×X → [0,∞) 3)

( <=()3>'&2;3
"

F=??6)& 20(2: B31&, x, y ∈ X: QnF (x, y) = QnF (y, x) = 0" @0&,:

F (q1(x, y), . . . , qn(x, y)) = F (q1(y, x), . . . , qn(y, x)) = 0.

F3,
& F )(23)4&) 
6,-3236, (2.3) /& -&-=
& 20(2 F 3) )=G(--3231&" 9, (--3236,

F A=C4CC) 
6,-3236, (2.3) (,-: 20=): %&''( *"+"H B=(;(,2&&) 20(2 20&;& &83)2)

i0 ∈ {1, . . . , n} )=
0 20(2 qi0(x, y) = qi0(y, x) = 0" @0=) x = y: )3,
& qi0 3) (

<=()3>'&2;3
 6, X" #&)3-&): QnF (x, x) = 0 A6; &(
0 x ∈ X: )3,
& F )(23)4&)

(2.1)" F6 QnF )(23)4&) 
6,-3236, (q1) ;&<=3;&- A6; <=()3>'&2;3
)"

7&82 /& ?;61& 20(2 QnF )(23)4&) 
6,-3236, (q2) A6; <=()3>'&2;3
)" E320

203) (3' 
6,)3-&; x, y, z ∈ X (,- 2(I& a,b, c ∈ [0,∞)n )=
0 20(2

a = (q1(x, z), . . . , qn(x, z)),

b = (q1(x, y), . . . , qn(x, y)),

c = (q1(y, z), . . . , qn(y, z)).

@0& A(
2 20(2 qi 3) ( <=()3>'&2;3
 6, X A6; &(
0 i ∈ {1, . . . , n} ?;613-&) 20(2

a � b+ c" @0&, 
6,-3236, (2.3) $3&C-) 20(2

QnF (x, z) = F (a) ≤ F (b) + F (c) = QnF (x, y) +QnF (y, z).
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"#$%$&'%$( QnF )* + ,-+*)./$0%)
 '2 X +23( 0#-*( F )* + qma.&-2
0)'24

(2) ⇔ (3)4 50 )* $2'-6# 0' 0+7$ )20' +

'-20 0#+0 F )* /'2'0'2$ +23

*-8+33)0)9$ )& +23 '2:; )& F *+0)*<$* 
'23)0)'2 (2.3)4 �

"#$'%$/ !4=4> +::'?* -* 0' @%'9)3$ + &$? $A+/@:$* '& qma.&-2
0)'2*4

 !"#$%& '()(*(  !" n ∈ N# $%! &'((')*+, &-+
"*'+/ F : [0,∞)n → [0,∞)

01! qma2&-+
"*'+/ )%!1! &'1 0(( a,w ∈ [0,∞)n3

456 F (a) =
∑n

i=1 wiai )*"% max{w1, . . . , wn} > 0# 7'"*
! "%0" )!*,%"!8

01*"%9!"*
 9!0+/: 0+8 "%-/ "%! 01*"%9!"*
 9!0+: ;!('+, "' "%*/ 
(0// '&

&-+
"*'+/ 4/!! <=>℄6#

4=6 F (a) = max{w1a1, . . . , wnan} )*"% max{w1, . . . , wn} > 0#

4@6 F (a) =
∑n

i=1 wia(i) )*"% wi ≥ wj &'1 i < j 0+8 max{w1, . . . , wn} > 0:

)%!1! a(i) */ "%! i"% (01,!/" '& "%! a1, . . . , an# 7'"*
! "%0" ABC 'D!10"'1/

)*"% 8!
1!0/*+, )!*,%"/ ;!('+, "' "%*/ 
(0// '& &-+
"*'+/ 4/!! <=>: E>℄6#

4F6 F (a) = (
∑n

i=1(wia)
p
i )

1
p &'1 0(( p ∈ [1,∞[ )*"% max{w1, . . . , wn} > 0#

7'"*
! "%0" 1''"29!0+2D')!1/ )*"% p ≥ 1 ;!('+, "' "%*/ 
(0// '& &-+
"*'+/

4/!! <=>℄6#

4G6 F (a) = min{c,∑n
i=1 wiai} )*"% max{w1, . . . , wn} > 0 0+8 c ∈ (0,∞)#

4H6 F (a) =

{

0 *& min{a1, . . . , an} = 0

c '"%!1)*/!
)*"% c ∈ (0,∞)#

50 )* ?'%0# /$20)'2)26 0#+0 B-/+22 &-2
0)'2* +%$ )2*0+2
$* '& qma.

&-2
0)'2*4 C$0 -* %$
+:: 0#+0( +

'%3)26 0' DEF℄( +2 B-/+22 &-2
0)'2 )* +
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"#$#%#$& '$( )*+'((,%,-& .*$
%,#$ F : [0,∞[n→ [0,∞[ )*
0 %0'%

F (a, 0, . . . , 0) = F (0, a, . . . , 0) = F (0, 0, . . . , 0, a) = a

.#1 '22 a ∈ [0,∞)3 42&'1256 +5 70&#1&" 838396 :#),%,-& ;*"'$$ .*$
%,#$) '1&

ma<.*$
%,#$)3 =&% *) 1&
'22 %0'% %0& 
#$
&:% #. :#),%,-& ;*"'$$ .*$
%,#$

>') ,$%1#(*
& ,$ ?@9℄ +5 1&:2'
,$B %0& "#$#%#$5 '$( %0& )*+'((,%,-,%5 +5

:#),%,-& "#$#%#$5 '$( :#),%,-& )*+'((,%,-,%56 1&):&
%,-'256 ,$ %0& (&C$,%,#$

#. ;*"'$$ .*$
%,#$3 D& 
'$ 
#$
2*(& %0'% :#),%,-& ;*"'$$ .*$
%,#$) '1&

$#% qma<.*$
%,#$)3 E$(&&(6 ,% ,) &')5 %# -&1,.5 %0'% %0& .*$
%,#$ :1#-,(&(

,$ FG'":2& H3838I +&2#> ,) ' :#),%,-& ;*"'$$ .*$
%,#$ >0,
0 ,) $#% ' qma<

.*$
%,#$3

E$ %0& 2,B0% #. 70&#1&") 83838J6 83838! '$( H383K >& ,""&(,'%&25 #+%',$

%0'% &-&15 n<L*'),<"&%1,
 :1&)&1-,$B .*$
%,#$ ,) ' qma<.*$
%,#$3 M&-&1%0&<

2&))6 %0& 
#$-&1)& ,) $#% %1*&3 4&1%',$25 %0& .*$
%,#$ Fs ,$%1#(*
&( ,$ FG<

'":2& H3838 )'%,)C&) '22 '))*":%,#$) ,$ %0& )%'%&"&$% #. 70&#1&" H383K '$(6

0&$
&6 ,% ,) ' qma<.*$
%,#$3 N#>&-&16 Fs(1, 0, . . . , 0) = 0 '$( )# Fs ,) $#%

'"&$'+2&3 4#$)&L*&$%256 70&#1&" 83838J :1#-,(&) %0'% F ,) $#% '$ n<L*'),<

"&%1,
 :1&)&1-,$B .*$
%,#$3

D& 0'-& :#,$%&( #*% +&.#1& %0'% &'
0 qma<.*$
%,#$ ,) ' ma<.*$
%,#$3

70& $&G% &G'":2& )0#>) %0'% %0& 
#$-&1)& #. )*
0 'O1"'%,#$ ,) $#% %1*&6 ,$

B&$&1'23

 !"#$%& '()(*(  !"#$%&' ()& *+"
($!" F : [0,∞)2 → [0,∞) -$.&" /0

F (x, y) =



































0 $* x = 0, y ∈ [0, 1[

y $* x = 0, y ∈ [1,∞)

0 $* x ∈ [0, 1[, y = 0

0 $* x ∈ [1,∞), y = 0

x+ y $* x, y ∈]0,∞)

.
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 ! "# 
%&'( !)'! F *&("+&# '%% 
,-."!",-# "- #!'!&/&-! ,0 1)&,(&/ 23234 '-.5

!)6#5 !)'! F "# '- ma706-
!",-3 8&*&(!)&%&##5 F .,&# -,! #'!"#09 
,-."!",-

(2.3) "- 1)&,(&/ :323;3  -.&&.5 (1, 0) � (12 , 0) + (12 , 0) <6!

F (1, 0) = 1 > 0 = F

(

1

2
, 0

)

+

(

1

2
, 0

)

.

=,5 F "# -,! ' qma706-
!",-3

"#$ %&''&()*+ $,-./'$ 0#&(0 -*&1#$2 )*01-*
$ &% -* ma4%5*
1)&*6 (#)
#

)0 *&1 - qma4%5*
1)&*7

 !"#$%& '()(*( >&! F : [0,∞[→ [0,∞) <& !)& 06-
!",- ?"*&- <9 F (0, 0) = 0

'-.

F (a, b) =

{

2 "0 first(a, b) ∈]0, 1[
1 "0 first(a, b) ∈ [1,∞[

,

@)&(& (a, b) 6= (0, 0) '-. first(a, b) .&-,!&# !)& +(#! *'%6& ,0 (a, b) ."A&(&-!

0(,/ 03 B

,(."-? !, CD4℄5 F "# '- ma706-
!",-3 F%&'(%9 F "# -,! G,#"!"*&

/,-,!,-& H'-. #, "! "# -,! /,-,!,-&I <&
'6#& (12 ,
1
2) � (1, 1) <6! F (12 ,

1
2) =

2 > F (1, 1) = 13 1)6#5 F .,&# -,! #'!"#09 
,-."!",- (3.2) "- 1)&,(&/ :323;

'-.5 )&-
&5 F "# -,! ' qma706-
!",-3

8* 9)$( &% 1#$ 
#-2-
1$2):-1)&* &% qma4%5*
1)&*0 /2&9);$; <= "#$&2$.

>7?7@6 &*$ 
-* (&*;$2 (#$1#$2 *$( $A5)9-'$*1 
&*;)1)&*0 1& 1#&0$ +)9$* )*

1#$ -%&2$.$*1)&*$; 2$05'1 -2$ &<1-)*$; (#$* $)1#$2 1#$ .&*&1&*= )0 ($-B$*$;

1& /&0)1)9$ .&*&1&*= &2 05<-;;)1)9)1= )0 ($-B$*$; 1& /&0)1)9$ 05<-;;)1)9)1=

-*;6 )* -;;)1)&*6 1#$ 2$.-)*)*+ 
&*;)1)&*0 
&*1)*5$ 1#$ 0-.$7 C&*$1#$'$006

1#$ -*0($2 1& 1#$ /&0$; A5$01)&* )0 *$+-1)9$ 05
# -0 1#$ *$,1 $,-./'$0 0#&(7

 !"#$%& '()()+( F,-#".&( F : [0,∞[2→ [0,∞) ?"*&- <9

F (x, y) =















y "0 x = 0, y ∈ [0,∞)

x "0 x ∈ [0,∞[, y = 0
x+y
2 "0 x, y ∈]0,∞)

.
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 ! "# $%! &'() !% 
&+
, !&'! F "# -%#"!".+ /%$%!%$+0 #12'))"!".+ '$)0 "$

'))"!"%$0 "! #'!"#3+# 
%$)"!"%$# (2.1) '$) (2.2) "$ 4&+%(+/ 567686 9%:+.+(0

F "# $%! /%$%!%$+0 #"$
+ (0, 7) � (1, 7) 21! F (0, 7) = 7 > 4 = F (1, 7)6

;&+$
+0 2< 4&+%(+/ 567680 :+ )+)1
+ !&'! F "# $%! ' qma=>1$
!"%$6

 !"#$%& '()())( ?+! F : [0,∞)3 → [0,∞) 2+ !&+ >1$
!"%$ @".+$ 2<

F (x, y, z) =



























































(x+ y)2 "> x, y ∈
[

0, 12
[

, z = 0

(x+ z)2 "> x, z ∈
[

0, 12
[

, y = 0

(y + z)2 "> y, z ∈
[

0, 12
[

, x = 0

x+ y + z %!&+(:"#+

.

A$+ 
'$ +'#"B< .+(">< !&'! F "# /%$%!%$+0 -%#"!".+ #12'))"!".+ '$)0 "$

'))"!"%$0 "! #'!"#3+# 
%$)"!"%$# (2.1) '$) (2.2) "$ 4&+%(+/ 567686 9%:+.+(0

F "# $%! #12'))"!".+0 #"$
+ "> :+ !',+ a = b =
(

1
4 ,

1
4 , 0

)

:+ %2!'"$

F (a+b) = F

(

1

2
,
1

2
, 0

)

=
1

2
+
1

2
= 1 >

1

2
=

(

1

4
+

1

4

)2

+

(

1

4
+

1

4

)2

= F (a)+F (b).

4&1#0 F "# $%! '$ ma='@@(+@'!"%$ >1$
!"%$ 2< 
%$)"!"%$ (3.3) "$ 4&+%(+/

567686

"#$%&' %&() #

)+&( (,- 
,#.#
(-.%/#(%)&0 1.)2%3-3 45 ",-).-6 7878!0 )9

n:6-(.%
 1.-;-.2%&' 9+&
(%)&;0 %( ;--6; &#(+.#< () 3%;
+;; (,- .-<#(%)&;,%1

4-(=--& (,%; $%&3 )9 9+&
(%)&; #&3 (,- qma:9+&
(%)&;8 >& (,%; 3%.-
(%)&0

?@#61<- A878B 1.)2%3-; # 2:6-(.%
 1.-;-.2%&' 9+&
(%)& C
)61#.- ?@#61<-

 %& DE ℄ #&3 ?@#61<- 7G %& DEB℄H =,%
, %; &)( # qma:9+&
(%)&8 I).-)2-.0

?@#61<- A8787 '%2-; #& %&;(#&
- )9 qma:9+&
(%)& (,#( %( &)( #6-&#4<- #&30

,-&
-0 %( %; &)( 6-(.%
 1.-;-.2%&'8
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"# $

&'#( &) *+,℄. /012# $ 3'$40562(70
 48$
2 (X, q). $ 3'$40562(70
 q−1

$#9 $ 62(70
 dq 
$# :2 0#9'
29 &# X )7&6 q $4 )&;;&<4= q−1(x, y) = q(y, x)

$#9 dq(x, y) = max{q(x, y), q(y, x)} )&7 $;; x, y ∈ X> ?&(0
2 (@$(. /012# $

)$60;A &) 3'$40562(70
4 {q1, . . . , qn} &# X. &#2 
$# /2(. &# (@2 &#2 @$#9.

(@2 3'$40562(70
 0#9'
29 :A $//72/$(0&# &) {q1, . . . , qn} $#9 (@2 3'$40562(70


0#9'
29 :A $//72/$(0&# &) {q−11 , . . . , q−1n }> B&72&127. 2127A 3'$40562(70
 $/5

/72/$(0&# )'#
(0&# 04 $;<$A4 $ 62(70
 $//72/$(0&# )'#
(0&# $#9. (@'4. &#2


$# (7A (& 904
27# <@$( 04 (@2 72;$(0&#4@08 :2(<22# (@2 62(70
 0#9'
29 :A

(@2 $//72/$(0&# &) (@2 )$60;A {dq1 , . . . , dqn} $#9 (@2 62(70
 0#9'
29 &# X :A

(@2 3'$40562(70
 &:($0#29 10$ $//72/$(0&# &) {q1, . . . , qn}> C@2 #2D( 724';(


;$70)A (@2 8&429 3'24(0&#4>

 !"#"$%&%"' ()*)*+)  !" n ∈ N #$% &!" F : [0,∞)n → [0,∞) '! #$ ()#*+,

-!".+
 #00.!0#"+1$ 2)$
"+1$3 45!$ "5! 21&&16+$0 #**!."+1$* 51&% 21. #&& x, y ∈
X7

89: (QnF )
−1(x, y) = F (q−11 (x, y), . . . , q−1n (x, y))3

8;: dQn
F
(x, y) ≤ F (dq1(x, y), . . . , dqn(x, y)) ≤ 2dQn

F
(x, y)3

 !"",) (1)> E2( x, y ∈ X> C@2#

(QnF )
−1(x, y) = QnF (y, x) =

F (q1(y, x), . . . , qn(y, x)) = F (q−11 (x, y), . . . , q−1n (x, y))

.

(1)> E2( x, y ∈ X> "# (@2 &#2 @$#9. (@2 6&#&(&#A &) F /0124 (@$(



   !"#"
%&#'(')* +,"-'./&%#'
 "**#&*"%'0) 1,)
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dQn
F
(x, y) = max{F (q1(x, y), . . . , qn(x, y)), F (q−11 (x, y), . . . , q−1n (x, y))} ≤

F (dq1(x, y), . . . , dqn(x, y)).

!" #$% &#$%' $(")* #$% +,-()).#./.#0 &1 F 0.%2)+ #$(#

F (dq1(x, y), . . . , dqn(x, y)) ≤
F (q1(x, y), . . . , qn(x, y)) + F (q−11 (x, y), . . . , q−1n (x, y)),

+."
% dqi(x, y) ≤ qi(x, y)+ q
−1
i (x, y) 1&' (22 i ∈ {1, . . . , n}4 5&'%&/%'* 6% $(/%

#$(#

F (q1(x, y), . . . , qn(x, y)) + F (q−11 (x, y), . . . , q−1n (x, y)) ≤ 2dQn
F
(x, y).

�

7% %") #$.+ +%
#.&" ).+
,++."8 ("&#$%' 9,%+#.&" #$(# ('.+%+ ." ( "(#:

,'(2 6(04 7$%" 6% 
&"+.)%' ( 9,(+.:;%#'.
 +<(
% (X, q) (") #$% 1(;.20

&1 9,(+.:;%#'.
+ {q1, . . . , qn} &" ( "&":%;<#0 +%# X +,
$ #$(# qi = q 1&'

(22 i ∈ {1, . . . , n}* #$%" .# +%%;+ ."#%'%+#."8 #& ="&6 6$(# .+ #$% '%2(#.&":

+$.< -%#6%%" #$% 9,(+.:;%#'.
 8%"%'(#%) -0 (88'%8(#.&" &1 {q1, . . . , qn} (")

q4 >" &')%' #& 8./% (" ("+6%' #& +,
$ ( 9,%+#.&"* 2%# ,+ '%
(22 #6& (<:

<'&<'.(#% "&#.&"+ 1&22&6."8 ?@ ℄4 B 1,"
#.&" F : [0,∞)n → [0,∞) $(+

p ∈ [0,∞) (+ (" .)%;<&#%"# %2%;%"# <'&/.)%) #$(# F (p, . . . , p) = p4 B+

,+,(2* 6% 6.22 +(0 #$(# F .+ .)%;<&#%"# .1 %(
$ %2%;%"# &1 [0,∞) .+ (" .)%;:

<&#%"# %2%;%"# &1 F 4 5&'%&/%'* F : [0,∞)n → [0,∞) .+ 
(22%) ."#%'"(2 .1

min{a1, . . . , an} ≤ F (a) ≤ max{a1, . . . , an} 1&' (22 a ∈ [0,∞)n4

C$% "%D# #$%&'%; 
2('.E%+ #$% .++,% ,")%' ).+
,++.&"4



 !"#"
%&#'(')* +,"-'./&%#'
 "**#&*"%'0) 1,)
%'0)-  !

 !"#$"% &'('(&'  !" n ∈ N #$% &!" F : [0,∞)n → [0,∞) '! # qma()*$
",-$.

/0!$ "0! )-&&-1,$2 #33!4",-$3 #4! !5*,6#&!$"7

89: F ,3 ,$"!4$#&.

8;: F ,3 ,%!<=-"!$".

8>: q(x, y) = F (q(x, y), . . . , q(x, y)) )-4 !6!4? 5*#3,(<!"4,
 3=#
! (X, q) #$%

)-4 #&& x, y ∈ X.

8@: d(x, y) = F (d(x, y), . . . , d(x, y)) )-4 !6!4? <!"4,
 3=#
! (X, d) #$% )-4

#&& x, y ∈ X.

)$##*' (1) ⇔ (2)"#$%&$' ()*)+ ,-.$/ 0#10 $.$&2 341/-5'$0&-
 1,,&$,15

0-%7 847
0-%7 -/ '%7%0%7$) 9&%:%/-0-%7 ;)+( -7 <; ℄ >1&&170-$/ 0#10 $.$&2

'%7%0%7$ 847
0-%7 -/ -?$':%0$70 -8 17? %7@2 -8 -0 -/ -70$&71@)

(2) ⇒ (3) A$0 (X, q) B$ 1 341/-5'$0&-
 /:1
$ 17? x, y ∈ X) CB.-%4/@2 -8

F -/ -?$':%0$70D 0#$7 q(x, y) = F (q(x, y), . . . , q(x, y)))

(3)⇒ (4)) A$0 (X, d) B$ 1 '$0&-
 /:1
$ 17? x, y ∈ X) E-7
$ $.$&2 '$0&-


d -/ 1 341/-5'$0&-
 >$ ?$?4
$ 0#10 d(x, y) = F (d(x, y), . . . , d(x, y)))

(4) ⇒ (2)) F0 -/ 
@$1& 0#10 $.$&2 341/-5'$0&-
 1,,&$,10-%7 847
0-%7 -/ 17

'$0&-
 1,,&$,10-%7 847
0-%7) G

%&?-7, 0% <H!D "#$%&$' *!℄D 1 '$0&-
 1,,&$5

,10-%7 847
0-%7 /4
# 0#10 d(x, y) = F (d(x, y), . . . , d(x, y)) 8%& $.$&2 '$0&-


/:1
$ (X, d) 17? 8%& 1@@ x, y ∈ X -/ -7?$':%0$70) �
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 !" #$%
'()$*+ ,-*
.$/*% '% 0-'%$123.($
 '++(3+'1

.$/* ,-*
.$/*%

"# $%&' '(
$&*# +( (,-.*/( 0 .&$$.( 1*/( 02*3$ qma453#
$&*#' &# '3
% 0 +06

$%0$ 0 5(+ 3'(53. 1($%*7' $* 7&'
0/7 $%*'( 53#
$&*#' $%0$ 0/( 3'(.('' 0' qma4

53#
$&*#' 0/( -/('(#$(78

9(,$ +( 7&'
3'' +%($%(/ 0 qma453#
$&*# 
0# %0:( 02'*/2(#$ (.(1(#$'8

;* $%&' (#7< /(
0.. $%0$< =&:(# n ∈ N< 0 53#
$&*# F : [0,∞)n → [0,∞) %0'

u ∈ [0,∞) 0' 0# 02'*/2(#$ >*/ 0##&%&.0$*/? (.(1(#$ &# &$' i$% 
**/7&#0$(

-/*:&7(7 $%0$

F (a1, . . . , ai−1, u, ai+1, . . . , an) = u

5*/ (0
% a1, . . . , ai−1, ai+1, . . . , an ∈ [0,∞) >'(( @AB℄?8 ;%( #(,$ /('3.$' -/*:&7(

&#5*/10$&*# 02*3$ $%( 10$$(/ 3#7(/ 
*#'&7(/0$&*# +%(# $%( 53#
$&*# %0'

&7(1-*$(#$ (.(1(#$'8

 !"#"$%&%"' ()*)+)  !" n ∈ N #$% &!" F : [0,∞)n → [0,∞) '! # qma(

)*$
",-$. /0!$ F 0#1 $-" u ∈ [0,∞) #1 #$ #'1-2'!$" !&!3!$" ,$ #" &!#1" "4-

5#2,#'&!1 40!$!5!2 F 0#1 #$ ,%!36-"!$" !&!3!$" p ∈ (0,∞) 4,"0 p > 2u.

 !"",) D3--*'(< +&$%*3$ .*'' *5 =(#(/0.&$6< $%0$ F %0' 0# 02'*/2(#$

(.(1(#$ u ∈ [0,∞) &# $%( E/'$ $+* :0/&02.('8 F6 ;%(*/(1 G8H8I +( %0:( $%0$

F &' '32077&$&:(8 ;%(# +( 7(73
( $%0$

2u = F (u, p− u, p− u, . . . , p− u) + F (p− u, u, u, . . . , u) ≥ F (p, . . . , p) > 2u,

+%&
% &' &1-*''&2.(8 �

J' 0 
*#'(K3(#
( *5 $%( -/(
(7&#= /('3.$ +( *2$0&# $%( 5*..*+&#= -/*-(/$68
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 !"!##$"% &'('('  !" n ∈ N# $% F : [0,∞)n → [0,∞) &' () &*!+,-"!)"

qma.%/)
"&-)1 "2!) F 2(' )-" u ∈ [0,∞) (' () (3'-43!)" !5!+!)" &) (" 5!('"

"6- 7(4&(35!'#

"#$ %&$
$()*+ &$,-./, 0,,-&$ /#0/ /#1,$ 2-*
/)1*, 3)/# 0* 04,1&4$*/ $.5

$6$*/ )* 0/ .$0,/ /31 70&)04.$, 0&$ *1/ -,$2-. /1 4$ qma52-*
/)1*, 3#$*

)($6%1/$*
8 ), $*918$(:
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&,*/ (+&,(;C,/8 
*/0,&,*/(

(i) +/0 (ii)1 =$& (X, p) >$ + 5+7&,+9 <$&7,
 (5+
$3 '$ ',99 ()*' &)+& qΦ,p ,( +

64+(,D<$&7,
 */ X3 ')$7$ qΦ,p(x, y) = Φ(p(x, y), p(x, x)) ;*7 $+
) x, y ∈ X1
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3&$*,
(6 #! #77*&7#$,-! .&*(.&
$,8&  !"

#$%&' () &*++,&) '-.' qΦ,p(x, y) = 0 = qΦ,p(y, x) /,% &,0) x, y ∈ X1

2-)34

Φ(p(x, y), p(x, x)) = qΦ,p(x, y) = 0,

.35

Φ(p(y, x), p(y, y)) = qΦ,p(y, x) = 0.

6,35$'$,3 (i) $0+7$)& '-.' p(x, y) = p(x, x) .35 p(y, x) = p(y, y)1 2.8$39

$3', .

,*3' '-.' p $& . +.%'$.7 0)'%$
 ,3 X () -.;) '-.' p(x, y) = p(x, x) =

p(y, y)4 .35 &, x = y1 <$3
) Φ &.'$&=)& (i) () 5)5*
) '-.' qΦ,p(x, y) = 0 =

qΦ,p(y, x) +%,;$5)5 '-.' x = y1 2-*& qΦ,p &.'$&=)& .>$,0 ?@A B ,/ C*.&$D

0)'%$
&1

E' %)0.$3& ', +%,;) '-.' qΦ,p /*7=7& '-) '%$.397) $3)C*.7$'F4 $1)14 .>$,0

(QM2) ,/ C*.&$D0)'%$
&1 G$'- '-$& .$04 7)' x, y, z ∈ X1 G) &$77 &-,( '-.'

qΦ,p(x, z) ≤ qΦ,p(x, y) + qΦ,p(y, z)1 HI&)%;) '-.' '-) 
.&)& x = y4 y = z ,%

x = z .%) ,I;$,*&1 <,4 () .&&*0) '-.' x 6= y4 x 6= z .35 y 6= z1 E3 &*
- .


.&) () ,I'.$3J

p(x, z) > p(x, x) ,% p(x, z) > p(z, z) .35 p(x, z) ≥ max{p(x, x), p(z, z)};

p(x, y) > p(x, x) ,% p(x, y) > p(y, y) .35 p(x, y) ≥ max{p(x, x), p(y, y)};

p(y, z) > p(y, y) ,% p(y, z) > p(z, z) .35 p(y, z) ≥ max{p(y, y), p(z, z)}.

A,%),;)%4 IF .>$,0 (P4) ,/ +.%'$.7 0)'%$
&4 () -.;) '-.'

p(x, z) + p(y, y) ≤ p(x, y) + p(y, z);

p(x, y) + p(z, z) ≤ p(x, z) + p(z, y);

p(y, z) + p(x, x) ≤ p(y, x) + p(x, z).

2-)34 (p(x, z), p(x, y), p(y, z)) ∈ R3
+ $& C*.5%.39*7.% '%$+7)' ,3 (p(x, x), p(y, y), p(z, z)) ∈

R3
+. 2-*&4 IF 
,35$'$,3 (ii)4 () -.;) '-.'

Φ(p(x, z), p(x, x)) ≤ Φ(p(x, y), p(x, x)) + Φ(p(y, z), p(y, y)),
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#$% &'

qΦ,p(x, z) ≤ qΦ,p(x, y) + qΦ,p(y, z).

�

(

'*%+$, -' ./0℄2 ,+34$ # 56#&+784-*+
 &#9
4 (X, q)2 -:4$ q +$%6
4& #

9#*-+#; '*%4* �q '$ X ,+34$ <= x �q y ⇔ q(x, y) = 0> ?$ .@0℄2 A#--:4B&

&:'B4% -:#- ,+34$ # 9#*-+#; 84-*+
 &9#
4 (X, p)2 -:4$ p #;&' +$%6
4& # 9#*-+#;

'*%4* �p '$ X ,+34$ <= x �p y ⇔ p(x, y) = p(x, x)> A'*4'34*2 +$ -:4 &#84

*4C4*4$
42 +- B#& 9*'34% -:#- �qp=�p>

?$ -:4 ;+,:- 'C -:4 9*4
4%+$, C#
-&2 +- &448& $#-6*#; -' %+&
6&& B:4-:4*2

,+34$ # qmg7C6$
-+'$ Φ : D → R+ #$% # 9#*-+#; 84-*+
 &9#
4 (X, p)2 -:4

9#*-+#; '*%4*& �qΦ,p
#$% �p #*4 4D#
-;= -:4 &#84 '$ X2 +>4>2 B:4-:4* # qmg7

C6$
-+'$ 9*4&4*34& -:4 '*%4* +$%6
4% <= -:4 9#*-+#; 84-*+
 -:#- +- -*#$&C'*8&>

E:4 $4D- *4&6;- ,+34& # 9'&+-+34 #$&B4* -' -:4 564&-+'$& 6$%4* 
'$&+%4*#-+'$>

 !"#"$%&%"' ()*)+)  !" Φ : D→ R+ #! $ qmg%&'(
"*+( $(, -!" (X, p) #! $

.$/"*$- 0!"/*
 1.$
!2 34!( �qΦ,p
=�p2

 !"",) F4- x, y ∈ X >G$ -:4 '$4 :#$%2 B4 :#34 -:#- x �p y ⇔ p(x, x) =

p(x, y)> G$ -:4 '-:4* :#$%2 B4 :#34 -:#- x �qΦ,p
y ⇔ qΦ,p(x, y) = 0>

E:4'*48 H> >@ ,6#*#$-44& -:#- Φ−1(0) = {(x, y) ∈ D : x = y} #$%2 -:6&2

-:#- x �p y ⇔ x �qΦ,p
y #& 
;#+84%> �

I';;'B+$, ./0℄2 4#
: 56#&+784-*+
 q '$ X +$%6
4& # T0 -'9';',= τ(q) '$

X B:+
: :#& #& # <#&4 -:4 C#8+;= 'C '94$ <#;;& {Bq(x; ǫ) : x ∈ X, ǫ > 0}2
B:4*4 Bq(x; ǫ) = {y ∈ X : q(x, y) < ǫ}> A'*4'34*2 #

'*%+$, -' .@0℄2 4#
:

9#*-+#; 84-*+
 p '$ X +$%6
4& # T0 -'9';',= τ(p) '$ X B:+
: :#& #& # <#&4

-:4 C#8+;= 'C '94$ <#;;& {Bp(x; ǫ) : x ∈ X, ǫ > 0}2 B:4*4 Bp(x; ǫ) = {y ∈
X : p(x, y) < p(x, x) + ǫ}> (& +$ -:4 
#&4 'C -:4 9#*-+#; '*%4*2 A#--:4B&



 ! "#$$%&'() *&+#$,-!(%,. /&$'&&! 01#(,23&$*,
( #!5 .#*$,#+

3&$*,
(6 #! #77*&7#$,-! .&*(.&
$,8&  !"

#$%&'( )*+) )*' )%#%,%-. /0(1
'( 3. + #+$)/+, 4')$/
 p +0( 3. )*' +55%
/+)'(

61+5/74')$/
 qp 
%/0
/('8 /9'98 τ(p) = τ(qp)9

:/4/,+$,. )% )*' #+$)/+, %$('$ 
+5'8 /) 5''45 0+)1$+, )% +5; /< )*' 5+4'

5/)1+)/%0 *+##'05 /0 %1$ 
%0)'=)8 /9'98 /< + qmg7<10
)/%0 Φ #$'5'$&'5 )*'

)%#%,%-. /0(1
'( 3. )*' #+$)/+, 4')$/
 p >*/
* /) )$+05<%$45 +0(8 )*158

τ(p) = τ(qΦ,p)9 ?'&'$)*','558 )*' 3'*+&/%1$ %< qmg7<10
)/%05 $'-+$(/0- )*'

#$'5'$&+)/%0 %< )*' )%#%,%-. /5 5,/-*),. (/@'$'0)9 A0 <+
)8 )*' +05>'$ )% )*'

61'5)/%0 #%5'( /5 0'-+)/&' 51
* +5 B=+4#,' C9 9D $'&'+,59

E*' 0'=) #$%#%5/)/%0 >/,, 3' 
$1
/+, )% 5*%>8 3. 4'+05 %< B=+4#,' C9 9D8

)*+) )*' )%#%,%-. /0(1
'( 3. + #+$)/+, 4')$/
 p %0 + 5') X (%'5 0%) 
%/0
/('8

/0 -'0'$+,8 >/)* )*' )%#%,%-. /0(1
'( 3. )*' -'0'$+)'( 61+5/74')$/
 qΦ,p9

 !"#"$%&%"' ()*)+)  !" Φ2 : D → R+ #! "$! %&'
")*' +),!' #- Φ(0, 0) = 0

.'/ Φ2(x, y) =
x−y
x

%*0 !.
$ (x, y) ∈ D\{(0, 0)}1 2$!' Φ2 )3 . qmg4%&'
")*'1

 !"",) F/$5) %< +,,8 >' %35'$&' )*+) Φ2(x, y) ≥ 08 <%$ '+
* (x, y) ∈ D9

?%>8 >' 5*%> )*+) Φ 5+)/5G'5 
%0(/)/%05 (i) +0( (ii) /0 )*' 5)+)'4'0) %<

E*'%$'4 C9 9H9

I,'+$,.8 3. ('G0/)/%08 Φ(0, 0) = 09 ?'=) 51##%5' )*+) Φ2(x, y) = 0 <%$

5%4' (x, y) ∈ D \ {(0, 0)}9 E*'0 x−y
x

= 09 E*' ,+5) '61+,/). /5 *',( /< +0(

%0,. /< x = y9 E*15 )*' +<%$'5+/( 
%0(/)/%0 (i) /5 5+)/5G'( 3. Φ9

A0 %$('$ )% #$%&' )*+) Φ <1,G,5 
%0(/)/%0 (ii)8 +5514' )*+) (x1, x2, x3) ∈
R3
+ /5 + 61+($+0-1,+$ )$/#,') %0 (y1, y2, y3) ∈ R3

+9 A) $'4+/05 )% 5*%>

)*+) Φ2(x1, y1) ≤ Φ2(x2, y1) + Φ2(x3, y2)9 F/$5)8 %35'$&' )*+)8 3. ('G0/7

)/%0 %< 61+($+0-1,+$ )$/#,') (x1, x2, x3) 6= (0, 0, 0)9 :%8 Φ2(x1, y1) =
x1−y1
x1

8

Φ2(x2, y1) =
x2−y1
x2

+0( Φ2(x3, y2) =
x3−y2
x3

9 ?%>8 >' (/5)/0-1/5* )>% #%55/3,'


+5'5J
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"#$%  & x1 ≥ max{x2, x3}& '( )*% +(% *#(,- .% *#/% )*#)

Φ2(x1, y1) =
x1 − y1
x1

≤ x1 − y1
max{x2, x3}

#(,

Φ2(x2, y1)+Φ2(x3, y2) =
x2 − y1
x2

+
x3 − y2
x3

≥ x2 − y1
max{x2, x3}

+
x3 − y2

max{x2, x3}
.

'( )*% +)*%0 *#(, x1 − y1 ≤ x2 − y1 + x3 − y2- $1(
% (x1, x2, x3) 1$ #

34#,0#(546#0 )0176%) +( (y1, y2, y3)& 8) 9+66+.$ )*#)

x1 − y1
max{x2, x3}

≤ x2 − y1
max{x2, x3}

+
x3 − y2

max{x2, x3}
#(,- *%(
%- )*#)

Φ2(x1, y1) ≤ Φ2(x2, y1) + Φ(x3, y2).

"#$% :& x1 < max{x2, x3}& ;4) x′1 = max{x2, x3}& 8) 1$ # 0+4)1(%

)+ 
*%
< )*#) (x′1, x2, x3) 1$ # 34#,0#(546#0 )0176%) +( (y1, y2, y3)- $1(
%

x′1 > x1 ≥ max{y1, y3} #(, x′1 + y2 ≤ x2 + x3& =*%0%9+0%- >? "#$%

 - .% ,%,4
% )*#) Φ2(x
′
1, y1) ≤ Φ2(x2, y1) + Φ2(x3, y2)& @+0%+/%0- .%

+>$%0/% )*#)- 9+0 %#
* a, b, α ∈ R+ .1)* a ≤ b- .% *#/% )*#) a
b
≤ a+α

b+α &

A%))1(5 α = max{x2, x3} − x1 #(, x′1 = max{x2, x3} .% +>)#1( )*#)

Φ2(x1, y1) =
x1 − y1
x1

≤ x1 − y1 + α

x1 + α
=

max{x2, x3} − y1
max{x2, x3}

= Φ2(x
′
1, y1).

=*4$- Φ2(x1, y1) ≤ Φ2(x2, y1) + Φ2(x3, y2).

"+($%34%()6? Φ 946B6$ 
+(,1)1+( (ii) 1( =*%+0%C D& &E& F%(
%- .% ,%,4
%

)*#) Φ 1$ # qmgG94(
)1+(& �

H$ #((+4(
%, >%9+0%- )*% (%I) %I#C76% $*+.$ )*#)- 1( 5%(%0#6- # qmgG

94(
)1+( Φ ,+%$ (+) 70%$%0/% )*% )+7+6+5? 1(,4
%, >? )*% 7#0)1#6 C%)01
 p

.*1
* 1) )0#($9+0C$ #(,- )*4$- )*#) τ(p) 6= τ(qΦ,p) 1( 5%(%0#6&
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 !"#$%& '()(*(  !" (R+, pm) #! "$! %&'"(&) *!"'(
 ,%&
! ,-
$ "$&" pm(x, y) =

max{x, y} ./' !&
$ x, y ∈ R+0 1" (, 2/" $&'3 "/ 4!'(.5 "$&"6 ./' !&
$ x ∈ R+

&23 ǫ > 06 "$! /%!2 #&)) 
!2"'!3 &" x 7("$ '&3(-, ǫ (, 8(4!2 #5 Bpm(x; ǫ) =

[0, x + ǫ[0

1" (, 
)!&' "$&" "$! 9-&,(:*!"'(
 8!2!'&"!3 #5 *!&2, /. "$! .-2
"(/2 Φ2

;(2"'/3-
!3 (2 <'/%/,("(/2 =0>0?@ .'/* pm (, 8(4!2 #5 qΦ2,pm(0, 0) = 0 &23

qΦ2,pm(x, y) =
max{x,y}−x
max{x,y} ./' !&
$ (x, y) ∈ D \ {(0, 0)}0 A$!2 qΦ2,pm(0, y) =

16 ./' !&
$ y ∈]0,∞[ &236 $!2
!6 BqΦ2,pm
(0; ǫ) = {0} ./' !&
$ ǫ ∈]0, 1[0

B!2
!6 BqΦ2,pm
(0; ǫ) 6∈ τ(pm) &236 "$!'!./'!6 τ(pm) 6= τ(qΦ2,pm)0

!" #

%&"' %( ')* #+%,* *-#./0*1 2* (%
&3 %&4 *5%4' %" 3**67"8 
%"9

:7'7%"3 %" qmg9(&"
'7%"3 Φ 7" %4:*4 '% *"3&4* ')#'1 (%4 *#
) /#4'7#0 .*'47


3/#
* (X, p)1 τ(p) = τ(qΦ,p); <% ')73 *":1 2* 7"'4%:&
* ')* "*-' 
%"
*/';

+&,-./.0- '()(1( =*' Φ : D → R+ +* # qmg9(&"
'7%"; >* 2700 3#? ')#'

Φ 73 # 3'4%"80? @&#379.*'47
 8*"*4#'7"8 (&"
'7%" Asqmg9(&"
'7%" (%4 3)%4'B 7(

(%4 *#
) /#4'7#0 .*'47
 3/#
* (X, p) 2* )#,* ')#' τ(p) = τ(qΦ,p);

C' .&3' +* 3'4*33*: ')#' ')* "#.* %( 3'4%"80? @&#379.*'47
 8*"*4#'7"8

(&"
'7%" )#3 +**" 7"3/74*: +? 3'4%"80? .*'47
 /4*3*4,7"8 (&"
'7%"3 7"'4%:&
*:

7" D E℄;

C" ')* 078)' %( ')* /4*
*:7"8 :*G"7'7%"1 #" 7"3'#"
* %( sqmg9(&"
'7%"3 73

87,*" +? ')* (&"
'7%" Φ− 7"'4%:&
*: 7" H-#./0*3 I; ;J;

<)* "*-' 4*3&0' 2700 +* *33*"'7#0 (%4 8*''7"8 # 
)#4#
'*47K#'7%" %( ')%3*

qmg9(&"
'7%"3 ')#' #4* sqmg9(&"
'7%"3;

2&##" '()()3(  !" Φ : D→ R+ #! & qmg:.-2
"(/20 A$!26 Φ (, */2/"/2!

(2 "$! C'," 
/*%/2!2"6 (0!06 Φ(x, z) ≥ Φ(y, z) 7$!2!4!' x ≥ y0
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 !""#$ "#$ (x, z), (y, z) ∈ D %&$' x ≥ y( )$ &* 
,#-. $'-$ &/ x = y0 $'#1

Φ(x, z) = Φ(y, z)( 23 %# -**45# $'-$ x > y( 63.#37#.0 %# 
-1 
31*&8#. $'-$

y > 0 9#
-4*# 3$'#.%&*# %# '-7# $'-$ y = z = 0 -180 $'4*0 $'-$ Φ(x, z) ≥
Φ(y, z) = Φ(0, 0) = 0( :31*&8#. $'# $#.1* (y, x, x − y), (z, x − y, 0) ∈ R3

+( )$

&* 13$ '-.8 $3 *## $'-$ (y, x, x− y) &* - ;4-8.-1<4,-. $.&=,#$ 31 (z, x− y, 0)(
>'#.#/3.#0 9? >'#3.#5 @( (A0 %# '-7# $'-$

Φ(y, z) ≤ Φ(x, z) + Φ(x− y, x− y) = Φ(x, z).

>'4*0 Φ &* 5313$31# &1 $'# B.*$ 
35=31#1$(

�

C,$'34<' qmgD/41
$&31* 83 13$ =.#*#.7# $'# $3=3,3<? 3/ $'# =-.$&-, 5#$D

.&
 $'-$ $'#? $.-1*/3.50 %# '-7# -,%-?* $'-$ $'# $3=3,3<? &184
#8 9? $'#

;4-*&D5#$.&
 qΦ,p <#1#.-$#8 /.35 - qmgD/41
$&31 Φ &* B1#. $'-1 $'# $3=3,3<?

&184
#8 9? $'# =-.$&-, 5#$.&
 p /.35 %'&
' &$ &* 
31*$.4
$#8( "#$ 4* .#
-,,

- $3=3,3<? τ1 &* *-&8 $3 9# B1#. $'-1 - $3=3,3<? τ2 =.37&8#8 $'-$ #-
' 3=#1

*#$ &1 τ2 &$ &* *3 &1 τ1 E*##0 /3. &1*$-1
#0 F ℄H( I.35 13% 310 $'# /-
$ $'-$ -

$3=3,3<? τ1 &* B1#. $'-$ - $3=3,3<? τ2 %&,, 9# 8#13$#8 9? τ2 ⊆ τ1(

%&'"!'( )$*$**$  !" Φ : D → R+ #! $ qmg%&'(
"*+( $(, -!" (X, p) #! $

.$/"*$- 0!"/*
 1.$
!2 34!(5 τ(p) ⊆ τ(qΦ,p)2

 !""#$ :31*&8#. x ∈ X -18 $'# .#-, 1459#. ǫ > 0( J4$ δ = Φ(p(x, x)+

ǫ, p(x, x))( >'#1 δ > 0( K#L$ %# =.37# $'-$ BqΦ,p
(x; δ) ⊆ Bp(x; ǫ)( )18##80

,#$ y ∈ BqΦ,p
(x; δ)( >'#1 Φ(p(x, y), p(x, x)) < δ = Φ(p(x, x) + ǫ, p(x, x))(

C**45# /3. $'# =4.=3*# 3/ 
31$.-8&
$&31 $'-$ p(x, y) − p(x, x) ≥ ǫ( M?

"#55- @( ( N %# 39$-&1 $'-$ Φ(p(x, x) + ǫ, p(x, x)) ≤ Φ(p(x, y), p(x, x)) <

Φ(p(x, x)+ǫ, p(x, x)) %'&
' &* 13$ =3**&9,#( )$ /3,,3%* $'-$ p(x, y)−p(x, x) < ǫ

-180 '#1
#0 $'-$ y ∈ Bp(x; ǫ)( >'#.#/3.#0 τ(p) ⊆ τ(qΦ,p) -* 
,-&5#8( �
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"#$ %$&' '#$()$* 
#,),
'$)-.$/ sqmg012%
'-(%/3

 !"#$"% &'('()'  !" Φ : D → R+ #! $ qmg%&'(
"*+(, -.!( ".! &+//+0*(1

$22!3"*+(2 $3! !4'*5$/!("6

789 Φ *2 $ sqmg%&'(
"*+(,

7:9 ;+3 !$
. a ∈ R+< ".! &'(
"*+( Φa : R+ → R+ *2 
+("*('+'2 $" 0< 0.!3!

Φa(x) = Φ(x+ a, a) &+3 !$
. x ∈ R+,

*$##+' (1) ⇒ (2)3 4255(/$ 1() '#$ 52)5(/$ (1 
(%'),6-
'-(% '#,' '#$)$

$&-/'/ a0 ∈ R+ /2
# '#,' Φa0 -/ %(' 
(%'-%2(2/ ,' 03 7$&' 8$ /$$ '#,' Φ -/

%(' , sqmg012%
'-(%3

4-%
$ Φa0 -/ %(' 
(%'-%2(2/ ,' 09 '#$% '#$)$ $&-/' ǫ0 > 0 /2
# '#,' 1()

$,
# δ > 0 8$ 
,% :%6 xδ ∈ [0, δ[ /,'-/1;-%< Φa0(xδ) ≥ ǫ0 =(>/$)?$ '#,'

Φa0(0) = 0@3

A(%/-6$) '#$ 5,)'-,B *$')-
 /5,
$ (R+, pm) -%')(62
$6 -% C&,*5B$ D3 3E

,%6 ',F$ x = a03 AB$,)B;9 1() $,
# δ > 0 8$ #,?$ '#,' yδ = xδ + a0 /∈
BqΦ,pm

(x; ǫ0)9 /-%
$

qΦ,pm(x, yδ) = Φ(pm(x, yδ), pm{x, x}) = Φ(xδ + a0, a0) = Φa0(xδ) ≥ ǫ0.

G' 1(BB(8/ '#,' τ(p) 6= τ(qΦ,p) >$
,2/$ BqΦ,pm
(x; ǫ0) ∈ τ(qΦ,p) ,%69 -% ,66-0

'-(%9 BqΦ,pm
(x; ǫ0) /∈ τ(p)3 G%6$$69 1() $,
# δ > 09 8$ #,?$ '#,' pm(x, yδ) −

pm(x, x) = xδ + a0 − a0 = xδ < δ ,%69 '#2/9 yδ ∈ Bpm(x; δ) >2' yδ /∈
BqΦ,pm

(x; ǫ0)3 A(%/$H2$%'B;9 Φ -/ %(' , sqmg012%
'-(% 8#-
# -/ , 
(%'),6-
0

'-(%3

(2) ⇒ (1)3 I; "#$()$* D3 3  8$ #,?$9 1() $,
# 5,)'-,B *$')-
 /5,
$

(X, p)9 '#,' τ(p) ⊆ τ(qΦ,p)3 G' )$*,-%/ '( 5)(?$ '#,' τ(qΦ,p) ⊆ τ(p)3 J-'#
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"#$% &$' () %#*( "#&"+ ,*- )&
# x ∈ X+ /$0)1 ǫ > 0 "#)-) )2$%"% δ > 0 %3
# "#&"

Bp(x; δ) ⊆ BqΦ,p
(x; ǫ)4 516))6+ 78 "#) 
*1"$13$"8 *, Φp(x,x) &" 0+ "#)-) )2$%"%

δ > 0 %3
# "#&"+ ,*- )&
# α ∈ [0, δ[+ () #&0) "#&" Φp(x,x)(α) < ǫ. 5" ,*99*(%

"#&" Bp(x; δ) ⊆ BqΦ,p
(x; ǫ)4 :)1
) $, y ∈ Bp(x; δ)+ "#)1 p(x, y) − p(x, x) < δ

&16 %* p(x, y) − p(x, x) ∈ [0, δ[4 ;#)1
)+ qΦ,p(x, y) = Φ(p(x, y), p(x, x)) =

Φp(x,x)(p(x, y) − p(x, x)) < ǫ &16+ "#)-),*-)+ y ∈ BqΦ,p
(x; ǫ)4 <#$% )16% "#)

=-**,4 �

>% & 
*1%)?3)1
) *, "#) =-)0$*3% "#)*-)'+ () 
&1 %#*( "#&" "#) ,31
@

"$*1 Φ−, 1
2
$1"-*63
)6 $1 A2&'=9) !4 4B &9%* 
*1%"$"3")% &1 $1%"&1
) *, sqmg@

,31
"$*14 516))6+ *1 "#) *1) #&16+

Φ(−, 12)0
(x) =

{

0, $, x = 0
x
2 , *"#)-($%)

,

&16+ *1 "#) *"#)- #&16+ ,*- )&
# a ∈]0,∞[+ Φ(−, 12)a
(x) = x + a

2 4 <#)1+ ,*-

)&
# a ∈ R++ () #&0) "#&" Φ(−, 12)a
$% 
*1"$13*3% &" 0 &16 %*+ 78 <#)*-)'

!4 4 C+ () 
*1
936) "#&" Φ−, 1
2
$% & sqmg@,31
"$*14 :*()0)-+ "#) ,31
"$*1

Φ2+ /$0)1 $1 D-*=*%$"$*1 !4 4E+ $% 1*" & sqmg@,31
"$*1 7)
&3%) Φ20 $% 1*"


*1"$13*3% &" 04

;) F1$%# "#$% %)
"$*1 )2=9*-$1/ "#) -)9&"$*1%#$= 7)"())1 qmg@,31
"$*1%+

n@G?3&%$@H')"-$
 =-)%)-0$1/ ,31
"$*1%+ n@=&-"$&9 ')"-$
 =-)%)-0$1/ ,31
"$*1%

&16 ')"-$
 /)1)-&"$1/ ,31
"$*1%+ (#)1)0)- &99 *, "#)' &-) 6)F1)6 *1 D4

I)
&99 "#&" <#)*-)'%  4 4J &16  4 4 C %"&")% "#&" 2@')"-$
 =-)%)-0$1/

,31
"$*1% &16 2@?3&%$@')"-$
 =-)%)-0$1/ ,31
"$*1% 7)9*1/ "* O4 D-*=*%$"$*1

!4 4E %#*(% "#&" "#)-) &-) qmg@,31
"$*1% "#&" &-) 1)$"#)- 2@')"-$
 =-)%)-0@

$1/ ,31
"$*1% 1*- 2@?3&%$@')"-$
 =-)%)-0$1/% ,31
"$*1% 7)
&3%) Φ2 /∈ O4 K8

<#)*-)'  4 4CL () M1*( "#&" ')"-$
 /)1)-&"$1/ ,31
"$*1% &9%* 7)9*1/ "* O+

&16 "#3%+ D-*=*%$"$*1 !4 4E /$0)% &1 $1%"&1
)+ 1&')98 Φ2+ *, qmg@,31
"$*1%
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"#$
# &'() *'+ ,(-'*. +' O /*&0 $* /&&$+$'*0 $+ $) *'+ / 212(+3$
 .(*(31

/+$*. 45*
+$'*6 78 9'3'--/38  6 6 !0 21:/3+$/- 2(+3$
 :3()(3;$*. 45*
+$'*)

/3( 2'*'+'*(2'*'+'*( /*&0 +#(3(4'3(0 qmg145*
+$'*) /3( *'+0 $* .(*(3/-0 21

:/3+$/- 2(+3$
 :3()(3;$*. 45*
+$'*)6 <*&((&0 +#( /4'3()/$& 2/::$*. Φ2 $) *'+

2'*'+'*(0 )$*
( (2, 1) � (2, 2) /*& 1
2 = Φ2(2, 1) 6≤ Φ2(2, 2) = 06

=(
$:3'
/--8 "( /*/-8>( $4 21?@5/)$1A2(+3$
 :3()(3;$*. 45*
+$'*)0 21:/3+$/-

2(+3$
 :3()(3;$*. 45*
+$'*) /*& 2(+3$
 .(*(3/+$*. 45*
+$'*) /3( qmg145*
+$'*)6

B#( *(C+ (C/2:-( )#'") +#/+ +#(3( /3( 212(+3$
 /*& 21@5/)$12(+3$
 :3(1

)(3;$*. 45*
+$'*) +#/+ /3( *'+ qmg145*
+$'*)6

 !"#$%& '()()*(  !"#$%&' ()& *+"
($!" Φ0,1 : D→ R+ %&-"&% ./

Φ0,1(a, b) =

{

0 $* a = b = 0

1 !()&'0$#&.

1$"
& Φ0,1 $# 2!"!(!"&3 #+.4%%$($5& 4"% Φ0,1 ∈ O 0& )45&3 ./ 6)&!'&2#

78789 4"% 78787:3 ()4( $( $# 4 2;2&('$
 4"% 2;<+4#$;2&('$
 ='&#&'5$"> *+"
($!"8

?!0&5&'3 Φ0,1(1, 1) = 1 4"% ()+#3 ./ 6)&!'&2 @878A3 $( $# "!( 4 qmg;*+"
($!"8

D(C+ "( )#'" +#/+ +#(3( /3( 21:/3+$/- 2(+3$
 :3()(3;$*. 45*
+$'*) +#/+

/3( *'+ qmg145*
+$'*)6

 !"#$%& '()()'(  !"#$%&' ()& *+"
($!" Φ+1 : D→ R+ %&-"&% ./ Φ+1(a, b) =

a+b+1 *!' 4BB (a, b) ∈ D8 C( $# 
B&4' ()4( ()& *+"
($!" Φ+1 *+B-BB# 
!"%$($!"#

$" ()& #(4(&2&"( !* 6)&!'&2 78787D 4"%3 ()+#3 $( $# 4 2;=4'($4B 2&('$
 ='&;

#&'5$"> *+"
($!"8 E&5&'()&B&##3 Φ+1(1, 1) = 3 4"% ()+#3 ./ 6)&!'&2 @878A3 $(

$# "!( 4 qmg;*+"
($!"8

B#( *(C+ (C/2:-( .$;() /* $*)+/*
( '4 212(+3$
 .(*(3/+$*. 45*
+$'* "#$
#

$) *'+ / qmg145*
+$'*6
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 !"#$%& '()()*(  !"#$%&' ()& *+"
($!" Φmed : D→ R+ -$.&" /0 Φmed(a, b) =
a+b
2 *!' 122 a, b3 4( $# "!( )1'% (! 
)&
5 ()1( Φmed #1($#6&# 7)&!'&8 9393:; 1"%<

)&"
&< ()1( $( $# 1 2=8&('$
 -&"&'1($"- *+"
($!"3 >!?&.&'< Φmed(1, 1) = 1
2

1"%< ()&'&*!'&< /0 7)&!'&8 @393A $( $# "!( 1 qmg=*+"
($!"3

"#$%&'# '(# )*+,# #-%+$#. /)
'$1 $23%3&$&45671 qmg8/24
'&+4$ 
)4 *# 2$#8

/26 '+ 
+4$'32
' 9:2)$&8;<#'3&
 %3#$#3,&45 /24
'&+4$1 &=#=1 +4# .&<#4$&+4)6

n89:2)$&8;<#'3&
 %3#$#3,&45 /24
'&+4$1 $2
( )$ '(# 4#-' 3#$26' $(+>$=

+,-$-./0/-1 '()()2( B&( Φ : D → R+ /& 1 qmg=*+"
($!"3 7)&"< *!' &1
)

a ∈ R+, ()& *+"
($!" Φa : R+ → R+ $# 1 C+1#$=8&('$
 D'&#&'.$"- *+"
($!"<

?)&'& Φa(x) = Φ(x+ a, a) *!' &1
) x ∈ R+

+,--3( ?&- a ∈ R+= @&4
# Φ : D→ R+ &$ ) qmg8/24
'&+4 ># (),# '()'

Φ−1a (0) = {0} A#<<) B= = C #4$23#$ '()' Φa &$ <+4+'+4#= @+1 ># +467 4##.

'+ $(+> '()' Φa &$ )6$+ $2*)..&'&,#= D+ '(&$ #4.1 
+4$&.#3 x, y ∈ R+ >&'(

x 6= 0 )4. y 6= 0 9'(# 
)$# x = 0 +3 y = 0 &$ +*,&+2$;= E' &$ 4+' ()3. '+ 
(#
F

'()' (x+ y + a, x+ a, y + a) &$ ) :2).3)4526)3 '3&%6#' +4 (a, a, a)= D(#41 *7

D(#+3#< B= =G1 ># .#.2
# '()'

Φa(x+ y) = Φ(x+ y + a, a) ≤ Φ(x+ a, a) + Φ(y + a, a) = Φa(x) + Φa(y).

D(2$1 *7 D(#+3#<  = = H1 ># +*')&4 '()' Φa &$ ) :2)$&8<#'3&
 %3#$#3,&45

/24
'&+4= �

@&4
# #,#37 :2)$&8<#'3&
 %3#$#3,&45 /24
'&+4 &$ ) <#'3&
 %3#$#3,&45 /24
8

'&+4 9$## D(#+3#<$  = =! )4.  = = H; ># +*')&4 &<<#.&)'#67 /3+< I3+%+$&'&+4

B= = ! '(# 4#-' 
+4$#:2#4
#=

4-,-%%",5 '()()6( B&( Φ : D → R+ /& 1 qmg=*+"
($!"3 7)&"< *!' &1
)

a ∈ R+, ()& *+"
($!" Φa : R+ → R+ $# 1 8&('$
 D'&#&'.$"- *+"
($!"< ?)&'&

Φa(x) = Φ(x+ a, a) *!' &1
) x ∈ R+
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"#$%&'() *+ +, $-. *+ +/ &0123.( 3-)4$-
() 16 qmg768-
431-) 49$4: ;<

=01&1)3431- *+ + > $-. ?101''$0< *+ + !: $''1@ 8) 41 3-.8
( AB8$)37C%(403


&0()(023-D 68-
431-)+

E;)(02( 49$4 =01&1)3431- *+ + > .1() -14 $''1@) 8) 41 D(-(0$4(: 3- D(-7

(0$': &$043$' %(403
 &0()(023-D 68-
431-) A1-( .3%(-)31-$' n7&$043$' %(403


&0()(023-D 68-
431-)C+ F1 
'$036< 493) $))(0431- 34 3) )8G
3(-4 49$4 @( 
1-7

)3.(0: $D$3-: 49( 68-
431- Φ2 D32(- 3- =01&1)3431- *+ +!+ F9(- Φ20(x) = 1

610 $'' x ∈ R++ H< F9(10(%  + + ! @( 9$2( 49$4 Φ20 3) -14 $ &$043$' %(403


&0()(023-D 68-
431- ;(
$8)( 1 ≤ 3: 2 ≤ 3 $-. Φ20(3) = Φ20(1) = Φ20(2)+

 !" # $%&%'() *%+,-. /-' $%&%'(+0&$ 1('+0() *%+'0
3

/'-* 45(306*%+'0
3

F9( $3% 16 493) )(
431- 3) 41 3-401.8
( $ D(-(0$' %(491. 41 D(-(0$4( $ &$043$'

%(403
 601% $ B8$)37%(403
 3- )8
9 $ @$< 49$4 49( 4(
9-3B8( 3-401.8
(. ;<

I$449(@) 
$- ;( 0(
12(0(. $) $ &$043
8'$0 
$)(+ J349 493) 1;K(
432(: @(

3-401.8
( 49( -(#4 
1-
(&4 @93
9 @3'' ;( ())(-43$' 610 4$
L'3-D 49( &1)(.

&01;'(%+

 !"#$%$&# '()(*( J( @3'' )$< 49$4 $ 68-
431- Ψ : R2
+ → R+ 3) $ &$043$'

%(403
 D(-(0$43-D 68-
431- A;03(M<: pmg768-
431-C 36 610 ($
9 @(3D94(. B8$)37

%(403
 )&$
( (X, q,wq) 49( 68-
431- pΨ,q,wq : X×X → R+ 3) $ &$043$' %(403


1- X: @9(0( pΨ,q,wq(x, y) = Ψ(q(x, y), wq(x)) 610 ($
9 x, y ∈ X+

F9( I$449(@) 4(
9-3B8( 3) $ &$043
8'$0 
$)( 16 49( (#&1)(. $&&01$
9: $)

)91@) 49( -(#4 (#$%&'(+

+,-./0! '()()(  !" Ψ+ : R2
+ → R+ #$%!& '( Ψ+(a, α) = a + α )*+ !,
.
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a, α ∈ R+ !"#$% Ψ+ &' ( pmg)*+$
-&.$ /$0##0% 1&2#$ ( 3#&1"-#0 4+('&)

5#-6&
 '7(
# (X, q,wq) 3# "(2# -"(- pΨ+,q,wq(x, y) = q(x, y)+wq(x) *.6 #(
"

x, y ∈ X% 3"&
" &' -"# 3#88)9$.3$ 7(6-&(8 5#-6&
 pq,wq &$0+
#0 :; -"# 3#&1"-#0

4+('&)5#-6&
 '7(
# q 

 !" #"$% "$&'()" (*+,-."/ &# &)%"*#&%-," 0&1 +2 3"#"*&%-#3 & (&*%-&) '"%4

*-
 2*+' & 67&/-4'"%*-
 0!-
! -/ 8&/". +# %!" 7/" +2 (&*%-&) '"%*-
 3"#"*&%-#3

27#
%-+#/9

 !"#$%& '()(*( <#=$# Ψ+1 : R
2
+ → R+ :; Ψ+1(a, α) = a+α+1 /- &' $.-

"(60 -. 
"#
9 -"(- Ψ+1 &' ( pmg)*+$
-&.$ /$0##0% 1&2#$ ( 3#&1"-#0 4+('&)

5#-6&
 '7(
# (X, q,wq)% ($ #('; 2#6&=
(-&.$ '".3' -"(- pΨ+1,q,wq &' ( 7(6-&(8

5#-6&
 .$ X 3&-" pΨ+1,q,wq(x, y) = q(x, y) + wq(x) + 1 *.6 #(
" x, y ∈ X 

 !" /+4
&))". 7(("* 67&/-4'"%*-
 /(&
" 0-)) 8" 
*7
-&) -# +*."* %+ &
!-","

+7* %&*3"%9 :)%!+73! (*",-+7/)1 -#%*+.7
".; )"% 7/ *"
&)) %!&% %!" 7(("*

67&/-4'"%*-
 /(&
" -/ %!" 0"-3!%". 67&/-4'"%*-
 /(&
" 3-,"# 81 %!" %"*#

(R+, qu, wqu) /7
! %!&% qu(x, y) = max{y − x, 0} 2+* "&
! x, y ∈ X &#.

wqu(x) = x 2+* "&
! x ∈ R+9

 !" #"$% *"/7)% 0-)) 8" 
*7
-&) -# +*."* %+ 1-"). & 
!&*&
%"*-<&%-+# +2

pmg427#
%-+#/ )&%"* +#9

+&##" '()('( >#- Ψ : R2
+ → R+ :# ( pmg)*+$
-&.$ ($0 α ∈ R+ !"#$ Ψ

&' 5.$.-.$# &$ -"# =6'- 
.57.$#$- 

,-../( =-$ α ∈ R+9 >-#
" Ψ -/ & pmg427#
%-+# 0" !&," %!&%; 3-,"#

(R+, qu, wqu); %!" 27#
%-+# pΨ,qu,wqu
-/ & (&*%-&) '"%*-
 +# R2

+9 ?"% a, b ∈ R+

&#. &//7'" %!&% a ≤ b9  !"#; qu(α, a+α) = a; qu(α,α) = 0; qu(α, b+α) = b

&#. qu(b+ α, a+ α) = 09 >+; +# %!" +#" !&#.; 0" !&," %!&%
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Ψ(a, α) + Ψ(0, b+ α) =

Ψ(qu(α, a+ α), wqu(α)) + Ψ(qu(b+ α, b+ α), wqu(b+ α)) =

pΨ,qu,wqu
(α, a+ α) + pΨ,qu,wqu

(b+ α, b+ α).

"# $%& '$%&( %)#*+ ,& %)-& $%)$

Ψ(b, α) + Ψ(0, b+ α) =

Ψ(qu(α, b+ α), wqu(α)) + Ψ(qu(b+ α, a+ α), wqu(b+ α)) =

pΨ,qu,wqu
(α, b+ α) + pΨ,qu,wqu

(b+ α, a+ α).

.',+ /0#
& pΨ,qu,wqu
0/ ) 2)($0)3 4&$(0
 '# R+ ,& %)-& $%)$

pΨ,qu,wqu
(α, a+α)+pΨ,qu,wqu

(b+α, b+α) ≤ pΨ,qu,wqu
(α, b+α)+pΨ,qu,wqu

(b+α, a+α).

5$ 6'33',/ $%)$

Ψ(a, α) + Ψ(0, b+ α) ≤ Ψ(b, α) + Ψ(0, b+ α).

7%0/ 3)/$ 0#&89)30$: 04230&/ Ψ(a, α) ≤ Ψ(b, α)+ )/ ,& 
3)04&*; �

7%& #&<$ $%&'(&4 2('-0*&/ ) 
%)()
$&(0=)$0'# '6 $%& 
3)// '6 pmg>69#
$0'#/

)#*+ $%9/+ ) ?&#&()3 4&$%'* $' ?&#&()$& ) 2)($0)3 4&$(0
 6('4 ) @,&0?%$&*A

89)/0>4&$(0
;

 !"#$"% &'(')'  !" Ψ : R2
+ → R+ #! $ %&'
")*'+ ,-! "-! %*..*/)'0 $11!23

")*'1 $2! !4&)5$.!'"6
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 !" Ψ #$ % pmg&'()
+#,)-

 ." Ψ $%+#$/0$1 ',2 0%
3 a, b, c, α, β ∈ R+1 +30 ',44,5#)6 
,)7#+#,)$8

 #" Ψ(a, α) = Ψ(a+ α− β, β)1 530)0902 a+ α ≥ β:

 ##" Ψ(c, α) + Ψ(0, β) ≤ Ψ(a, α) + Ψ(b, β)1 530)0902 c ≤ a + b %)7

β ≤ a+ α:

 ###" ;' Ψ(0, α) = Ψ(a, α) = Ψ(0, β) %)7 a + α ≥ β1 +30) a = 0 %)7

α = β-

 !""#$ (1)⇒ (2)# $%& a, b, c, α, β ∈ R+#

'( )*+%* &) ,*)-% (i). 
)(01+%* &23& a+α ≥ β# 4)&1
% &23& &2% 
30% a = 0

3(+ &2% 
30% α = β 3*% )5-1)60# 7). 8% 06,,)0% &23& a > 0 )* α 6= β#

9)(01+%* &2% 0%& X = {x, y, z} 3(+ +%:(% &2% ;6(
&1)( q )( X × X 30

;)<<)80=

q(x, y) = a; q(y, x) = a+ α− β; q(x, z) = 2a+ α− β;

q(z, x) = 2a+ 2α − β; q(y, z) = a+ α− β; q(z, y) = a+ α;

q(x, x) = q(y, y) = q(z, z) = 0.

'& 10 ()& 23*+ &) -%*1;> &23& q 10 3 ?6301@A%&*1
 )( X# B%01+%0. 1; 8% +%:(%

&2% ;6(
&1)( wq )( X C1-%( 5>

wq(x) = α; wq(y) = β 3(+ wQ(z) = 0,

8% 23-% &23&

q(x, y) + wq(x) = a+ α = a+ α− β + β = q(y, x) + wq(y);

q(x, z) + wq(x) = 2a+ α− β + α = 2a+ 2α − β = q(z, x) + wq(z)
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"#$

q(y, z) + wq(y) = a+ α− β + β = a+ α = q(z, y) +wq(z).

%&'(')*('+ (X, q,wq) ,- " .',/&0'$ 12"-,34'0(,
 -6"
'7

8*.+ 9: &:6*0&'-,-+ pΨ,q,wq ,- " 6"(0,"; 4'0(,
 *#X+ .&'(' pΨ,q,wq(u, v) =

Ψ(q(u, v), wq(u)) )*( '"
& u, v ∈ X7 %&'#+ pΨ,q,wq(u, v) = pΨ,q,wq(v, u)+ )*(

'"
& u, v ∈ X7 <'#
'

Ψ(a, α) = Ψ(q(x, y), wq(x)) =

pΨ,q,wq(x, y) = pΨ,q,wq(y, x) =

Ψ(q(y, x), wq(y)) = Ψ(a+ α− β, β).

8'=0 .' -&*. 0&"0 Φ )2;>;- (ii)7 %* 0&,- '#$+ ;'0 a, b, c, α, β ∈ R+ .,0&

c ≤ a + b "#$ β ≤ a + α7 ?'44" @7!7@ '#-2('- 0&"0 0&' ,#'12";,0: 2#$'(


*#-,$'("0,*# ,- &*;$ )*( 0&' 
"-' a = 0 "#$ α = β+ "#$ )*( 0&' 
"-' b = β = 07

A*+ .' -266*-' 0&"0 a > 0 *( α 6= β+ "#$ b > 0 *( β > 07 B,(-0+ .' .,;; 6(*C'

0&"0 0&' #'=0 ,#'12";,0: ,- )2;>;;'$

Ψ(a+ b, α) + Ψ(0, β) ≤ Ψ(a, α) + Ψ(b, β).

D,0& 0&,- 62(6*-' .' 
*#-,$'( 0&' -'0 X = {x, y, z}7 E'>#' 0&' )2#
0,*# q

*# X ×X 9:F

q(x, y) = a; q(y, x) = a+ α− β; q(y, z) = b; q(z, y) = b+ β;

q(x, z) = a+ b; q(z, x) = a+ b+ α;

"#$

q(x, x) = q(y, y) = q(z, z) = 0.
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"#$% &%$ 
(% )$*+,- .#(. q +/ ( 01(/+23$.*+
 &% X4 5)$% 3&*$6 +, 7$ 8$9%$

wq(x) = α6 wq(y) = β (%8 wq(z) = 06 .#$%

q(x, y) + wq(x) = a+ α = a+ α− β + β = q(y, x) + wq(y);

q(x, z) + wq(x) = a+ b+ α = q(z, x) + wq(z)

(%8

q(y, z) +wq(y) = b+ β = q(z, y) + wq(z).

"#$*$,&*$6 (X, q,wq) +/ ( 7$+:#.$8 01(/+23$.*+
 /;(
$4

<+%
$ Ψ +/ ( pmg2,1%
.+&% 7$ #()$ .#(. pΨ,q,wq +/ ( ;(*.+(= 3$.*+
 &% X6

7#$*$ pΨ,q,wq(u, v) = Ψ(q(u, v), wq(u)) ,&* $(
# u, v ∈ X4 >*&3 .#+/ ,(
. 7$

8$81
$6 &% .#$ &%$ #(%86 .#(.

Ψ(a+ b, α) + Ψ(0, β) = Ψ(q(x, z), wq(x)) + Ψ(q(y, y), wq(y)) =

pΨ,q,wq(x, z) + pΨ,q,wq(y, y),

(%86 &% .#$ &.#$* #(%86 .#(.

Ψ(a, α)+Ψ(b, β) = Ψ(q(x, y), wq(x))+Ψ(q(y, z), wq(y)) = pΨ,q(x, y)+pΨ,q(y, z).

<+%
$ pΨ,q(x, z) + pΨ,q(y, y) ≤ pΨ,q(x, y) + pΨ,q(y, z)6 7$ &?.(+% .#(.

Ψ(a+ b, α) + Ψ(0, β) ≤ Ψ(a, α) + Ψ(b, β).

"#1/6 ?- @$33( A4!4A6 7$ 
&%
=18$ .#(.

Ψ(c, α) + Ψ(0, β) ≤ Ψ(a+ b, α) + Ψ(0, β) ≤ Ψ(a, α) + Ψ(b, β).

B. *$3(+%/ .& ;*&)$ 
&%8+.+&% (iii)4 <1;;&/$ .#(. Ψ(0, α) = Ψ(a, α) =

Ψ(0, β) (%8 a+ α ≥ β4
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#$%&'()* +,) -)'.,+)( /01&'23)+*'
 &51
) (R+, qu, wqu)6 7,)%8 pΨ,qu,wqu

'& 1 51*+'19 3)+*'
 $% R+8 -,)*) pΨ,qu,wqu
(x, y) = Ψ(qu(x, y), wqu(x)) :$* )1
,

x, y ∈ R+.

;'*&+8 -) -'99 &)) +,1+ α = β6 <055$&) +,1+ α ≥ β =+,) 5*$$: :$* +,) 
1&)

β ≥ α *0%& :$99$-'%. &'3'91* 1*.03)%+&>6 ?% &0
, 1 
1&)8

pΨ,qu,wqu
(α,α) = Ψ(qu(α,α), wqu(α)) = Ψ(0, α);

pΨ,qu,wqu
(β, β) = Ψ(qu(β, β), wqu(β)) = Ψ(0, β);

pΨ,qu(α, β) = Ψ(qu(α, β), wqu(α)) = Ψ(max{β − α, 0}, α) = Ψ(0, α).

<'%
) pψ,qu,wqu
'& 1 51*+'19 3)+*'
 +,)% pΨ,quwqu

(α, β) = pΨ,qu,wqu
(β, α) 1%(8

,)%
)8

pΨ,q,wqu
(α,α) = pΨ,q,wqu

(α, β) = pΨ,q,wqu
(β, β),

1%( &$ α = β.

@$-8 :$* +,) 50*5$&) $: 
$%+*1('
+'$%8 -) 1&&03) +,1+ a > 06 #$%&'()*

+,) &)+ X = {x, y, z} -'+, x 6= y6 A)B%) +,) :0%
+'$% q $% X ×X CDE

q(x, y) = q(z, y) = q(y, x) = q(y, z) = a; q(x, z) = q(z, x) = 2a;

1%(

q(x, x) = q(y, y) = q(z, z) = 0.

F%) 
1% G)*':D +,1+ q '& 1 /01&'23)+*'
 $% X6 H$*)$G)*8 ': -) ()B%) wq(x) =

wq(y) = wq(z) = α8 -) ,1G) +,1+

q(x, y) +wq(x) = a+ α = a+ α = q(y, x) + wq(y);

q(x, z) + wq(x) = 2a+ α = q(z, x) + wq(z)

1%(

q(y, z) + wq(y) = a+ α = q(z, y) + wq(z).
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#$%&%'(&%) (X, q,wq) *+ , -%*.$/%0 12,+*34%/&*
 +6,
%7 #$%8) pΨ,q,wq *+ ,

6,&/*,9 4%/&*
 (8 X) -$%&% pΨ,q,wq(u, v) = Ψ(q(u, v), wq(u)) '(& %,
$ u, v ∈
X7 :2&/$%&4(&% -% $,;%

pΨ,q,wq(x, x) = Ψ(q(x, x), wq(x)) = Ψ(0, α);

pΨ,q,wq(x, y) = Ψ(q(x, y), wq(x)) = Ψ(a, α);

,80

pΨ,q,wq(y, y) = Ψ(q(y, y), wq(y)) = Ψ(0, α).

<*8
% Ψ(0, α) = Ψ(a, α) -% (=/,*8 /$,/

pΨ,q,wq(x, x) = pΨ,q,wq(x, y) = pΨ,q,wq(y, y)

,80) /$2+) /$,/ x = y) -$*
$ *+ , 
(8/&,0*
/*(87

(2) ⇒ (1)7 >%/ (X, q,wq) =% , -%*.$/%0 12,+*34%/&*
 +6,
%7 ?%@8%

pΨ,q,wq(x, y) = Ψ(q(x, y), wq(x)) '(& %,
$ x, y ∈ X7 A%B/ -% +$(- /$,/

pΨ,q,wq *+ , 6,&/*,9 4%/&*
 (8 X7 #( /$*+ ,*4) 9%/ x, y, z ∈ X7

<266(+% /$,/ pΨ,q,wq(x, x) = pΨ,q,wq(x, y) = pΨ,q,wq(y, y)7 CD 
(8+/&2
3

/*(8 (' pΨ,q,wq -% $,;% /$,/

Ψ(0, wq(x)) = Ψ(q(x, x), wq(x)) = Ψ(q(x, y), wq(x)) =

Ψ(q(y, y), wq(y)) = Ψ(0, wq(y))

.

C%+*0%+ q(x, y) + wq(x) ≥ wq(y)) +*8
% q(x, y) + wq(x) = q(y, x) + wq(y)7

E$%8
% -% 0%02
% /$,/ q(x, y) = 0 ,80 wq(x) = wq(y)) =%
,2+% (' Ψ +,/3

*+@%+ (iii)7 F(&%(;%&) *8 +2
$ , 
,+% -% $,;% /$,/ wq(x) = q(y, x) + wq(y))

-$*
$ *469*%+ /$,/ q(y, x) = 07 #$2+) q(x, y) = q(y, x) = 0 ,80 +( x = y7
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#$%&'()*+, &- x = y ./ 01%/ 2012 pΨ,q,wq(x, x) = pΨ,q,wq(x, y) = pΨ,q,wq(y, y)3

4/ 
'6
*(7/ 2012 pΨ,q,wq )12&)8/) 19&': (P1) '- ;1<2&1* :/2<&
)3

=0/ 7/86&2&'6 '- Ψ >&%/) 2012 pΨ,q,wq(x, x) = Ψ(0, wq(x)) ≥ 03 ?'</'%/<,

@/::1 A3!3A >(1<162//) 2012

pΨ,q,wq(x, x) = Ψ(0, wq(x)) ≤ Ψ(q(x, y), wq(x)) = pΨ,q,wq(x, y).

B2 -'**'.) 2012 pΨ,q,wq )12&)8/) 19&': (P2) '- ;1<2&1* :/2<&
)3

C&6
/ q(x, y) + wq(x) ≥ wq(y) 167 q(x, y) + wq(x) = q(y, x) + wq(y) ./

'$21&6 -<': 
'67&2&'6 (i) 2012

pΨ,q,wq(x, y) = Ψ(q(x, y), wq(x)) = Ψ(q(y, x), wq(y)) = pΨ,q,wq(y, x).

C' pΨ,q,wq -(*8*) 19&': (P3) '- ;1<2&1* :/2<&
)3

D&61**+ ./ )0'. 2012 pΨ,q,wq )12&)8/) 19&': (P4) '- ;1<2&1* :/2<&
)3 #6

20/ '6/ 0167,

pΨ,q,wq(x, z) + pΨ,q,wq(y, y) =

Ψ(q(x, z), wq(x)) + Ψ(q(y, y), wq(y)) =

Ψ(q(x, z), wq(x)) + Ψ(0, wq(y)).

#6 20/ '20/< 0167,

pΨ,q,wq(x, y) + pΨ,q,wq(y, z) = Ψ(q(x, y), wq(x)) + Ψ(q(y, z), wq(y)).

C&6
/ q(x, z) ≤ q(x, y) + q(y, z) 167 wq(y) ≤ q(x, y) + wq(x), ./ 7/7(
/

-<': 
'67&2&'6 (ii) 2012
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(6 #! #77*&7#$,-! .&*(.&
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Ψ(q(x, z), wq(x)) + Ψ(0, wq(y)) ≤ Ψ(q(x, y), wq(x)) + Ψ(q(y, z), wq(y)).

#$%
$ '$ 
(%
)*+$ ,-.,

pΨ,q,wq(x, z) + pΨ,q,wq(y, y) ≤ pΨ,q,wq(x, y) + pΨ,q,wq(y, z).

/-$0$1(0$ pΨ,q,wq 23 . 4.0,2.) 5$,02
 (% X6 .%+ ,-23 $%+3 ,-$ 40((17 �

8% 255$+2.,$ 
(%3$9*$%
$ (1 ,-$ .:(;$ 
-.0.
,$02<.,2(% 23 =2;$% :> ,-$

1())('2%= 0$3*), '-2
- '2)) :$ ?$> 2% (*0 3*:3$9*$%, +23
*332(%7

 !"!##$"% &'(')'  !" Ψ : R2
+ → R+ #! $ pmg%&'(
"*+( $(, -!" α, a ∈ R+.

/& Ψ(a, α) = Ψ(0, α)0 "1!( a = 0.

*"!!+' @*44(3$ ,-., Ψ(a, α) = Ψ(0, α)7 @$, a + α = β7 A> 
(%+2,2(%

(i) 2% ,-$ 3,.,$5$%, (1 /-$(0$5 B7!7C '$ -.;$ ,-., Ψ(a, α) = Ψ(0, a + α)7

D(%3$9*$%,)>6 Ψ(a, α) = Ψ(0, α) = Ψ(0, a+α) .%+6 :> 
(%+2,2(% (iiii) 2% ,-$

.1(0$3.2+ ,-$(0$5 '$ +$+*
$ ,-., a = 07 �

@252).0 ,( ,-$ 
.3$ (1 9*.32E5$,02
 =$%$0.,2%= 1*%
,2(%3 (%$ 
.% $F4)(0$

'-$,-$06 =2;$% . pmgE1*%
,2(% Φ : R2
+ → R+ .%+ . '$2=-,$+ 9*.32E5$,02


34.
$ (X, q,wq)6 ,-$ 4.0,2.) (0+$03 �pΨ,q,wq
.%+ �q .0$ $F.
,)> ,-$ 3.5$ (%

X6 27$76 '-$,-$0 . pmgE1*%
,2(% 40$3$0;$3 ,-$ (0+$0 2%+*
$+ :> ,-$ 9*.32E

5$,02
 ,-., 2, ,0.%31(0537 /-$ %$F, 0$3*), =2;$3 . 4(32,2;$ .%3'$0 ,( ,-$

4(3$+ 2%9*20>7

*"!,!-./.!0 &'('1'  !" Φ : R2
+ → R+ #! $ pmg%&'(
"*+( $(, -!" (X, q,wq)

$ 2!*31"!, 4'$5*%6!"7*
 58$
!. 91!( �pΨ,q,wq
=�q.

*"!!+' G$, x, y ∈ X7 @*44(3$ ,-., x �q y7 /-$% q(x, y) = 0 .%+6 ,-*36
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#$ %&'$ (%&(

pΨ,q,wq(x, y) = Ψ(q(x, y), wq(x)) = Ψ(0, wq(x)) =

Ψ(q(x, x), wq(x)) = pΨ,q,wq(x, x).

)%$*
$ #$ ,$( (%&( x �pΨ,q,wq
y- .$/( &0012$ (%&( x �pΨ,q,wq

y- 3%$*

pΨ,q,wq(x, y) = pΨ,q,wq(x, x)- 4$*
$ #$ %&'$ (%&(

Ψ(q(x, y), wq(x)) = Ψ(q(x, x), wq(x)) = Ψ(0, wq(x)).

567688&79 :-!-; $*017$0 (%&( q(x, y) = 0 &*<= (%10= (%&( x �q y- �

>?2?8&789 (6 (%$ (%$ qmg@A1*
(?6*0= ?( 0$$20 *&(17&8 (6 #6*<$7 ?A & pmg@

A1*
(?6* Φ B7$0$7'$0 (%$ (6B686,9 ?*<1
$< C9 (%$ #$?,%($< D1&0?@2$(7?
 q

(%&( ?( (7&*0A6720 &*<= %$*
$= τ(q) = τ(pΨ,q,wq)- 46#$'$7= (%$ *$/( $/&2B8$

0%6#0 (%&( (%?0 ?0 *6( (%$ 
&0$-

 !"#$%& '()(*(  !"#! Ψ1 : R2
+ → R+ $% Ψ1(0, 0) = 0 &#' Ψ1(a, α) =

a+ α+ 1 ()*!+,-.!/ 0 .)+&-1*)2(+,&+' 
(456)&)-(# 1-7!. )*&) Ψ1 -. & pmg8

26#
)-(#/ 9(#.-'!+ )*! ,!-1*)!' :6&.-84!)+-
 (R+, qu, wqu)/ ;) -. #() *&+'

)( 
*!
< )*&)= 2(+ !&
* x ∈ R+ &#' ǫ > 0= )*! (5!# $&>> 
!#)!+!' &) x ,-)*

+&'-6. ǫ -. 1-7!# $% Bqu(x; ǫ) = [0, x + ǫ[/ ?(,!7!+= BpΨ1,qu,wqu
(0; ǫ) = {0}

2(+ !&
* ǫ ∈]0, 1[/ ?!#
!= BpΨ1,qu,wqu
(0; ǫ) 6∈ τ(qu) &#'= )*!+!2(+!= τ(qu) 6=

τ(pΦ1,qu,wqu
)/

E* (%$ 8?,%( 6A (%$ B7$
$<?*, $/&2B8$ #$ A6
10 617 $F67( 6* 
%&7&
($7?G?*,

(%60$ pmg@A1*
(?6*0 #%?
% B7$0$7'$ (%$ (6B686,9 6A (%$ #$?,%($< D1&0?@2$(7?


(%&( ?( (7&*0A6720- )?(% (%?0 &?2 #$ ?*(76<1
$ (%$ *6(?6* C$86#-

+&,-./.0- '()(1( H$( Ψ : R2
+ → R+ C$ & pmg@A1*
(?6*- )$ #?88 0&9

(%&( Ψ ?0 & 0(76*,89 B&7(?&8 2$(7?
 ,$*$7&(?*, A1*
(?6* Ispmg@A1*
(?6* A67

0%67(J ?A A67 $&
% #$?,%($< D1&0?@2$(7?
 0B&
$ (X, q,wq) #$ %&'$ (%&( τ(q) =

τ(pΨ,q,wq)-
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#$ %& '(&%)* &''+ $,($ -.(/0)'& 12!2! (+3 12!24 0567%3' %+&$(+
'& 69 spmg:

9;+
$%6+&2

<%/%)(5 $6 qmp:9;+
$%6+&= >' ,(7' $,($ $,' $606)6?* %+3;
'3 @* $,' 0(5:

$%() /'$5%
 pΨ,q,wq ?'+'5($'3 956/ ( pmg:9;+
$%6+ Ψ %& ()>(*& A+'5 $,(+ $,'

$606)6?* %+3;
'3 @* $,' >'%?,$'3 B;(&%:/'$5%
 q 956/ >,%
, %$ %& 
6+&$5;
$'32

C,' +'.$ 5'&;)$ &$($'& &;
, (+ (D5/($%6+2

 !"#$"% &'(')*'  !" Ψ : R2
+ → R+ #! $ pmg%&'(
"*+( $(, -!" (X, q,wq)

#! $ .!*/0"!, 1'$2*%3!"4*
 25$
!6 70!(8 τ(q) ⊆ τ(pΨ,q,wq)6

+$##,' E6+&%3'5 x ∈ X (+3 $,' 5'() +;/@'5 ǫ > 02 F;$ δ = Ψ(ǫ, wq(x))−
Ψ(0, wq(x))2 E656))(5* 12!2G ?;(5(+$''& $,($ δ > 02 H'.$ >' &,6> $,($

BpΨ,q,wq
(x; δ) ⊂ Bq(x; ǫ)2 I'$ y ∈ BpΨ,q,wq

(x; δ)2 C,'+= pΨ,q,wq(x, y) <

pΨ,q,wq(x, x) + δ2 C,'+

Ψ(q(x, y), wq(x)) < Ψ(0, wq(x)) + δ = Ψ(ǫ, wq(x)).

H6>= @* I'//( 12!21= >' 3'3;
' $,($ q(x, y) < ǫ2 C,'5'965'= y ∈ Bq(x; ǫ)2

�

C,' +'.$ $,'65'/ 
,(5(
$'5%J'& spmg:9;+
$%6+&2

 !"#$"% &'('))'  !" Ψ : R2
+ → R+ #! $ pmg%&'(
"*+(6 70!( "0! &+--+.*(/

$22!4"*+(2 $4! !1'*9$-!(":

;<= Ψ *2 $ spmg%&'(
"*+(6

;>= ?+4 !$
0 α ∈ R+8 "0! &'(
"*+( Ψα : R+ → R+ *2 
+("*('+'2 $" 08

.0!4! Ψα(a) = Ψ(a, α) &+4 !$
0 a ∈ R+6
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 !""#$ (1) ⇒ (2)# $%&&'() *'+ ,-) &%+&'() '* 
'/,+012
,2'/ ,-0, ,-)+)

)32(,( α0 ∈ R+ (%
- Ψα0 2( /', 
'/,2/%'%( 0, 0# 4)3, 5) (-'5 ,-0, Ψ 2( /',

0 spmg6*%/
,2'/#

$2/
) Ψα0 2( /', 
'/,2/%'%( 0, 07 ,-)/ ,-)+) )32(, ǫ0 > 0 (%
- ,-0, *'+

)0
- δ > 0 5) 
0/ 8/1 aδ ∈ [0, δ[ (0,2(*92/: Ψα0(aδ)− Ψα0(0) ≥ ǫ0 ;'<()+=)

,-0, Ψα0(0) ≤ Ψα0(aδ) <9 >)??0 @#!#@A#

B'/(21)+ ,-) 5)2:-,)1 C%0(26?),+2
 (&0
) (R+, qu, wqu)# D0E) x = α0#

D-)/ τ(qu) 6= τ(pΨ,qu,wqu
)7 (2/
) 5) -0=) ,-0, BpΨ,qu,wq

(x; ǫ0) ∈ τ(pΨ,qu,wqu
)

<%, BpΨ,qu,wq
(x; ǫ0) 6∈ τ(qu)# F/1))17 *'+ )0
- δ > 07 &%, yδ = aδ + α0# D-)/

yδ ∈ Bqu(x; δ)7 (2/
) qu(x, yδ) = max{yδ − x, 0} = aδ < δ# 4)=)+,-)G)((7 5)

-0=) ,-0, yδ 6∈ BpΨα0 ,qu,wqu
(x; ǫ0) <)
0%()

pΨ,qu,wqu
(x, yδ) = Ψ(qu(x, yδ), wqu(x)) = Ψ(aδ, α0) = Ψα0(aδ) ≥

Ψα0(0) + ǫ0 = Ψ(0, wqu(α0)) + ǫ0 = pΨ,qu,wqu
(x, x) + ǫ0.

D-)+)*'+)7 Ψ 2( /', 0 spmg6*%/
,2'/ 5-2
- 2( 0 
'/,+012
,2'/#

(2) ⇒ (1)# >), (X, q,wq) <) 0 5)2:-,)1 C%0(26?),+2
 (&0
)# $%&&'()

,-0,7 *'+ )0
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 -42
0 (R+, pm) 2%= ',0 6$2-(780'5(
 -42
0 (R, qu). /,050 pm(x, y) =

max{a, b} #)5 211 a, b ∈ R+2%= qu(x, y) = max{y − x, 0} #)5 211 x, y ∈ R* H3

)$5 2--$84'()%. ',0 #$%
'()% PQΦ : (R+ × R) × (R+ × R) → R+ =0M%0=

F3 PQΦ((x, y), (u, v)) = Φ(pm(x, u), qu(y, v)) (- 2 425'(21 6$2-(780'5(
 )%
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R+ × R# $%&'( )*+ &,
% (x1, y1), (x2, y2), (x3, y3) ∈ R+ × R( .& %,/& 0%,0

Φ(pm(x1, x3), qs(y1, y3)) + Φ(pm(x2, x2), qs(y2, y2)) =

PQΦ((x1, y1), (x3, y3)) + PQΦ((x2, y2), (x2, y2)) ≤
PQΦ((x1, y1), (x2, y2)) + PQΦ((x2, y2), (x3, y3)) =

Φ(pm(x1, x2), qs(y1, y2)) + Φ(pm(x2, x3), qs(y2, y3)).

$,12'3 2' 0%& 4+&
&52'3 2'&67,8202&9 x1 = a, x2 = b( x3 = 0( y1 = 0( y2 =

β ,'5 y3 = α .& *:0,2' 0%,0 Φ(a, α) + Φ(b, 0) ≤ Φ(b, β) + Φ(b, 0)( 92'
&

pm(x1, x3) = a( pm(x2, x2) = pm(x1, x2) = pm(x2, x3) = b( qs(y1, y3) = α(

qs(y1, y2) = β( qs(y2, y2) = 0 ,'5 qs(y2, y3) = 0# ;* Φ(a, α) ≤ Φ(b, β)# �

$%& '&<0 0%&*+&= 4+*/25&9 , 
%,+,
0&+2>,02*' *) 0%*9& )7'
02*'9 Φ : R+×
R+ → R+ .%2
% ,+& , pqmg?)7'
02*'9#

 !"#$"% &'(')'  !"#
%&'# Φ : R2
+ → R+ &( ) pqmg*!"#
%&'# &! )#+ '#,-

&! !'. /)
0 a, b, c, d, α, β, γ ∈ R+ %0/ !',,'1&#2 )((/.%&'#( 0',+3

4&5 6! b ≥ a7 %0/# Φ(a, 0) ≤ Φ(b, α)8

4&&5 6! c ≥ max{a, b}7 Φ(a, 0) = Φ(c, α) )#+ Φ(b, 0) = Φ(c, β)7 %0/# a = b =

c )#+ α = β = 08

4&&&5 6! b ≤ min{c, d}7 a+ b ≤ c+ d )#+ α ≤ β+ γ7 %0/# Φ(a, α) +Φ(b, 0) ≤
Φ(c, β) + Φ(d, γ)9

*$##+' @997=& 0%,0 Φ : R2
+ → R+ 29 , pqmg?)7'
02*'# A&<0 .& 9%*.

0%,0 Φ 9,029B&9 (i)( (ii) ,'5 (iii)#

C2D E0 29 )78B88&5 :F G&==, ,,#

C22D G&0 a, b, c, α, β ∈ R+ 97
% 0%,0 c ≥ max{a, b}( Φ(a, 0) = Φ(c, α) ,'5

Φ(b, 0) = Φ(c, β)# H& .288 9%*. 0%,0 a = b = c ,'5 α = β = 0#
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#$ %&' ($' &)$*+ 
($-.*'/ %&' -'% X = {a, b, c} )$* 0' *'1$' %&'

23$
%.($ pX ($ X × X )- 2(44(0-5 pX(a, b) = pX(b, a) = pX(a, c) =

pX(c, a) = pX(b, c) = pX(c, b) = c )$*+ pX(a, a) = a+ pX(b, b) = b )$*

pX(c, c) = c6 78 (3/ )--39:%.($ ($ a, b, c ∈ R++ ($' 
)$ ;'/.28 %&)%

pX .- ) :)/%.)4 9'%/.
 ($ X6

#$ %&' (%&'/ &)$*+ 0' 0.44 *.-%.$<3.-& %0( 
)-'- ($ α, β ∈ R+5

=)-'  6 >3::(-' %&)% α = β = 06 ?&'$ %&' 23$
%.($ PQΦ : (X ×
R) × (X × R) → R+ <.;'$+ 2(/ ')
& (x, y), (u, v) ∈ X × R+

@8 PQΦ((x, y), (u, v)) = Φ(pX(x, u), de(y, v)) .- ) :)/%.)4 A3)-.B

9'%/.
+ 0&'/' de *'$(%'- %&' '3
4.*')$ 9'%/.
 C$(%' %&)% ';'/8

9'%/.
 .- ) A3)-.B9'%/.
D6 E(/'(;'/+

PQΦ((a, 0), (a, 0)) = Φ(pX(a, a), de(0, 0)) = Φ(a, 0),

PQΦ((a, 0), (b, 0)) = Φ(pX(a, b), de(0, 0)) = Φ(c, 0),

PQΦ((b, 0), (b, 0)) = Φ(pX(b, b), de(0, 0)) = Φ(b, 0),

PQΦ((b, 0), (a, 0)) = Φ(pX(b, a), de(0, 0)) = Φ(c, 0).

>.$
' Φ(a, 0) = Φ(c, 0) )$* Φ(b, 0) = Φ(c, 0) 0' *'*3
' %&)%

PQΦ((a, 0), (a, 0)) = PQΦ((a, 0), (b, 0)) )$*

PQΦ((b, 0), (b, 0)) = PQΦ((b, 0), (a, 0)).

?&'/'2(/'+ @8 )F.(9 CGH!D+ 0' *'*3
' %&)% (a, 0) = (b, 0) )$* -(

a = b6 I3/%&'/9(/'+ .2 0' /':')% %&' )@(;' :/(
'-- 3-.$< $(0 a

)$* c+ 0' *'*3
' %&)% a = c )$* -(+ a = b = c )- 0' 
4).9'*6

=)-' J6 >3::(-' %&)% '.%&'/ α 6= 0 (/ β 6= 06 K' 0.44 -&(0 %&)% %&.-


)-' 
)$$(% @' <.;'$6 =($-.*'/ %&' :)/%.)4 9'%/.
 -:)
' (X, pX)

.$%/(*3
'* .$ =)-'  )$* %&' A3)-.B9'%/.
 -:)
' (Y, qY )+ 0&'/'

Y = {1, 2, 3} )$* %&' A3)-.B9'%/.
 qY ($ Y .- <.;'$ @8 qY (1, 2) =

qY (2, 3) = qY (1, 3) = α+ qY (2, 1) = qY (3, 2) = qY (3, 1) = β )$*
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qY (i, i) = 0 #$% &'' i ∈ {1, 2, 3}( )*+, -*+ #.,
-0$, PQΦ : (X ×
Y )× (X × Y )→ R+ 102+, 34

PQΦ((x, y), (u, v)) = Φ(pX(x, u), qY (y, v)),

#$% +&
* (x, u), (y, v) ∈ X ×Y, 05 & 6&%-0&' 7.&5089+-%0
( :$%+$2+%

PQΦ((a, 1), (a, 1)) = Φ(pX(a, a), qY (1, 1)) = Φ(a, 0),

PQΦ((a, 1), (b, 2)) = Φ(pX(a, b), qY (1, 2)) = Φ(c, α),

PQΦ((b, 2), (b, 2)) = Φ(pX(b, b), qY (2, 2)) = Φ(b, 0),

PQΦ((b, 2), (a, 1)) = Φ(pX(b, a), qY (2, 1)) = Φ(c, β).

;0,
+ Φ(a, 0) = Φ(c, α) &,< Φ(b, 0) = Φ(c, β) =+ <+<.
+ -*&-

PQΦ((a, 1), (a, 1)) = PQΦ((a, 1), (b, 2)) &,<

PQΦ((b, 2), (b, 2)) = PQΦ((b, 2), (a, 1)).

;$> 34 &?0$9 @ABCD> (a, 1) = (b, 2) =*0
* 102+5 & 
$,-%&<0
-0$,(

)*.5> 5.
* & 
&5+ 
&,,$- 3+ 102+,(

E+,
+> =+ *&2+ 5*$=, -*&- a = b = c &,< α = β = 0(

@000D F+- a, b, c, d, α, β, γ ∈ R+> =0-* b ≤ min{c, d}> a + b ≤ c + d &,<

α ≤ β + γ(

G0%5-> =+ =0'' 5*$= -*&- Φ(c+ d− b, α) + Φ(b, 0) ≤ Φ(c, β) + Φ(d, γ, )(

)$ -*05 +,< =+ <05-0,1.05* -=$ 
&5+5H

I&5+  ( α = β = γ = 0( ;+- X = {x1, x2, x3} =0-* x1 = a> x2 = b &,<

x3 = c &,<> 3+50<+5> <+J,+ -*+ 6&%-0&' 9+-%0
 p′X $, X &5 #$''$=5H

p′X(x1, x3) = p′X(x3, x1) = c+ d− b> p′X(x1, x2) = p′X(x2, x1) = c>

p′X(x2, x3) = p′X(x3, x2) = d> p′X(x1, x1) = p′X(x3, x3) = 0 &,<

p′X(x2, x2) = b( )*+, -*+ #.,
-0$, PQΦ : (X×R)×(X×R)→ R+

<+J,+<> #$% +&
* (x, y), (u, v) ∈ X × R> 34 PQΦ((x, y), (u, v)) =
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Φ(p′X(x, u), de(y, v)), "# $ %$&'"$( )*$#"+,-'&"
/ 01 $2"3, 456789

:- ;$<- ';$'

Φ(p′X(x1, x3), de(0, 0)) + Φ(p′X(x2, x2), de(0, 0)) =

PQΦ((x1, 0), (x3, 0)) + PQΦ((x2, 0), (x2, 0)) ≤
PQΦ((x1, 0), (x2, 0)) + PQΦ((x2, 0), (x3, 0)) =

Φ(p′X(x1, x2), de(0, 0)) + Φ(p′X(x2, x3), de(0, 0)).

=3 Φ(c+ d− b, 0) +Φ(b, 0) ≤ Φ(c, 0) +Φ(d, 0)/ >;*#9 "? ';"# 
$#-9

Φ(c+ d− b, α) + Φ(b, 0) ≤ Φ(c, β) + Φ(d, γ)/

@$#- 7/ >;- 
3?A"'"3? α = β = γ = 0 A3-# ?3' ;3(A9 "/-/9 $' (-$#' 3?-

-(-,-?' 3B {α, β, γ} "# A"C-&-?' 3B 0/ D3'"
- ';$' α ≤ β + γ

$?A9 ';*#9 ';$' -"';-& β 6= 0 3& γ 6= 0/ =*%%3#-9 :"';3*' (3## 3B

E-?-&$("'19 ';$' β 6= 0/

@3?#"A-& ';- )*$#"+,-'&"
 #%$
- (Y, q′Y ) #*
; ';$' Y = {1, 2, 3}
$?A ';- )*$#"+,-'&"
 q′Y "# A-F?-A $# B3((3:#G

q′Y (1, 3) = α9 q′Y (1, 2) = q′Y (3, 1) = q′Y (3, 2) = β9 q′Y (2, 3) =

q′Y (2, 1) = γ $?A q′Y (i, i) = 0 B3& -$
; i ∈ {1, 2, 3}/
>;-? ';- B*?
'"3? PQΦ : (X × Y ) × (X × Y ) → R+ A-F?-A

H1 PQΦ((x, y), (u, v)) = Φ(p′X(x, u), q
′
Y (y, v)), "# $ %$&'"$( )*$#"+

,-'&"
/ I-&- (X, p′X) "# ';- %$&'"$( ,-'&"
 "?'&3A*
-A "? ';- %&-+


-A"?E @$#-  / 01 $2"3, 45678 :- ;$<- ';$'

Φ(p′X(x1, x3), q
′
Y (1, 3)) + Φ(p′X(x2, x2), q

′
Y (2, 2)) =

PQΦ((x1, 1), (x3, 3)) + PQΦ((x2, y2), (2, 2)) ≤
PQΦ((x1, 1), (x2, 2)) + PQΦ((x2, 2), (x3, 3)) =

Φ(p′X(x1, x2), q
′
Y (1, 2)) + Φ(p′X(x2, x3), q

′
Y (2, 3)).

>;*#9 Φ(c+d− b, α)+Φ(b, 0) ≤ Φ(c, β)+Φ(d, γ) "? ';"# 
$#- '33/

D3:9 '$J"?E "?'3 $

3*?' ';$' a ≤ c+ d− b9 :- ;$<-9 H1 K-,,$ L/ / 9

';$' Φ(a, α) ≤ Φ(c + d − b, α) $?A #3 Φ(a, α) + Φ(b, 0) ≤ Φ(c + d −
b, α) + Φ(b, 0) ≤ Φ(c, β) + Φ(d, γ), $# :- 
($",-A/
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#$%
$' ($ )*+$ ,-.+$/ 0)*0 12 Φ 13 * pqmg425%
01.% 0)$% 10 3*0136$3 (i)' (ii)

*%/ (iii)7

8$90 ($ *335:$ 0)*0 Φ : R2
+ → R+ 3*0136$3 (i)' (ii) *%/ (iii)7 ;$ (1<<

,-.+$ 0)*0 Φ 13 * pqmg425%
01.%7 =. 0)13 $%/' (X, p) >$ * ,*-01*< :$0-1


3,*
$ *%/ <$0 (Y, q) >$ * ?5*314:$0-1
 3,*
$7 @$6%$ 0)$ 25%
01.% PQΦ :

(X × Y ) × (X × Y ) → R+ >A PQΦ((x, y), (u, v)) = Φ(p(x, u), q(y, v)) 2.-

$*
) (x, y), (u, v) ∈ X×Y 7 ;$ (1<< ,-.+$ 0)*0 PQΦ 13 * ,*-01*< ?5*314:$0-1


.% X × Y 7

BCD E7 F$0 (x1, y1), (x2, y2) ∈ X × Y 7 G1%
$ p 13 * ,*-01*< :$0-1
 .% X' ($

)*+$ 0)*0 p(x1, x2) = p(x2, x1) ≥ p(x1, x1)7 =)$ 2*
0 0)*0 Φ 25<6<<3 (i)

H1+$3 Φ(p(x1, x1), 0) ≤ Φ(p(x1, x2), q(y1, y2))7 =)53

PQΦ((x1, y1), (x1, y1)) = Φ(p(x1, x1), q(y1, y1)) = Φ(p(x1, x1), 0) ≤
Φ(p(x1, x2), q(y1, y2)) = PQΦ((x1, y1), (x2, y2)).

G1:1<*-<A ($ 
*% 3).( 0)*0

PQΦ((x1, y1), (x1, y1)) ≤ PQΦ((x2, y2), (x1, y1)),

31%
$ Φ(p(x1, x1), 0) ≤ Φ(p(x1, x2), q(y2, y1))7

BCD"E7 F$0 (x1, y1), (x2, y2), (x3, y3) ∈ X×Y 7 =)$% ($ )*+$ 0)*0 p(x2, x2) ≤
min{p(x1, x2), p(x2, x3)}' p(x1, x3) + p(x2, x2) ≤ p(x1, x2) + p(x2, x3)

*%/ q(y1, y3) ≤ q(y1, y2) + q(y2, y3)7 G1%
$ Φ 3*0136$3 (iii) ($ .>0*1%

0)*0
Φ(p(x1, x3), q(y1, y3)) + Φ(p(x2, x2), 0) ≤
Φ(p(x1, x2), q(y1, y2)) + Φ(p(x2, x3), q(y2, y3)).

=)$-$2.-$'

PQΦ((x1, y1), (x3, y3)) + PQΦ((x2, y2), (x2, y2)) ≤
PQΦ((x1, y1), (x2, y2)) + PQΦ((x2, y2), (x3, y3)).
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#$%"&' ()*+,-./0 +1 (x1, y1) = (x2, y2)2 3456

PQΦ((x1, y1), (x1, y1)) = PQΦ((x1, y1), (x2, y2))

768

PQΦ((x2, y2), (x2, y2)) = PQΦ((x2, y2), (x1, y1)).

9,6*5:.5/02 .-;;,.5 3473

PQΦ((x1, y1), (x1, y1)) = PQΦ((x1, y1), (x2, y2))

7682 +6 788+3+,62 3473

PQΦ((x2, y2), (x2, y2)) = PQΦ((x2, y2), (x1, y1))

1,: .,<5 (x1, y1), (x2, y2) ∈ X × Y ' =3 1,//,>. 3473 Φ(p(x1, x1), 0) =

Φ(p(x1, x1), q(y1, y1)) = Φ(p(x1, x2), q(y1, y2)) 768 Φ(p(x2, x2), 0) =

Φ(p(x2, x2), q(y2, y2)) = Φ(p(x2, x1), q(y2, y1))' ?+6
5 p +. 7 ;7:3+7/ <53A

:+
 ,6X >5 47*5 3473max{p(x1, x1), p(x2, x2)} ≤ p(x1, x2) = p(x2, x1)'

B45 17
3 3473 Φ .73+.C5. (ii) 0+5/8. 3473

p(x1, x1) = p(x1, x2) = p(x2, x2) 768 q(y1, y2) = q(y2, y1) = 0.

D456
5 >5 
,6
/-85 3473 x1 = x2 768 y1 = y2 7682 456
52 3473

(x1, y1) = (x2, y2)'

B45:51,:5 PQΦ +. 7 ;7:3+7/ E-7.+A<53:+
 ,6 X × Y ' �

B45 1,//,>+6F :5.-/3 >+// )5 
:-
+7/ +6 ,:85: 3, ;:,*+85 5G7<;/5. ,1 pqmgA

1-6
3+,6.'

 !""# $%&%'%  !" a, b, c, d ∈ R+ #$"% a + b ≤ c + d &'( b ≤ min{c, d})
*%!'+ a · b ≤ c · d)
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 !""#$ "#$%&' () (#** %+,( &+-& (c + d − b) · b ≤ c · d. /, &+#% )01' ()


-0 %344,%)' (#&+ ,3& *,%% ,5 6)0)$-*#&7' &+-& d ≥ c. /+)0'

0 ≤ (c− b)2 ≤ (c− b) · (d− b) = c · d− c · b− d · b+ b2 = c · d− (c+ d− b) · b.

/+)$)5,$)' (c + d− b) · b ≤ c · d. 8& 5,**,(% &+-& a · b ≤ (c + d− b) · b ≤ c · d'
%#0
) 0 ≤ a ≤ c+ d− b. �

/+) 0)9& $)%3*& 4$,:#1)% #0%&-0
)% ,5 pqmg;530
&#,0%.

 !"%"&'('") *$+$,$  !" M,N,L ∈ R+# $%!& "%! '())(*+&, '-&
"+(&/ Φ :

R2
+ → R+ 01! pqmg2'-&
"+(&/3

45 Φ(x, y) =Mx+Ny + L '(1 !0
% (x, y) ∈ R2
+6

75 Φ(x, y) =
√
Mx+Ny + L '(1 !0
% (x, y) ∈ R2

+6

85 Φ(x, y) = log (Mx+Ny + L) '(1 !0
% (x, y) ∈ R2
+ 0&9 L ≥ 1#

 !""#$  < =,0%#1)$ &+) 530
&#,0 6#:)0 >7 Φ(x, y) =
√
Mx+Ny + L.

?)9& () %+,( &+-& #& 53*@**% (i)' (ii) -01 (iii) #0 /+),$)A B. .C.

D#< E344,%) &+-& b ≥ a. /+)0' Φ(a, 0) =Ma+L ≤Mb+L ≤Mb+Nα+

L = Φ(b, α).

D##< ?,(' %344,%) &+-& c ≥ max{a, b}. /+)0' ,0 &+) ,0) +-01'

Φ(a, 0) =Ma+ L =Mc+Nα+ L = Φ(c, α)⇔ a = c -01 α = 0,

-01' ,0 &+) ,&+)$ +-01'

Φ(b, 0) =Mb+ L =Mc+Nβ + L = Φ(c, β)⇔ b = c -01 β = 0.

/+)$)5,$) Φ(a, 0) = Φ(c, α) -01 Φ(b, 0) = Φ(c, β) #A4*#)% a = b = c

-01 α = β = 0.
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#$$$% &$'())*+ ,-../,0 12(1 b ≤ min{c, d}+ a+ b ≤ c+d ('3 α ≤ β+γ4 520'

Φ(a, α) + Φ(b, 0) =Ma+Nα+ L+Mb+ L =M(a+ b) +Nα+ 2L

≤M(c+ d) +N(β + γ) + 2L =Mc+Nβ + L+Md+Nγ + L =

Φ(c, β) + Φ(d, γ).

6% 7/',$308 120 9-'
1$/' ;$<0' =* Φ(x, y) =
√
Mx+Ny + L4 >0 ?$))

/')* .8/<0 12(1 Φ ,(1$,@0, 
/'3$1$/' (iii) $' 520/80A "4 46+ ,$'
0 120

9(
1 12(1 Φ ,(1$,@0, 
/'3$1$/', (i) ('3 (ii) 
(' =0 .8/<03 9/))/?$';

,$A$)(8 80(,/'$'; 1/ 12/,0 ;$<0' $' ,1(10A0'1 1) $' 12$, 80,-)14

B-../,0 12(1 b ≤ min{c, d}+ a+ b ≤ c+ d ('3 α ≤ β + γ4 520'+

Φ(a, α) + Φ(b, 0) ≤ Φ(c, β) + Φ(d, γ),

$9 ('3 /')* $9

√
Ma+Nα+ L+

√
Mb+ L ≤

√

Mc+Nβ + L+
√

Md+Nγ + L,

?2$
2 $, 0C-$<()0'1 1/

(√
Ma+Nα+ L+

√
Mb+ L

)2 ≤

(√
Mc+Nβ + L+

√
Md+Nγ + L

)2
,

,$'
0

√
Ma+Nα+ L,

√
Mb+ L,

√

Mc+Nβ + L,
√

Md+Nγ + L ∈ R+.

520809/80+ ?0 '003 1/ .8/<0 12(1

Ma+Nα+ L+Mb+ L+ 2 ·
(√

Ma+Nα+ L
)

·
(√

Mb+ L
)

≤

Mc+Nβ+L+Md+Nγ+L+2·
(

√

Mc+Nβ + L
)

·
(

√

Md+Nγ + L
)

.
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#$ %&'$ (%)*+ ,%&, Ma+Nα+L+Mb+L ≤Mc+Nβ+L+Md+

Nγ + L -+ ,%$ ./))0 )0 1)1 2) -, /$3&-+( ,) ./)'$ ,%&,

(Ma+Nα+ L) · (Mb+ L) ≤ (Mc+Nβ + L) · (Md+Nγ + L) ,

)/ $45-'&6$+,678

M2ab+MaL+NαMb+NαL+ LMb+ L2 ≤

≤M2cd+McNγ+McL+NβMd+N2βγ+NβL+LMd+LNγ+L2.

9, -( 
6$&/ ,%&,

MaL+ LMb =ML(a+ b) ≤ML(c+ d) =McL+ LMd,

NαMb = NMbα ≤ NM min{c, d}(β + γ) ≤McNγ +NβMd,

NαL = NLα ≤ NL(β + γ) = NβL+ LNγ.

;7 <$33& =1 1>8 *$ %&'$ ,%&, M2ab ≤ M2cd8 &+? () ,%$ ./))0 -(


)+
65?$?1

>@ A)+(-?$/ ,%$ 05+
,-)+ B-'$+ C7 Φ(x, y) =
√
Mx+Ny + L *-,% L ≥ 11

#$ *-66 )+67 ./)'$ ,%&, Φ (&,-(D$( 
)+?-,-)+ (iii) -+ E%$)/$3 =1 1F8

(-+
$ ,%$ 0&
, ,%&, Φ (&,-(D$( 
)+?-,-)+( (i) &+? (ii) 
&+ C$ ./)'$?

0)66)*-+B (-3-6&/ /$&()+-+B ,) ,%)($ B-'$+ -+ (,&,$3$+, 1) -+ ,%-( /$(56,1

9, -( 
6$&/ ,%&, Φ(a, α)+Φ(b, 0) = log ((Ma+Nα+ L) · (Mb+ L)) &+?

Φ(c, β) + Φ(d, γ) = log ((Mc+Nβ + L) · (Md+Nγ + L))1 25..)($

,%&, b ≤ min{c, d}8 a+ b ≤ c + d &+? α ≤ β + γ1 E%$+8 -+ (,&,$3$+,

2) -+ ,%-( /$(56, *$ %&'$ (%)*+ ,%&,

(Ma+Nα+ L) · (Mb+ L) ≤ (Mc+Nβ + L) · (Md+Nγ + L) .

2-+
$ log -( & 3)+),)+$ 05+
,-)+ *$ %&'$ ,%&, Φ(a, α) + Φ(b, 0) ≤
Φ(c, β) + Φ(d, γ)1
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#$% &'(() *+ ,-*+$%./ �

0- 1$% 2*3$1 () 4'(&(+*1*(- 5/ /! 6% *77%.*81%29 (:18*- 1$% )(22(6*-3

*-+18-
%+ () &8'1*82 <=8+*>7%1'*
+/ #$% %?87&2% :%2(6 *+ '%2%@8-1 :%
8=+% ()

1$% 28
A () *-+18-
%+ () &8'1*82 <=8+*>7%1'*
+ *- 1$% 2*1%'81='% 6$*
$ 2*7*1+ *1+

8&&2*
8:*2*19/

 !"#$%& '()('(  !" (X, p) #! $ %$&"'$( )!"&'
 +%$
! $,- (!" (X, q) #! $

./$+'0)!"&'
 +%$
!1 23 M,N,L ∈ R+4 "5!, "5! 36((67',8 3/,
"'6,+ $&! %$&"'$(

./$+'0)!"&'
+ 6, X × Y 1

91 PQΦ ((x, y), (u, v)) =M · p(x, u) +N · q(y, v) + L1

:1 PQΦ ((x, y), (u, v)) =
√

M · p(x, u) +N · q(y, v) + L1

;1 PQΦ ((x, y), (u, v)) = log (M · p(x, u) +N · q(y, v) + L) %&6<'-!- "5$"

L ≥ 11

 !"#
% "&'" "&% ()%
%*#+, %-'.(/% 0&!10 "&'" "&% (')"#'/ 23'0#4.%")#


#+*3
%* 56 ' pqmg473+
"#!+ #0 +!"8 #+ ,%+%)'/8 +%#"&%) ' (')"#'/ .%")#
 +!)

' 23'0#4.%")#
9 :+*%%*8 
!+0#*%) "&% (')"#'/ .%")#
 0('
% (R+, pm) '+*

"&% 23'0#4.%")#
 0('
% (R, qu)9 ;&%+ 1% &'<% "&'" PQΦ((x, y), (u, v)) =

max{x, u} + max{v − y, 0}9  !1 "'=% "&% pqmg473+
"#!+ Φ(a, α) = a + α9

>/%')/6 PQΦ((1, 1), (1, 1)) = 1 '+*8 "&308 PQΦ #0 +!" ' 23'0#4.%")#
9 ?!)%4

!<%)8 1% &'<% "&'" PQΦ((1, 0), (0, 1)) = 2 '+* PQΦ((0, 1), (1, 0)) = 19 @!

PQΦ #0 +!" ' (')"#'/ .%")#
9

A50%)<% "&'" "&#0 #0 "&% )%'0!+ 7!) 1&#
& "&% '**#"#!+ !7 "&% B'#)% (')"#'/

.%")#
 '+* "&% 
!.(/%-#"6 23'0#4.%")#
8 pB + qC 8 #0 +%#"&%) ' (')"#'/ .%")#


+!) ' 23'0#4.%")#
9 ;&#0 7'
" 1#// 5% 
)3
#'/ /'"%) !+ #+ @%
"#!+ C9D9
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#$ %&&℄( )*+ ,-$
)/0$1 )*2) 3+45+ 2 
066+
)/0$ 0, 724)/26 3+)4/
1 /$)0 2

$+8 0$+ 8+4+ 
*242
)+4/9+:; <-
* ,-$
)/0$1 8+4+ 
266+: n=724)/26 3+)4/


74+1+4>/$5 ,-$
)/0$1 ?npmp=,-$
)/0$1 ,04 1*04)@ 2$: )*+/4 
*242
)+4/92)/0$ /1

5/>+$ AB )*+ $+C) )*+04+3;

 !"#$"% &'(')'  !"#
%&'# Φ : R2
+ → R+ &( ) 2pmp*!"#
%&'# &! )#+ '#,-

&! &% ()%&(./( %0/ !',,'1&#2 %1' 34'3/4%&/( !'4 ),, a, b, c, α, β, γ, δ ∈ R+5

67 Φ(a, α) + Φ(b, β) ≤ Φ(c, γ) + Φ(d, δ) 10/#/8/4 (a + b, α + β) � (c +

d, γ + δ)9 (b, β) � (c, γ) )#+ (b, β) � (d, δ):

;7 <! (b, β) � (a, α)9 (c, γ) � (a, α) )#+ Φ(a, α) = Φ(b, β) = Φ(c, γ)9 %0/#

(a, α) = (b, β) = (c, γ):

D0)+ )*2)( )*+ 74+
+:/$5 
*242
)+4/92)/0$ 821 74+1+$)+: ,04 2 
066+
)/0$ 0,

724)/26 3+)4/
1 /$ %&&℄ ?1++ <-A1+
)/0$  ; ; @; E08+>+4( 8+ *2>+ 1)2)+: 1-
* 2

4+1-6) 0$6B ,04 )80 724)/26 3+)4/
1 8/)* )*+ 2/3 0, 1)-:B/$5 )*+ 4+62)/0$1*/7

A+)8++$ 2pmp=,-$
)/0$1 2$: pqmg=,-$
)/0$1; #$ )*+ $+C) 740701/)/0$ 8+

1*08 )*2) +2
* 2pmp=,-$
)/0$ /1 2 pqmg=,-$
)/0$; F0 )*/1 +$:( 6+) -1 4+
266

)*2)( 2

04:/$5 )0 G40701/)/0$ H /$ %&&℄( +>+4B 2pmp=,-$
)/0$ /1 30$0)0$+

8/)* 4+17+
) )0 �;

*$#+#,-.-#/ &'('0' =/% Φ : R2
+ → R+ >/ ) 2pmp*!"#
%&'#: ?0/# Φ &( )

pqmg*!"#
%&'#:

*$##1' I+ 8/66 1*08 )*2) Φ 12)/1J+1 
0$:/)/0$1 (i)( (ii) 2$: (iii) /$

F*+04+3 &; ;K;

?/@ <-7701+ )*2) b ≥ a; </$
+ (a, 0) � (b, α) 2$: Φ /1 30$0)0$+ 8+ 0A)2/$

)*2) Φ(a, 0) ≤ Φ(b, α);
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#$$% &'() *+,,'*- ./0. c ≥ max{a, b} 012) Φ(a, 0) = Φ(c, α) 012 Φ(b, 0) =

Φ(c, β)3 4/- 5'1'.'16 '7 Φ 8$9-* ./0. Φ(c, 0) ≤ Φ(c, α) = Φ(a, 0) ≤

Φ(c, 0)3 :. 7';;'(* ./0. Φ(a, 0) = Φ(c, α) = Φ(c, 0) ($./ (a, 0) � (c, α)

012 (c, 0) � (c, α)3 <6 0**-=.$'1 2) $1 4/-'=-5 >3 3? (- 2-2+
- ./0.

(a, 0) = (c, α) = (c, 0)3 4/+* a = c 012 α = 03 A10;'8'+*;6) (- 
01

,='9- ./0. b = c 012 β = 03

4/+*) a = b = c 012 α = β = 03

#$$$% B+,,'*- ./0. b ≤ min{c, d}) a + b ≤ c + d 012 α ≤ β + γ3 4/-1

(a, α) + (b, 0) � (c, β) + (d, γ)) (b, 0) � (c, β) 012 (b, 0) � (d, γ)3 B$1
-

Φ *0.$*C-* 0**-=.$'1 1) $1 4/-'=-5 >3 3? (- 2-2+
- ./0. Φ(a, α) +

Φ(b, 0) ≤ Φ(c, β) + Φ(d, γ)3

�

4/- 7';;'($18 -D05,;- */'(* ./0. ./-=- 0=- pqmgE7+1
.$'1* (/$
/ 0=-

1'. 2pmpE7+1
.$'13

 !"#$%& '()(*(  !"#$%&' ()& *+"
($!" Φ : R2
+ → R+ -$.&" /0

Φ(a, α) =

{

a, $* α = 0

a+ 1, $* α 6= 0
.

1( $# "!( )2'% (! 
)&
3 ()2( Φ $# 2 pqmg4*+"
($!"5 6&.&'()&7&##8 Φ $# "!( 2

2pmp4*+"
($!"5 1"%&&%8 (1, 1) � (1, 3)8 (1, 2) � (1, 3) 2"% Φ(1, 3) = Φ(1, 1) =

Φ(1, 2) = 2 /+( (1, 3) 6= (1, 2)5 9)&'&*!'&8 Φ %!&# "!( #2($#*0 2##&'($!" 2) $"

9)&!'&: ;5<5= 2"%8 )&"
&8 $( $# "!( 2 2pmp4*+"
($!"5

:1 F>G℄) ./- 7+1
.$'1* ./0. 5-=8- 0 
';;-
.$'1 '7 I+0*$E5-.=$
* $1.' 0 1-(

'1- (-=- 
/0=0
.-=$J-23 B+
/ 7+1
.$'1* (-=- 
0;;-2 nEI+0*$E5-.=$
 ,=-*-=9$18

7+1
.$'1* #nqmpE7+1
.$'1* 7'= */'=.% 012 ./-$= 
/0=0
.-=$J0.$'1 $* 8$9-1 K6

./- 1-D. ./-'=-53
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 !"#$"% &'(')'  !" a, b, c, α, β, γ ∈ R+# $ %&'
")*' Φ : R2
+ → R+ )+ ,

2qmp-%&'
")*' )% ,'. *'/0 )" 1,+ "1! %*//*2)'3 45*4!5")!+6

78 Φ−1(0) = {(0, 0)}.

98 :% (a, α) � (b, β) + (c, γ); "1!' Φ(a, α) ≤ Φ(b, β) + Φ(c, γ)#

#$ %& '() *+,'%+- .)',%
 
+$)0 '() *,)
)1%&2 
(+,+
'),%3+'%4& 5+$ *,)$)&')1

64, + 
4--)
'%4& 46 78+$%9.)',%
$ %& :!;℄ =$)) >8?$)
'%4&  @ @ A@ B45)C),0 5)

(+C) $'+')1 $8
( + ,)$8-' 4&-D 64, '54 *+,'%+- 78+$%9.)',%
$ 5%'( '() +%. 46

$'81D%&2 '() ,)-+'%4&$(%* ?)'5))& 2qmp968&
'%4&$ +&1 pqmg968&
'%4&$@

E4&
),&%&2 '() ,)-+'%4&$(%* ?)'5))& 2qmp968&
'%4&$ +&1 pqmg968&
'%4&$0

'() $%'8+'%4& %$ 1%F),)&'@ G&1))10 5) 5%-- $(45 '(+' ?4'( 
-+$$)$ 46 68&
'%4&$

+,) &4' 
4.*+,+?-)@ H() &)I' )I+.*-)$ $(45 '(+' '(),) +,) 2qmp968&
'%4&$

'(+' +,) &4' pqmg968&
'%4&$ +&1 C%
)9C),$+@

*+,%-." &'('(/' <*'+).!5 "1! %&'
")*' Φ : R2
+ → R+ 3)=!' >0 Φ(a, α) =

max{a, α}# ?0 <*5*//,50 7@ )' ABC℄; Φ )+ , 2qmp-%&'
")*'# E*2!=!5; )"

)+ '*" , pqmg-%&'
")*'# :'.!!.; ",F! a = b = c = 2; α = 1 ,'. β = 2#

</!,5/0 Φ(a, 0) = Φ(c, α) = 2 ,'. Φ(b, 0) = Φ(c, β) = 2 >&" α = 1 6= 2 = β#

G1&+; Φ .*!+ '*" %&/H// ,++!5")*' (ii) )' G1!*5!I B#7#9# E!'
!; )" )+ '*" ,

pqmg-%&'
")*'#

*+,%-." &'('((' $

*5.)'3 "* J5*4*+)")*' B#7#K; "1! %&'
")*' Φ : R2
+ → R+

3)=!' >0 Φ(a, α) = a + α + 1 )+ , pqmg-%&'
")*'# L!=!5"1!/!++ )" )+ '*" ,

2qmp-%&'
")*'; +)'
! Φ(0, 0) = 1 ,'. +* Φ .*!+ '*" +,")+%0 ,++!5")*' 1) )'

G1!*5!I B#7#M#

H() &)I' ,)$8-' *,4C%1)$ + $8J
%)&' 
4&1%'%4& '(+' )&$8,)$ '(+' + pqmg9

68&
'%4& %$ + 2qmp968&
'%4&@
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 !"#"$%&%"' ()*)*+)  !" Φ : R2
+ → R+ #! $ pqmg%&'(
"*+( ,'
- "-$"

Φ(0, 0) = 0. /-!(0 Φ *, $ 2qmp%&'(
"*+(.

 !"",) "# $%&& '## ()*( Φ +,&-&&' *''#.(%/0' 1) *01 2) %0 2)#/.#3 !4 454

6#( a, α ∈ R+ ',
) ()*( Φ(a, α) = 04 89 6#33* !4 4 $# 1#1,
# ()*(

Φ(a, α2 ) = 0: '%0
# 0 = Φ(0, 0) ≤ Φ(a, α2 ) ≤ Φ(a, α) = 04 ")#0
# $#

)*;# ()*( Φ(a, α) = Φ(0, 0) *01 Φ(a, α2 ) = Φ(0, 0)4 2)#0: <9 *''#.(%/0 (ii) %0

2)#/.#3 !4 4=: $# /<(*%0 ()*( a = 0 *01 ()*( α = 04 2),' Φ−1(0) = {(0, 0)}4

6#( a, b, c, α, β, γ ∈ R+ ',
) ()*( (a, α) � (b, β) + (c, γ)4 >( +/&&/$' ()*(

α ≤ β + γ: a + 0 ≤ b + c *01 ()*( 0 ≤ min{b, c}4 89 *''#.(%/0 (iii) %0

2)#/.#3 !4 4= *01 ()# +*
( ()*( Φ(0, 0) = 0: $# )*;# ()*( Φ(a, α)+Φ(0, 0) ≤

Φ(c, β) + Φ(d, γ)4

?#0
#: <9 2)#/.#3 !4 45 $# )*;# ()*( Φ %' * 2qmp@+,0
(%/04 �

AB*3C&# !4 4 D ')/$' ()*( ()# 
/0;#.'# /+ E./C/'%(%/0 !4 4 = %' 0/( (.,#:

%0 F#0#.*&4

G/(%
# ()*(: <9 E./C/'%(%/0 !4 4 =: #;#.9 pqmg@+,0
(%/0 ',
) ()*( Φ(0, 0) =

0 %' * 2@3#(.%
 C.#'#.;%0F +,0
(%/0 H'## I!J℄L4

 !" #$ %&&'(
%*(+$ *+ %$%',-(- +. %'/+0(*12-

M' #BC/'#1 %0 N,<'#
(%/0  4 4O: C*.(%*& 3#(.%
' )*;# <##0 *CC&%#1 ',

#''@

+,&&9 (/ 1#0/(*(%/0*& '#3*0(%
' *01 P,*'%@3#(.%
' )*;# <##0 ,'#1 %0 *'93C@

(/(%
 
/3C&#B%(9 *0*&9'%' /+ *&F/.%()3' ;%* -B#1 C/%0( 3#()/1': $)%
) )*;#

<##0 1#;#&/C#1 %01#C#01#0(&9 $%()/,( #'(*<&%')%0F *09 .#&*(%/0')%C <#($##0

()#34 M( -.'( F&*0
# %( '##3' 1%Q
,&( (/ 
/3<%0# ($/ 1%R#.#0( *CC./*
)#' '/
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#$%# &' 
%) *+,-. % +),/+' 01%2'&314 &$,
$ %--3&5 +5 #3 
%116 3+# 0312%--67

8,% 9:'. ;3,)# 2'#$3.57 #$' #&3 %031'2')#,3)'. #%545 %# #$' 5%2' #,2'<

=3&'8'17 #%4,)> ,)#3 %

3+)# #$' #$'316 ':;35'. ,) #$' %031'2')#,3)'. 5+*?

5'
#,3)7 ,) #$' 03--3&,)> &' 5$3& #$%# #$' %>>1'>%#,3) ,5 %) %;;13;1,%#'

01%2'&314 031 5+
$ %) 3*@'
#,8'<

A# 5''25 )%#+1%- #3 
3)5,.'1 (Σ∞×C,Φ(pB(v,w), qC |Cc(f, g)))7 &$'1' Φ ,5

% pqmg?0+)
#,3)7 %5 % 915# %##'2;# #3 .'8'-3; % 01%2'&314 #3 %)%-6B' 5,2+-?

#%)'3+5-67 *6 2'%)5 30 9:'. ;3,)# 2'#$3.57 #$' 1+)),)> #,2' 30 
32;+#,)>

30 %) %->31,#$2 #$%# ;'103125 % 
32;+#%#,3) +5,)> % 1'
+15,8' .')3#%#,3)%-

5;'
,9
%#,3) %). #$' 2'%),)> 30 5+
$ % 5;'
,9
%#,3)<

C':#7 &,#$ #$' %,2 30 %
$,'8,)> 3+1 3*@'
#,8'7 &' ,)#13.+
' % 9:'. ;3,)#

#$'31'2 ,) 5+
$ % &%6 #$%# #$' 
3)#1%
#,3) ,5 .'9)'. +5,)> ;%1#,%- /+%5,?

2'#1,
5 3*#%,)'. #$13+>$ #$' %>>1'>%#,3) 30 % ;%1#,%- 2'#1,
 %). % /+%5,?

2'#1,
< D3 #$,5 ').7 -'# +5 1'
%--7 3) %

3+)# 30 E! ℄7 #$%# % ;%1#,%- /+%5,?

2'#1,
 5;%
' (X, pq) ,5 5%,. #3 *' 
32;-'#' ;138,.'. #$' 2'#1,
 5;%
' (X, dpq)7

&$'1' dpq ,5 #$' 2'#1,
 3) X .'9)'. *6 dpq(x, y) = max{qpq(x, y), qpq(y, x)}

031 %-- x, y ∈ X &,#$ qpq(x, y) = pq(x, y) − pq(x, x) 031 %-- x, y ∈ X< C3#,
'

#$%# % ;%1#,%- /+%5,?2'#1,
 5;%
' (X, pq) ,5 
32;-'#' ,0 %). 3)-6 ,0 #$' %5?

53
,%#'. /+%5,?2'#1,
 5;%
' (X, qpq) ,5 *,
32;-'#'< G*5'18' #$%# #$,5 )3#,3)

1'#1,'8'5 #$' )3#,3) 30 
32;-'#')'557 ,)#13.+
'. ,) H+*5'
#,3)  < <I7 031 ;%1?

#,%- 2'#1,
5 %). /+%5,?2'#1,
5 %5 % ;%1#,
+-%1 
%5'< J'5,.'57 03--3&,)> %>%,)

E! ℄7 % 2%;;,)> 0132 % ;%1#,%- 2'#1,
 5;%
' (X, pq) ,)#3 ,#5'-0 ,5 5%,. #3 *' %


3)#1%
#,3) ,0 #$'1' ':,5#5 c ∈ [0, 1[ 5+
$ #$%# pq(f(x), f(y)) ≤ cpq(x, y) 031

%-- x, y ∈ X< D$' ;1'
'.,)> 
3)5#%)# c ,5 5%,. #3 *' #$' 
3)#1%
#,8' 
3)5#%)#

30 #$' 
3)#1%
#,3) f < K>%,) #$,5 )3#,3) 30 
3)#1%
#,3) 1'
38'15 #$35' >,8')

,) #$' /+%5,?2'#1,
 %). ;%1#,%- 2'#1,
 
3)#':# %). &$,
$ $%8' *'') ':;35'.

,) H+*5'
#,3)  < <I<
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#$% &''()'
%+ ,%-)./ 0- 1&-%+ (' /$% 2(..(30'4 56%+ 7(0'/ /$%(,%8 0'

7&,/0&. 9)&-0:8%/,0
 -7&
%- 3$0
$ 3&- 7,(;%+ 0' <! ℄>

 !"#$"% &'(')'  !" (X, pq) #! $ 
&'()!"! ($*"+$) ,-$.+/'!"*+
 .($
! $01

)!" f : X → X2 34 f +. $ 
&0"*$
"+&0 4*&' (X, pq) +0"& +".!)45 "6!0 f 6$. $

-0+,-! 78!1 (&+0" x02 9&*!&:!*5 pq(x0, x0) = 02

?0'
% %;%,@ 9)&'/0/&/0;% 56%+ 7(0'/ /$%(,%8 '%%+- &' &77,(7,0&/% '(/0('

(2 
(87.%/%'%--A 2(, /$% +0--080.&,0/@ )'+%, 
('-0+%,&/0('A 0' (,+%, /( 4)&,:

&'/%% /$% %60-/%'
% &'+ )'09)%'%-- (2 56%+ 7(0'/ 3% 30.. '%%+ /$% '%6/ ,%-)./A

3$(-% %&-@ 7,((2 3% (80/A 2(, /$% 7&,/0&. 9)&-0:8%/,0
 (1/&0'%+ ;0& &44,%:

4&/0('> B' (,+%, /( -/&/% 0/A .%/ )- ,%
&.. /$&/A &

(,+0'4 /( <CD℄A & 2)'
/0('

Φ : R2
+ → R+ 0- 
&..%+ D:$(8(4%'%()- 7,(;0+%+ /$&/ Φ(ta, tα) = tΦ(a, α) 2(,

&.. (a, α) ∈ R2
+ &'+ t ∈ R+>

*"%%+ &'('('  !" Φ : R2
+ → R+ #! $ ;/6&'&<!0!&-. pqmg/4-0
"+&02  !"

(X, p) #! $ 
&'()!"! ($*"+$) '!"*+
 .($
! $01 )!" (Y, q) #! $ #+
&'()!"! ,-$.+/

'!"*+
 .($
!2 =6!0 "6! ($*"+$) ,-$.+/'!"*+
 .($
! (X ×Y, PQΦ) +. 
&'()!"!2

E0/$ /$% $%.7 (2 /$% 7,%;0()- ,%-)./ 3% 
&' 7,(;% /$% '%6/ /$%(,%8 3$0
$

7,(;0+%- /$% %60-/%'
% &'+ )'09)%'%-- (2 56%+ 7(0'/ 2(, 
('/,&
/0('- 2,(8 /$%

7&,/0&. 9)&-0:8%/,0
 -7&
% (1/&0'%+ /$,()4$ &44,%4&/0(' 0'/( 0/-%.2>

 !"#$"% &'(','  !" Φ : R2
+ → R+ #! $ pqmg/4-0
"+&02  !" (X, p) #!

$ 
&'()!"! ($*"+$) '!"*+
 .($
! $01 )!" (Y, q) #! $ #+
&'()!"! ,-$.+/'!"*+


.($
!2 34 F +. $ 
&0"*$
"+&0 4*&' (X × Y, PQΦ) +0"& +".!)45 "6!0 F 6$. $

-0+,-! 78!1 (&+0" x02 9&*!&:!*5 PQΦ(x0, x0) = 02

-$##.' F@ G%88& !>D>D 3% $&;% /$&/ /$% 7&,/0&. 9)&-0:8%/,0
 -7&
%

(X × Y, PQΦ) 0- 
(87.%/%> B2 F 0- & 
('/,&
/0(' 2,(8 /$% 7&,/0&. 9)&-0:

8%/,0
 -7&
% (X × Y, PQΦ) 0'/( 0/-%.2A /$%' #$%(,%8 !>D> 4)&,&'/%%- /$%
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#$%&'#(
# *(+ ,(%-,#(#&& ./ * 0$#+ 1.%(' x0 ∈ X × Y ./ F *(+2 %( *++%'%.(2

'3*' PQΦ(x0, x0) = 04 �

5

.6+%(7 '. 83*' %& &'*'#+ %( 9,:&#
'%.(  4 4"2 8# 
.(&%+#6 * 6#
,6&%;#

*<7.6%'3= 83%
3 
.=1,'#& '3# /*
'.6%*< ./ * 1.&%'%;# %('#7#6 (,=:#6 *(+ %'

,&#& '3# /.<<.8%(7 6#
,6&%;# +#(.'*'%.(*< &1#
%0
*'%.(>

fact(n) =

{

1 %/ n = 1

nfact(n− 1) %/ n > 1
. ?!4 @

A3# 6,((%(7 '%=# ./ 
.=1,'%(7 ./ &,
3 *( *<7.6%'3= %& '3# &.<,'%.( '.

'3# /.<<.8%(7 6#
,66#(
# #-,*'%.(

Tfact(n) =

{

c %/ n = 1

Tfact(n− 1) + c %/ n > 1
, ?!4B@

83#6# c ∈ R+ ?c > 0@ %& '3# '%=# '*C#( :D '3# *<7.6%'3= '. .:'*%( '3#

&.<,'%.( '. '3# 16.:<#= .( '3# :*&# 
*&#4

E.(&%+#6 '3# (.(F6#
,6&%;# =*11%(7 φfact 7%;#( *& /.<<.8&>

φfact(f)(n) =

{

1 %/ n = 1

nf(n− 1) %/ n > 1 *(+ n− 1 ∈ +.=f
, ?!4G@

83#6# φfact %& *
'%(7 .;#6 '3# &#' ./ 1*6'%*< /,(
'%.(&4 H/ 
.,6&#2 '3# #('%6#

/*
'.6%*< /,(
'%.( %& '3# ,(%-,# 0$#+ 1.%(' ./ φfact4

5& &'*'#+ %( 9,:&#
'%.(  4 4"2 #;#6D 1*6'%*< /,(
'%.( f 
*( :# %+#('%0#+

8%'3 * 8.6+ wf ∈ N∞ &,
3 '3*' wf = wf1w
f
2 . . . w

f
k 8%'3 +.=f = {1, . . . , k}

*(+ wfi = f(i) /.6 *<< i ∈ +.=f 4 9.2 3#6#%(*/'#62 8# 8%<< 8.6C 8%'3 N∞4

I#$' 
.(&%+#6 '3# =*11%(7 Gfact : Cc→ Cc :D

Gfact(f)(n) =

{

c %/ n = 1

f(n− 1) + c %/ n ≥ 2
?!4"@
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"#$ %&& f ∈ Cc. '&(%$&) f ∈ Cc *+ ,-( +#&.,*#/ ,# ,-( $(
.$$(/
( (1.%,*#/ 2!345

*" %/6 #/&) *" f *+ ,-( ./*1.( 78(6 9#*/, #" ,-( :%99*/; Gfact3

<, 7$+, ;&%/
( *, +((:+ 6*=
.&, ,# 
#:>*/( ,-( ,?# 9$(
(6*/; %99$#%
-(+@

(N∞, pB) %/6 (Cc, qCc) +# ,-%, ?( 
%/ >.*&6 % ./*1.( "$%:(?#$A ?-*
- %&&#?+

.+ ,# 
%$$) #., "#$:%&&)@ B*% 78(6 9#*/, :(,-#6+@ ,-( :(%/*/; #" ,-( $(C


.$+*B( 6(/#,%,*#/%& +9(
*7
%,*#/ %/6 ,-( $.//*/; ,*:( #" 
#:9.,*/; #" ,-(

%&;#$*,-: ?-*
- 9($"#$:+ ,-( 
#:9.,%,*#/ #" +.
- % :(%/*/;3 D#?(B($@ */

,-( $(:%*/6($ #" ,-*+ +(
,*#/@ ?( +-#? ,-%, ,-( %;;$(;%,*#/ %99$#%
- *+ %/

%99$#9$*%,( "$%:(?#$A "#$ ,-( %"#$(:(/,*#/(6 ,%$;(,3

E# ,-*+ (/6@ ?( 
#/+*6($ ,-( 9%*$ (N∞ × Cc, PQΦ)@ ?-($( Φ *+ ,-( pqmgC

"./
,*#/ ;*B(/ >) Φ(a, α) = a + α "#$ %&& (a, α) ∈ R2
+3 '&(%$&) Φ *+ 4C

-#:#;(/(#.+ %/6 ?( -%B( ,-%,

PQΦ((v, f), (w, g)) = Φ(pB(v,w), qC |Cc(f, g)) = pB(v,w) + qC |Cc(f, g)

"#$ %&& v,w ∈ N∞ %/6 f, g ∈ Cc3

F/ #$6($ ,# 6*+
.++ ,-( :(%/*/; #" ,-( $(
.$+*B( 6(/#,%,*#/%& +9(
*7
%,*#/

(5.1) %/6 ,-( $.//*/; ,*:( #" 
#:9.,*/; #" ,-( %&;#$*,-: 9($"#$:*/; *, B*%

(5.2)@ ?( /((6 ,# %99&) E-(#$(: !343G3

H(8, ?( 
-(
A *" ,-( 
#/6*,*#/+ #" E-(#$(: !343G %$( -#&63 <

#$6*/;

,# I.>+(
,*#/  3 3J@ ,-( 9%$,*%& :(,$*
 +9%
( (Σ∞, pB) *+ 
#:9&(,( %/6 ,-(

1.%+*C:(,$*
 +9%
( (Cc, qC |Cc) *+ >*
#:9&(,(3 F, "#&&#?+@ >) K(::% !3434@ ,-%,

(N∞ × Cc, PQΦ) *+ % 
#:9&(,( 9%$,*%& 1.%+*C:(,$*
 +9%
(3

H(8, 
#/+*6($ ,-( :%99*/; F : N∞ × Cc → N∞ × Cc 6(7/(6 >)

F (w, f) = (φfact(w), Gfact(f))

"#$ %&& (w, f) ∈ N∞ × Cc3
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#$ %& 
()*+ $,*$ pB(φfact(v), φfact(w)) = 1
2pB(v,w) -.+ *(( v,w ∈ N∞/

0,)1

pB(F1(v, f), F1(w, g)) = pB(φfact(v), φfact(w)) = 2−l(v,w)+1 ≤

1
2Φ(2

−l(v,w), qC |Cc(f, g))

-.+ *(( (v, f), (w, g) ∈ N∞ × Cc/ 2.+).3)+4 5) ,*3) $,*$

qC |Cc(F2(v, f), F2(w, g)) = qC |Cc(Gfact(f), Gfact(g)) =

∑∞
n=1 2

−(n+1)
(

g(n)−f(n)
(g(n)+c)(f(n)+c)

)

≤ 1
2qC|Cc(f, g) ≤

1
2Φ(pB(v,w), qC |Cc(f, g))

-.+ *(( (v, f), (w, g) ∈ N∞ × Cc/ 0,)+)-.+)

PQΦ(F (w, f), F (v, g)) ≤
1

2
PQΦ((w, f), (v, g))

*164 $,7&4 F %& * 
.1$+*
$%.1 -+.8 (N∞×Cc, PQΦ) %1$. %$&)(- 5%$, 
.1$+*
$%.1


.1&$*1$ 1
2 /

9::(;%1< 0,).+)8 !/=/> 5) 6)67
) $,) )?%&$)1
) .- * 71%@7) A?)6 :.%1$

(wfact, ffact) .- F &7
, $,*$ (wfact, ffact) ∈ N∞ × Cc/

B; 
.1&$+7
$%.1 .- F $,) A?)6 :.%1$ (wfact, ffact) &*$%&A)& $,*$ wfact %&

$,) 71%@7) A?)6 :.%1$ .- φfact *16 $,*$ ffact %& $,) 71%@7) A?)6 :.%1$ .-

Gfact/ C,)1
) wfact ∈ N∞ &*$%&A)& $,*$ wfact1 = 1 *16 wfactn = n! -.+ *((

n ≥ 2 *16 ffact %& $,) &.(7$%.1 $. $,) +)
7++)1
) )@7*$%.1 D!/=E/ F.1&)@7)1$(;

wfact +):+)&)1$& $,) 8)*1%1< .- $,) 6)1.$*$%.1*( &:)
%A
*$%.1 D!/ E4 $,*$ %&

$,) 8)*1%1< .- $,) -*
$.+%*( -71
$%.1 fact4 %1 &7
, * 5*; $,*$ ffact(n) %&

$,) $%8) $*G)1 H; $,) *(<.+%$,8 $. 
.8:7$) $,) -*
$.+%*( .- $,) 1.1I1)<*$%3)

%1$)<)+ 178H)+ n 5,%
, %& :+.3%6)6 H; $,) 178)+%
*( 3*(7) wfactn /

0. A1%&, .7+ *1*(;&%& 5) 1))6 $. <%3) *1 *&;8:$.$%
 7::)+ H.716 .-

ffact/ 0. $,%& )164 5) *&&78) $,*$ $,)+) )?%&$& (w, g) ∈ N∞ × Cc &7
,
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#$%# PQΦ(F (w, g), (w, g)) = 0& '$()* +) #$( +)( $%),* -( $%.( #$%#

qC |Cc(Gfact(g), g) = 0 %),* $()
(* #$%# qC|Cc(ffact, g) = 0& 0+ ffact ∈ O(g)*

-$(1( f ∈ O(g) 2(%)3 #$%# #$(1( (453# n0 ∈ N %), c ∈ R+ 36
$ #$%#

f(n) ≤ cg(n) 7+1 %88 n ∈ N -5#$ n ≥ n0&

9) #$( +#$(1 $%),* -( $%.( #$%# PQΦ(F (w, g), (w, g)) = 0 52:85(3 #$%#

pB(φfact(w), w) = 0& '$() 5# 
%) ;( (%358< 3(() #$%# w 263# ;( %) 5)=)5#(

-+1, %), #$%# w = wfact&

>5)%88<* % 3#1%5?$#7+1-%1, 
+2:6#%#5+) 3$+-3 #$%#

PQΦ(F (w
fact, gc), (w

fact, gc)) = 0

#%@5)? gc ∈ Cc -5#$

gc(n) =

{

c 57 n = 1

cn 57 n > 1
. A!&!B

C$()
( -( 
+)
86,( #$%# ffact ∈ O(gc)&

D# 3((23 )%#61%8 #+ -+),(1 -$(#$(1 #$(1( %1( %)+#$(1 76)
#5+) h ∈ Cc 36
$

#$%# PQΦ(F (w
fact, h), (wfact , h)) = 0 %),* #$63* ffact ∈ O(h) ;6# h ≤ gc&

E+)(#$(8(33* %) (%3< 
+2:6#%#5+) 3$+-3 #$%# PQΦ(F (w
fact, h), (wfact, h)) =

0* 52:85(3 #$%# gc ≤ h& '$(1(7+1(* gc 53 #$( 8(%3# %3<2:#+#5
 6::(1 ;+6), +7

ffact& C$()
( -( 
+)
86,( #$%# #$( %3<2:#+#5
 6::(1 ;+6), +7 #$( 16))5)?

#52( +7 
+2:6#5)? +7 #$( %8?+15#$2 
+2:6#5)? #$( 7%
#+15%8 53 O(gc)& '$53

7%
# 53 5) 85)( -5#$ -$%# 53 3#%#(, 5) #$( 85#(1%#61( A3((* 7+1 5)3#%)
(* FG℄B&
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/"!+&
 012
"0 3&2 /"!+&


1+"0"+3&%. )(%
!&*%0

 ! "#$% 
#'(")* +) ,)-)./( ' !)+ ")
#!$01) 2/* 
/!%"*1
"$!3 21445 6)"*$


%('
)%7 $! "#) %)!%) /2 8)/*3) '!, 9))*'6'!$7 2*/6 6)"*$
 %('
)% '!, :5

6)'!% /2 "#) ;1<'%$)-$
4 t=!/*6>  ! ('*"$
1.'* %1
# ' ")
#!$01) $% :'%),

/! "#) 1%) /2 6)"*$
 (*)%)*-$!3 21!
"$/!% $! "#) %)!%) /2 ?> @/:/A> B)%$,)%7

"#) !)+ 3)!)*'"), 21445 6)"*$
 %('
)% '*) %"*/!3 '!, 
/6(.)"':.)7 '!, $2 +)

',, '! )C"*' 
/!,$"$/!7 "#)5 '*) (*$!
$('.> D((*/(*$'") )C'6(.)% /2 %1
#

21445 6)"*$
 %('
)% '*) 3$-)! $! /*,)* "/ $..1%"*'") "#) )C(/%), ")
#!$01)>

E#*/13#/1" "#$% 
#'(")* "#) 21445 6)"*$
% '*) 1!,)*%"//, '% GV =21445 6)"=

*$
%> F/*)/-)*7 1%1'. t=!/*6% '*) ,)!/"), 2/../+$!3 "#) "*',$"$/! $! "#)

*)%)'*
# G)., /2 21445=(%)1,/ 6)"*$
 %('
)%>

HIJ
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)(%
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#$% &'()
')(% +, '$% 
$-.'%( /& +(0-1/2%3 -& ,+44+5&6 71 8%
'/+1 96 : 5%

/1'(+3)
% '$% 1+'/+1 +, )1/,+(;4< 
+1'/1)+)& ;-../10 =%'5%%1 &'-'/+1-(<

,)22< ;%'(/
 &.-
%& -13 ;%'(/
 &.-
%&: -13  !
#$ #%&'6 #$)& 5% 3%>1% 5$%1

'$%< -(% %?)/@-4%1'6 A-&%3 +1 &)
$ - 1+'/+1: 5% .(%&%1' - '%
$1/?)% '$-'

-44+5& '+ 
+1&'()
' &'-'/+1-(< ,)22< ;%'(/
 &.-
%& ,(+; - ;%'(/
 &.-
% =<

;%-1& +, ;%'(/
 .(%&%(@/10 ,)1
'/+1& 5/'$ @-4)%& /1 [0, 1[6 B+(%+@%(: /' /&

&$+5%3 '$-' '$% 1%5 
+1&'()
'%3 &'-'/+1-(< ,)22< ;%'(/
 &.-
%& -(% 
+;C

.4%'-=4% .(+@/3%3 '$-' '$% )&%3 ;%'(/
 .(%&%(@/10 ,)1
'/+1 /& - &'(+104< ;%'C

(/
 .(%&%(@/10 ,)1
'/+1 D/1 '$% &%1&% +, E+=+FG6 71 -33/'/+1: /' /& .(+@%3 '$-'

'$% 1%5 &'-'/+1-(< ,)22< ;%'(/
 &.-
%& -(% 
+;.4%'% /, -13 +14< /, '$% ;%'(/


&.-
%& ,(+; 5$/
$ -(% 0%1%(-'%3 -(% -4&+ 
+;.4%'%6 8%
'/+1 96H /& 3%@+'%3

'+ 0%1%(-4/2% '$% 
+1&'()
'/+1 .(%&%1'%3 /1 8%
'/+1 96 '+ '$% 1+1C&'-'/+1-(<


-&%6 #$)& ,)22< ;%'(/
 &.-
%& -(% 0%1%(-'%3 ,(+; ;%'(/
 &.-
%& =< ;%-1& +,

- ,-;/4< +, ;%'(/
 .(%&%(@/10 ,)1
'/+1& '$-' &-'/&,< - 3/&'/10)/&$%3 
+13/'/+1

5$/
$ 5/44 =% &.%
/>%3 4-'%( +16 #$%&% ,)22< ;%'(/
 &.-
%& -(% -45-<& &'(+10

-13: /1 -33/'/+1: '$%< -(% 
+;.4%'% /, -13 +14< /, '$% ;%'(/
 &.-
%& ,(+;

5$/
$ -(% 0%1%(-'%3 -(% -4&+ 
+;.4%'%6 I)('$%(;+(%: '$%< -(% .(/1
/.-4 -13


+;.4%'-=4% 5$%1%@%( -44 ;%'(/
 .(%&%(@/10 ,)1
'/+1& =%4+10/10 '+ '$% ,-;/4<

)13%( 
+1&/3%(-'/+1 -(% &'(+104< ;%'(/
 .(%&%(@/10 ,)1
'/+1&6

 !" # $%
'()*+% ,-. )(/+
)(0 1$2$)-(2.3 ,+443 5%$6

.)
 172
%1 ,.-5 5%$.)
 172
%1 8)2 5%$.)
 7.%6

1%.8)(0 ,+(
$)-(1

I/(&' +, -44: 5% /1'(+3)
% '5+ 
+1'/1)/'< 1+'/+1& '$-' 5% 5/44 1%%3 /1 +)(

&)=&%?)%1' 3/&
)&&/+16

 !"#$%$&# '()()( J%' (X,M, ∗) =% - &'-'/+1-(< ,)22< ;%'(/
 &.-
% -13 4%'
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)(%
!&*%0

(Y, ρ) #$ % &$'()
 +,%
$- . &%,,)/0 f : X → Y )+ +%)1 '2 #$ M 3ρ 4/)52(&67


2/')/424+ )5 0)8$/ ǫ > 0 9$ 
%/ :/1 δ ∈]0, 1[ +4
; ';%' M(x, y) > 1 − δ

)&,6)$+ ρ(f(x), f(y)) < ǫ-

 !"#$%$&# '()(*( <$' (X, d) #$ % &$'()
 +,%
$ %/1 6$' (Y,N, ⋄) #$ % +'%3

')2/%(7 54==7 &$'()
 +,%
$- >$ 9)66 +%7 ';%' ';$ &%,,)/0 f : X → Y )+ d3N

4/)52(&67 
2/')/424+ )5 0)8$/ ǫ ∈]0, 1[ ';$($ $?)+'+ δ > 0 +4
; ';%' d(x, y) < δ

)&,6)$+ N(f(x), f(y)) > 1− ǫ-

@;$ 526629)/0 $?%&,6$+ )664+'(%'$ ';$ ,($
$1)/0 1$:/)')2/+-

+,-./0! '()(1(  ! "#$ (X,M,L) %# $&# '$($)*+(,- ./00- 1#$,)
 '3(
#4

5&#,# L '$(+6' .*, $&# "/
7(')#8)
0 t9+*,1 ∗L4 X = [0, 1[ (+6

M(x, y, t) = 1− |x− y|

.*, #(
& x, y ∈ X (+6 t > 0! :;'*4 ;#$ (Y, ρ) %# $&# 1#$,)
 '3(
# 5&#,#

Y = R2 (+6

ρ((x1, y1), (x2, y2)) =
√

(x1 − x2)2 + (y1 − y2)2

.*, (;; (x1, y1), (x2, y2) ∈ R2! <#=+# $&# 1(33)+> f : X → Y %-

f(x) = (4x, 3x + 1)

.*, (;; x ∈ X! ?#@$ 5# 5);; '## $&($ f )' M 9ρ /+).*,1;- 
*+$)+/*/'!

A* $&)' #+64 =@ ǫ > 0 (+6 
*+')6#, δ < min{ǫ/5, 1}! A&#+4 .*, #(
&

x, y ∈ X '($)'.-)+> M(x, y) > 1 − δ4 5# &(8# $&($ ρ(f(x), f(y)) < ǫ!

B+6##64 ). 1− δ < M(x, y) = 1− |x− y|4 $&#+ |x− y| < δ < ǫ/5 (+6 '*

ρ(f(x), f(y)) = ρ((4x, 3x + 1), (4y, 3y + 1)) =

√

(4x− 4y)2 + (3x+ 1− 3y − 1)2 =

√

16(x− y)2 + 9(x− y)2 = 5 · |x− y| < 5 · ǫ5 = ǫ.
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)(%
!&*%0  ! 

 !"#"$%#"& f '( M )ρ *+'$%#,-. 
%+0'+*%*(1

21 3"0 (X, de) 4" 0!" ,"0#'
 (56
" (*
! 0!60 X = [0, 1] 6+7 de(x, y) = |x−y|

$%# 6-- x, y ∈ X1 8-(%& -"0 (Y,N, ·) 4" 0!" (060'%+6#. $*99. ,"0#'
 (56
"

:'0! Y = [1, 2] 6+7

N(x, y) =
min{x, y}

max{x, y}

$%# 6-- x, y ∈ Y 1 ;%0'
" 0!60 0!" t)+%#, ∗P !6( 4""+ 7"+%0"7 4. ·1

<"=+" 0!" ,655'+> f : X → Y 4. f(x) = x + 1 $%# 6-- x ∈ X1 ;"?0

:" :'-- ("" 0!60 f '( de)N *+'$%#,-. 
%+0'+*%*(1

@'0! 0!'( 6',& =? ǫ > 0 6+7 
%+('7"# δ < ǫ1  !"+& $%# "6
! x, y ∈ X

(60'($.'+> de(x, y) < δ& :" !6A" 0!60 N(f(x), f(y)) > 1− ǫ. B+7""7& -"0

x, y ∈ [0, 1] (*
! 0!60 de(x, y) < δ1 C'+
" max{x + 1, y + 1} ≥ 1 :"

!6A" 0!60
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+(%-(0+0, G-( %2$

,$(,$ +8 H$;(-%-+(, !6 6 '() !6 6"I6

J( %2$ :-@2% +8 %2$ -(%.+)0
$) (+%-+(,& %2$ ($D% .$,0:% ,2+1, %2'% %2$
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,0
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 !"# $ !$ (X,M,L) %& ! &$!$%'(!)* +,--* .#$)%
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#1 2 #)#

M(x, y) = 1−
d(x, y)

1 +K

+') !33 x, y ∈ X4 5#6$ 2# & '2 $ !$ (X, d) !(7 (X,M,L) !)# ,(%+').3*
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






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
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 &0!
#4

C
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a, b ∈]0,∞[3 =6&"0

f(a+ b) =
a+ b+ 1

a+ b+ 2
< 1 ≤

a+ 1

a+ 2
+
b+ 1

b+ 2
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$ %6$

#$%6.- 0.& ',-+
',= 0+112 >3)$+-./?#$%&'
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) +)',= %6$
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.,%',+.+) t/,.&#4 A.&$.@$&<

', %6$ )*#$ )$
%'.,< 8$ -')
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.,-'%'.,) +,-$& 86'
6 .+& #$%6.- ='@$) *)

* &$)+7% ,.,/)%&.,= 0+112 3)$+-./#$%&'
)4 B+&%6$&#.&$< 8$ ='@$ $C*#37$)

', .&-$& %. '77+)%&*%$ %6$ ',%&.-+
$- #$%6.-4 B',*772< ', :$
%'., ;4D< 8$

)%+-2 %6$ 
.,@$&)$ .0 %6$ *0.&$)*'- #$%6.-4 56+) 8$ =$,$&*%$ >3)$+-./

?#$%&'
) 0&.# 0+112 >3)$+-./?#$%&'
) E2 #$*,) .0 *, *--'%'@$ =$,$&*%.& .0

%6$ 
.,%',+.+) t/,.&# +,-$& 
.,)'-$&*%'.,4

 !" # $%&'() *(+ ,%-%+.&/-, *0112 34%0)(5$%&+/
4

*+($ 34%0)(5$%&+/
4

F, %6') )$
%'., 8$ 8'77 
.,)%&+
% * 0+112 #$%&'
 )3*
$ 0&.# * ='@$, #$%&'


)3*
$ (X, d)4 G+& #$%6.- 8'77 E$ E*)$- ., %6$ 3)$+-./',@$&)$ .0 * 
.,%',/

+.+) H&
6'#$-$*, t/,.&# 3&$)$&@',= %6$ )3'&'% .0 %6$ 
.,)%&+
%'., ='@$, ',

56$.&$#  4 4D!4

B'&)%< 8$ 8'77 %&2 %. #.%'@*%$ %6$ 8*2 .0 
.,)%&+
%',= .+& 0+112 #$%&'


0&.# %6$ 
7*))'
*7 .,$4

I'@$, * 0+112 >3)$+-./?#$%&'
 )3*
$ (X,M, ∗)< %6$ @*7+$ M(x, y, t) 
*,

E$ ',%$&3&$%$- *) %6$ -$=&$$ .0 ,$*&,$)) .& )'#'7*&'%2 E$%8$$, x *,- y< 8'%6

&$)3$
% %. * 3.)'%'@$ &$*7 3*&*#$%$& t4 J,-$& %6') ',%$&3&$%*%'., '0 8$ 
.,/

)'-$& * >3)$+-./?#$%&'
 )3*
$ (X, d) 8$ 
*, 
.,)'-$& %6$ 3*&*#$%$& t *) *

%6&$)6.7- 0&.# 86'
6 x *,- y 8.+7- E$ ',-')%',=+')6*E7$< *,- ). %6$ -$=&$$
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#$ %&'(%&)) *&+,&&% +-&. ,/00 *& 11 2&$#(& +-'+ +-(&)-#034 +-& 3&5(&& #$

%&'(%&)) /) $677/8&34 +'9/%5 :'06&) /% [0, 1) ).'00&( ') t 3&
(&')&)4 )/%
& Mx,y

/) ' 3&
(&')/%5 $6%
+/#% #% ]0,∞[ <+-& $'
+ +-'+ Mx,y /) ' .#%#+#%& $6%
+/#%

,') =(#:&3 /% >?@℄B1

C-& $#00#,/%5 $677D .&+(/
 /006)+('+&) +-& '$#(&.&%+/#%&3 /3&'1 E#+/
&

+-'+ /+ /) ' 5&%&('0/7'+/#% #$ ' ,&00F9%#,% &G'.=0& #$ =(#*'*/0/)+/
 .&+(/


)='
& /%+(#36
&3 /% >!H℄1

I+ /) %#+ -'(3 +# )&& +-'+4 5/:&% ' <=)&63#FB.&+(/
 )='
& (X, d)4 (X,Md,∧)
/) ' $677D <=)&63#FB.&+(/
 )='
&4 ,-&(& Md /) 5/:&% *D

Md(x, y, t) =

{

0, /$ 0 < t ≤ d(x, y)

1, /$ t > d(x, y)
.

J*)&(:& +-'+ +-& =(&
&3/%5 &G'.=0& 
#%)+/+6+&) ' 3(')+/
 $677/8
'+/#% #$

+-& 
0'))/
'0 <=)&63#FB.&+(/
 $(#. ,-/
- /+ /) 3&8%&31 I%3&&34 +-& 3&5(&&

#$ %&'(%&)) *&+,&&% +,# =#/%+) M(x, y, t) /) 04 x '%3 y '(& +#+'00D 3/)+/%F

56/)-'*0& *&$#(& ' +-(&)-#03 ='('.&+&( :'06& t <t = d(x, y)B '%34 /% '33/+/#%4

x '%3 y '(& /%3/)+/%56/)-'*0& $(#. +-& +-(&)-#034 /1&14 M(x, y, t) = 1 ,-&%

t > d(x, y)1

C'9/%5 /%+# '

#6%+ +-& .&+-#3 #$ 
#%)+(6
+/#% #$ /%3/)+/%56/)-'*/0/+D

#=&('+#() 5/:&% /% C-&#(&.  1 1?! '%3 +-& $'
+ +-'+ &:&(D /%3/)+/%56/)-'*/0/+D

#=&('+#(4 $#( ' 
#%+/%6#6) '%3 K(
-/.&3&'% tF%#(.4 
'% *& 
#%)/3&(&3 ') '

)+'+/#%'(D $677D =)&63#F.&+(/
4 ,& /%+(#36
& ' .&+-#3 +# $677/$D ' 
0'))/
'0

=)&63#F.&+(/
 /% )6
- ' ,'D +-'+ +-& )=/(/+ #$ +-& 
#%)+(6
+/#% #$ +-& $677D

.&+(/
 Md /) =(&)&(:&31
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 !"#$"% &'('('  !" (X, d) #! $ %&!'()*+!",-
 &%$
! $/( 0!" ∗ #! $ 
)/"-/*
')'& t*/),+ 1-"2 $((-"-3! 4!/!,$"), f∗5 62!/7 (Md,f∗ , ∗) -& $ 8'99: %&!'()*
+!",-
 )/ X7 12!,! Md,f∗ -& "2! 8'99: &!" (!;/!( )/ X×X×]0,∞[ $& 8)00)1&<

Md,f∗(x, y, t) = f (−1) (max{d(x, y) − t, 0}) ,

8), $00 x, y ∈ X $/( 8), $00 t ∈]0,∞[5 =',"2!,+),!7 (Md,f∗ , ∗) -& $ 8'99:

+!",-
 )/ X -8 $/( )/0: -8 d -& $ +!",-
 )/ X5

)$##*' "#$ (X, d) %# & '(#)*+,-#$./
 ('&
# &1* 2#$ ∗ %# & 
+1$/1)+)(

3.
4/-#*#&1 t,1+.- 5/$4 &**/$/6# 7#1#.&$+. f∗8 9# *#:1#; <+. #&
4 x, y ∈ X
&1* #&
4 t ∈]0,∞[; $4# -&''/17

Md,f∗(x, y, t) = f (−1) (max{d(x, y) − t, 0}) .

9# 5/22 (## $4&$ (Md,f∗ , ∗) /( & <)==> '(#)*+,-#$./
 +1 X8

?/.($; 1+$# $4&$ $4# &@/+- (KM3) /( +%6/+)(2> <)2:22#* %> *#:1/$/+1 +<

Md,f∗ &1* %> $4# <&
$ $4&$ d(x, y) = d(y, x) <+. &22 x, y ∈ X8 A+; 5# +12>

1##* $+ (## $4&$; <+. #&
4 x, y ∈ X &1* #&
4 t ∈]0,∞[; $4# <)==> (#$ Md,f∗

&2(+ (&$/(:#( (KM2), (KM4) &1* (KM5)8

B#@$ 5# (4+5 $4&$ Md,f∗ (&$/(:#( (KM2)8 C+ $4/( #1*; 2#$ x ∈ X &1*

t ∈]0,∞[8 A/1
# (X, d) /( & '(#)*+,-#$./
 ('&
# 5# 4&6# $4&$ d(x, x) = 0 &1*

(+

Md,f∗(x, x, t) = f (−1) (max{0− t, 0}) = f (−1)(0) <+. #&
4 t ∈]0,∞[.

A/1
# f (−1)(0) = 1 5# *#*)
# $4&$ M(x, x, t) = 1 <+. #&
4 t ∈]0,∞[ &1*

(KM2) /( 4+2*8 D1 +.*#. $+ (4+5 $4&$ Md,f∗ (&$/(:#( (KM4); 2#$ x, y, z ∈ X
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#$% t, s ∈]0,∞[& '()*+, $-+. +/#+ d(x, z) − t − s ≤ d(x, y) − t + d(y, z) − s,

*($
. d (* # 1*.2%-34.+)(
 -$ X& 5/.$,

max{d(x, y) − t, 0} +max{d(y, z) − s, 0} ≥ max{d(x, z) − t− s, 0}.

6.$
., 7. -8+#($ +/#+

Md,f∗(x, z, t+ s) = f (−1) (max{d(x, z) − t− s, 0}) ≥

f (−1) (max{d(x, y) − t, 0}+max{d(x, y) − t, 0}) ,

*($
. f (−1) (* %.
).#*($9&

:-).-;.), 7. /#;. +/#+

Md,f∗(x, y, t) ∗Md,f∗(y, z, s) =

f (−1) (max{d(x, y) − t, 0}) ∗ f (−1) (max{d(x, y) − s, 0}) =

f (−1)
(

f
(

f (−1) (max{d(x, y) − t, 0})
)

+ f
(

f (−1) (max{d(x, y) − s, 0})
))

,

*($
. f∗ (* #$ #%%(+(;. 9.$.)#+-) -< ∗&

=($
.

f (−1) (max{d(x, y) − t, 0}+max{d(x, y)− s, 0}) ≥

f (−1)
(

f
(

f (−1) (max{d(x, y) − t, 0})
)

+ f
(

f (−1) (max{d(x, y) − s, 0})
))

7. %.%2
. +/#+
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Md,f∗(x, z, t+ s) ≥Md,f∗(x, y, t) ∗Md,f∗(y, z, s).

#$%&' (KM4) (& &)*(&+,-.

/,0* 1, &$21 *$)* (KM5) (& $23-. 4(0 x, y ∈ X )5- 
25&(-,7 *$, 8%5
*(25

Mx,y :]0,∞[→ [0, 1] 9(:,5 ;< Mx,y(t) =Md,f∗(x, y, t) 827 )33 t ∈]0,∞[. #$,5'

Mx,y(t) =

{

f (−1) (d(x, y) − t) , (8 0 < t ≤ d(x, y)

1, (8 t > d(x, y)
.

=5 &*7)(9$*8271)7- 
2>?%*)*(25' )5- *)@(59 (5*2 )

2%5* *$)* f (−1) (&

-,
7,)&(59 )5- 
25*(5%2%&' 9(:,& *$)* Mx,y (& 
25*(5%2%& 25 ]0,∞[ )5- &2

3,8*A
25*(5%2%& 25 ]0,∞[.

#$,7,827,' (Md,f∗ , ∗) (& ) 8%BB< ?&,%-2A>,*7(
 25 X.

C* 7,>)(5& *2 ?72:, *$)* Md,f∗ (& ) 8%BB< >,*7(
 25 X (8 )5- 253< (8' d (&

) >,*7(
 25 X. #2 *$(& ,5-' 52*, *$)* Md,f∗ &)*(&+,& (KM2′) (8 )5- 253< (8

Md,f (x, y, t) = 1 827 )33 t ∈]0,∞[ (>?3(,& x = y. D27,2:,7' Md,f∗(x, y, t) = 1

827 )33 t ∈]0,∞[ (& ,E%(:)3,5* *2 f (−1) (max{d(x, y) − t, 0}) = 1 827 )33 t ∈
]0,∞[. F(5
, f (−1) (& *$, ?&,%-2A(5:,7&, 28 )5 )--(*(:, 9,5,7)*27 28 ∗' *$,5
f (−1)(a) = 1 (8 )5- 253< (8 a = 0. #$,7,827,' M(x, y, t) = 1 827 ,)
$ t ∈]0,∞[

(8 )5- 253< (8 max{d(x, y) − t, 0} = 0 827 ,)
$ t ∈]0,∞[' 27 ,E%(:)3,5*3<' (8

)5- 253< (8 d(x, y) = 0. #$%&' *$, 8%BB< ?&,%-2A>,*7(
 (Md,f∗ , ∗) (& ) 8%BB<

>,*7(
 25 X (8 )5- 253< (8 d (& ) >,*7(
 &?)
, 25 X.
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/0& (' $%& :0:/) 2.(5:
$ ∗P /#5 $%& ;:
</0+&6+
= t>#(.4 ∗L9

 !"!##$"% &'(')'  !" (X, d)  ! " #$!%&'()!*+,
 $#"
!. /0!12 (Md,f∗P
, ∗P )

,$ " 3%445 #$!%&'()!*+,
 '1 X2 60!+! Md,f∗P
,$ *0! 3%445 $!* &!71!& '1

X ×X×]0,∞[ "$ 3'88'6$9

Md,f∗P
(x, y, t) =

{

e
t−d(x,y), ,3 t ≤ d(x, y)

1, ,3 t > d(x, y)
,

3'+ "88 x, y ∈ X "1& 3'+ "88 t ∈]0,∞[. :%+*0!+)'+!2 (Md,f∗P
, ∗P ) ,$ " 3%445

)!*+,
 '1 X ,3 "1& '185 ,3 d ,$ " )!*+,
 '1 X.

 !"!##$"% &'(')' ;!* (X, d)  ! " #$!%&'()!*+,
 $#"
!. /0!12 (Md,f∗L
, ∗L)

,$ " 3%445 #$!%&'()!*+,
 '1 X2 60!+! Md,f∗L
,$ *0! 3%445 $!* &!71!& '1

X ×X×]0,∞[ "$ 3'88'6$9

Md,f∗L
(x, y, t) =















0, ,3 t ≤ d(x, y) − 1

1 + t− d(x, y) ,3 d(x, y) − 1 < t ≤ d(x, y)

1, ,3 t ≥ d(x, y)

,

3'+ "88 x, y ∈ X "1& 3'+ "88 t ∈]0,∞[. :%+*0!+)'+!2 (Md,f∗L
, ∗L) ,$ " 3%445

)!*+,
 '1 X ,3 "1& '185 ,3 d ,$ " )!*+,
 '1 X.

 !"!" #$%$&'(%)* +,--* ./$)&
 12%
/1 %(3 &(3&1$&(4,&15%6&7&$*

'2/)%$')1

 ! "#$% %&'%(
"$*!+ ,( ,$-- %#*, "#." "#( /("#*0 1$(-0(0 $! 2#(*3(/ 454567


.! '( 3("3$(8(0 .% . 9.3"$
&-.3 
.%( *: *&3 
*!%"3&
"$*! 93*8$0(0 $! 2#(*;

3(/ <54545 2#( :*--*,$!= 3(%&-"+ "#." =$8(% . /("#*0 "* 
*!%"3&
" .! $!0$%;

"$!=&$%#.'$-$"1 *9(3."*3 :3*/ . =$8(! :&>>1 9%(&0*;/("3$
+ ,$-- '( 
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 !""# $%&%'%  !" (M, ∗) #! $ %&''( )*!&+,-.!"/0
 ,2 X $2+ 3!" EM #! "4!

%&''( *!" +!52!+ ,2 X ×X $* %,33,6*7

EM (x, y) =
∧

s>0

M(x, y, s) %,/ !$
4 x, y ∈ X.

84!29 EM 0* $2 02+0*"02:&0*4$#030"( ,)!/$",/ %,/ ∗ ,2 X; <,/!,=!/9 EM

*!)$/$"!* ),02"* 0% $2+ ,23( 0% (M, ∗) 0* $ %&''( .!"/0
 ,2 X;

()**+% #$%&' () *++, -. /('. '0*' '0. /12.%$
*+ 4*+1.
∧

s>0M(x, y, s)

.5$&'&6 7/8..8, '0. &.' {M(x, y, s)}s∈]0,∞[ $& 9(1/8.8 9.+(- 9: 06

;.5' -. &0(- '0*' '0. )1<<: &.' EM &*'$&=.& *5$(2& (E1), (E2) */8 (E3)6

>+.*%+:, (E2) $& )1+=++.8 9: 8.=/$'$(/ () EM */8 '0. )*
' '0*' M(x, y, s) =

M(y, x, s) )(% *++ x, y ∈ X */8 )(% *++ s ∈]0,∞[6

7/ (%8.% '( &0(- '0*' EM &*'$&=.& (E1), +.' x ∈ X6 ?$/
. (M, ∗) $& *

)1<<: @&.18(A2.'%$
 (/ X -. 0*4. '0*' M(x, x, s) = 1 )(% .*
0 s ∈]0,∞[

*/8 &( EM (x, x) =
∧

s>0M(x, x, s) = 16 B01&, (E1) $& 0(+86

C$'0 '0. *$2 () &0(-$/D '0*' EM &*'$&=.& (E3), +.' x, y, z ∈ X6 ?$/
.

(M, ∗) $& * )1<<: @&.18(A2.'%$
 (/ X $' $& 0(+8 '0*'

M(x, z, s) ≥M(x, y, s/2) ∗M(y, z, s/2), )(% .*
0 s ∈]0,∞[.

B0./,

EM (x, z) =
∧

s>0

M(x, z, s) ≥
∧

s>0

(M(x, y, s/2) ∗M(y, z, s/2)) .

?$/
.
∧

s>0M(u, v, s/2) ≤ M(u, v, t/2) )(% *++ u, v ∈ X */8 t ∈]0,∞[ -.

0*4. '0*'
(

∧

s>0

M(x, y, s/2)

)

∗

(

∧

s>0

M(y, z, s/2)

)

≤M(x, y, s/2) ∗M(y, z, s/2)



 !"#$%&' ()$#&%*+,-%. /)&0))+ 1"22' 3)&(%
, #+! 3)&(%
,  !"

#$% &'' s ∈]0,∞[ &()* +,(
,* .+&.
(

∧

s>0

M(x, y, s/2)

)

∗

(

∧

s>0

M(y, z, s/2)

)

≤
∧

s>0

(M(x, y, s/2) ∗M(y, z, s/2)) .

/+,(
, 0, ),)1
, .+&.

EM (x, z) ≥

(

∧

s>0

M(x, y, s/2)

)

∗

(

∧

s>0

M(y, z, s/2)

)

= EM (x, y)∗EM (y, z).

2+,%,#$%,* EM 3&.435,3 &64$7 (E3) .$$ &() 3$ EM 43 &( 4()43.4(8143+&9

:4'4.; $<,%&.$% #$% ∗ $( X=

>4(&'';* 4. %,7&4(3 .$ <%$?, .+&. EM 3,<&%&.,3 <$4(.3 4# &() $('; (M, ∗)

43 & #1@@; 7,.%4
 3<&
, $( X= A. 43 ,&3; .$ 
+,
B .+&.* 84?,( x, y ∈ X*

EM (x, y) = 1 ⇔ M(x, y, s) = 1 #$% ,&
+ s ∈]0,∞[= /+,(
, 0, 477,)4&.,';

$:.&4( .+&. EM (x, y) = 1 ⇔ x = y 4# &() $('; 4# M(x, y, s) = 1 #$% ,&
+

s ∈]0,∞[⇔ x = y=

�

A( .+, '48+. $# C,77& D= =E &() 2+,$%,7 D= = 0, &%, :&', .$ &
+4,?,

$1% <%$743,) .&%8,.* 4=,=* .+&. .+, 7,.+$) 84?,( 4( 4( 2+,$%,7  = =FG 
&( :,

%,.%4,?,) #%$7 .+, 7,.+$) <%$?4),) 4( 2+,$%,7 D= = =

 !"!##$"% &'(')'  !" (X, d) #! $ %&!'()*+!",-
 &%$
! $/( 0!" ∗ #! $ 
)/"-/*

')'& 1,
2-+!(!$/ t*/),+ 3-"2 $((-"-4! 5!/!,$"), f∗ : [0, 1]→ [0,∞]6 72!/8

"2! 9'::; &!" Ed,f∗ : X ×X → [0, 1] -& $/ -/(-&"-/5'-&2$#-0-"; )%!,$"), 9), ∗

)/ X8 32!,! Ed,f∗(x, y) = f (−1)(d(x, y)) 9), !$
2 x, y ∈ X6 <',"2!,+),!8

Ed,f∗ &!%$,$"!& %)-/"& -9 $/( )/0; -9 d -& $ +!",-
 )/ X6
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 !""#$ #$% (X, d) &$ ' ()$*+,-.$%/0
 )('
$ '2+ 3$% ∗ &$ ' 
,2%02*,*)

4/
50.$+$'2 t-2,/. 60%5 '++0%07$ 8$2$/'%,/ f∗9

:2 %5$ ,2$ 5'2+; <5$,/$. =9 9 $2)*/$) %5'% (Md,f∗ , ∗) 0) ' >*??@ ()$*+,-

.$%/0
; 65$/$ Md,f∗ 0) 807$2 &@

Md,f∗(x, y, t) = f (−1) (max{d(x, y) − t, 0}) , >,/ $'
5 x, y ∈ X, t ∈]0,∞[.

:2 %5$ ,%5$/ 5'2+; 6$ +$A2$ %5$ >*??@ )$% EMd,f∗
,2 X ×X× 807$2 &@

EMd,f∗
(x, y) =

∧

s>0

Md,f∗(x, y, s), >,/ $'
5 x, y ∈ X.

<5$2; &@ #$..' =9 9"; 6$ 5'7$ %5'% EMd,f∗
0) '2 02+0)%028*0)5'&030%@ ,($/'-

%,/ >,/ ∗ ,2 X9 B2 '++0%0,2; EMd,f∗
)$('/'%$) (,02%) 0> '2+ ,23@ 0> (Md,f∗ , ∗)

0) ' >*??@ .$%/0
 ,2 X9

C,6; ,&)$/7$ %5'% >,/ $'
5 x, y ∈ X 6$ 5'7$ %5'%

EMd,f∗
(x, y) =

∧

s>0

Md,f∗(x, y, s) =
∧

s>0

(

f (−1)(d(x, y) − s)
)

= f (−1)(d(x, y)),
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Mde,f∗P
(x, y, t) =

{

e
t−|y−x|,  ( 0 < t ≤ |y − x|

1,  ( t > |y − x|
.

)$*+ ,$ !-., +-/+ Mde,f∗P
(0, 2, 1) < Mde,f∗P

(0, 1, 1) ∗P Mde,f∗P
(1, 2, 1)0

1%2$$23  +  ! 
5$/6 +-/+ |1− 0| = 13 |2− 1| = 1 /%2 |2− 0| = 20 7-8! ,$ -/#$

+-/+

Mde,f∗P
(0, 2, 1) = e

1−2 = e
−1 < 1 = e

1−1 ∗P e
1−1 =

Mde,f∗P
(0, 1, 1) ∗P Mde,f∗P

(1, 2, 1).

7-8!3 +-$ (899' :$+6 
 (Mde,f∗P
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 !>/
$ !8
- +-/+ +-$6$ $* !+

a, b, c ∈ X /%2 t0 ∈]0,∞[ !/+ !(' %" d(a, c) ∈]t0, f∗(0)[ /%2 d(a, b), d(b, c) ∈

[0, t0]0 7-$% (Md,f∗ , ∗)  ! / %.%=!+6.%" (899' >!$82.=:$+6 
 .% X3 ,-$6$

Md,f∗  ! +-$ (899' !$+ 2$?%$2 .% X ×X×]0,∞[ /! (.55.,!@

Md,f∗(x, y, t) = f (−1) (max{d(x, y) − t, 0}) ,

(.6 /55 x, y ∈ X /%2 (.6 /55 t ∈]0,∞[0 A86+-$6:.6$3 (Md,f∗ , ∗)  ! / %.%=!+6.%"

(899' :$+6 
 .% X  ( /%2 .%5'  ( d  ! / :$+6 
 .% X0



 !"#$%&' ()$#&%*+,-%. /)&0))+ 1"22' 3)&(%
, #+! 3)&(%
,  !"

 !""#$ #$ %&'()'* "+ + ,' &-.' /&-/ (Md,f∗ , ∗) 01 - 2344$ 51'36(7

*'/)0
 15-
' (9 X+ :3)/&')*()'; (Md,f∗ , ∗) 01 - 2344$ *'/)0
 (9 X 02 -96

(9<$ 02 d 01 - *'/)0
 (9 X+

=(,; ,' ,0<< 1'' /&-/ 09 >(/& 
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 01 9(/

1/)(9A+ B0/& /&01 -0*; ,' ,0<< 1&(, /&-/ (KM4′) 01 9(/ 23<C<<'6+ D96''6; <'/

a, b, c ∈ X -96 t0 ∈]0,∞[ 13
& /&-/ d(a, c) ∈]t0, f∗(0)[ -96 d(a, b), d(b, c) ∈

[0, t0]+ E09
' f (−1) 01 1/)0
/<$ *(9(/(9' (9 [0, f∗(0)] /&'9

Md,f∗(a, c, t0) = f (−1) (max{d(a, c) − t0, 0}) =

f (−1)(d(a, c) − t0) < f (−1)(0) = 1

-96

Md,f∗(a, b, t0) ∗Md,f∗(b, c, t0) =

f (−1) (max{d(a, b) − t0, 0}) ∗ f
(−1) (max{d(b, c) − t0, 0}) =

= f (−1)(0) ∗ f (−1)(0) = 1.
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' ,' 
(9
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Md,f∗(a, c, t0) < Md,f∗(a, b, t0) ∗Md,f∗(b, c, t0)
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x
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!,D8(+($!" #)!B#
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 de !" R; I+A$"C x = 0@ y = 1@ z = 2
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)!9%@ #$"
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dM,f∗(x, y) = sup{t ∈]0, f∗(0)[: M(x, y, t) ≤ f (−1)(t)},

0* $ )*!&+,-.!"/0
 ,2 X3 45!/! f∗ 0* $2 $++0"0:! ;!2!/$",/ ,% ∗7 <,/!,:!/3

d 0* $ .!"/0
 ,2 X 0% $2+ ,2=( 0% (M, ∗) 0* $ %&''( .!"/0
 ,2 X7
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)

)$1) M(x, y, t) =M(y, x, t) ,+* 177 x, y ∈ X 123 t ∈]0,∞[8

9%:) ;% &$+; )$1) dM,f∗(x, z) ≤ dM,f∗(x, y) + dM,f∗(y, z) ,+* 177 x, y, z ∈

X8 #+ )$-& %23< ;% ;-77 1&&0(% )$1) dM,f∗(x, y) < f∗(0) 123 dM,f∗(y, z) <

f∗(0) .%
10&% +)$%*;-&% )$% )*-1247% -2%=017-)' -& $+73 )*-/-177'8

>' 3%52-)-+2 +, dM,f∗ ;% $1/%

M(x, y, dM,f∗(x, y) + ǫ) > f (−1)(dM,f∗(x, y) + ǫ)

123

M(y, z, dM,f∗(y, z) + ǫ) > f (−1)(dM,f∗(y, z) + ǫ)

,+* %1
$ x, y, z ∈ X 123 ,+* %1
$ ǫ ∈]0,K[< ;$%*%

K = min{f∗(0) − dM,f∗(x, y), f∗(0)− dM,f∗(y, z)}.

#$%2< ,+* %1
$ ǫ ∈]0,∞[< ;% $1/% )$1)

f∗(M(x, y, dM,f∗(x, y) + ǫ)) < dM,f∗(x, y) + ǫ ?@8"A

123

f∗(M(y, z, dM,f∗(y, z) + ǫ)) < dM,f∗(y, z) + ǫ, ?@8 A



 !  !"#$%&' ()$#&%*+,-%. /)&0))+ 1"22' 3)&(%
, #+! 3)&(%
,

"#$
& f∗ #" ' "()#
(*+ ,&
)&'"#$- ./$
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(−1))(a) ≤ a .0) &'
1

a ∈ [0,∞]2

3((&$,#$- (0 '4#05 (KM4) '$, ('6#$- #$(0 '

0/$( (1'( f∗ #" '$ ',,#(#7&

-&$&)'(0) 0. ∗8 9& 1'7&

M(x, z, dM,f∗(x, y) + dM,f∗(y, z) + 2ǫ) ≥

M(x, y, dM,f∗(x, y) + ǫ) ∗M(y, z, dM,f∗(y, z) + ǫ) =

f (−1) (f∗(M(x, y, dM,f∗(x, y) + ǫ)) + f∗(M(y, z, dM,f∗(y, z) + ǫ))) >

f (−1)(dM,f∗(x, y) + ǫ+ dM,f∗(y, z) + ǫ)).

:1/"8 ;+ ,&<$#(#0$ 0. dM,f∗(x, z)8 #( #" 10*, (1'(

dM,f∗(x, z) ≤ dM,f∗(x, y) + dM,f∗(y, z) + 2ǫ.

:'6#$- #$(0 '

0/$( (1'( ǫ ∈]0,∞[ #" ');#()')+8 9& 0;('#$

dM,f∗(x, z) ≤ dM,f∗(x, y) + dM,f∗(y, z).
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A tB$0)5 ∗L2

 !"!##$"% &'(')'  !" (M, ∗P ) #! $ %&''( )*!&+,-.!"/0
 ,2 X3 45!2 "5!

%&2
"0,2 dM,f∗P
: X ×X → [0,∞] +!62!+ $*

dM,f∗P
(x, y) = sup{t ∈]0,∞[: M(x, y, t) ≤ e

−t},
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,*!*A

B5 C,*! B5 x 6= y ,# y 6= z5 <%!# FD(x, y, t) = max{x, y, ϕ(t)} < 1

,# FD(y, z, s) = max{y, z, ϕ(s)} < 13 *1#
! x, y, z ∈ [0, 1[ ,# ϕ(t) <

1 &+/ !,
% t > 05 <%'*3 FD(x, y, t) ∗D FD(y, z, s) = 0 ,$$!# 1#9 $+

$%!  !"#1$1+# +& ∗D5 =$ &+--+.* $%,$ FD(x, z, t + s) ≥ FD(x, y, t) ∗D

FD(y, z, s)5
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 ! "#$%  ! x = y &' y = z ($)**&$%+ ,-./&). 0&$$ &1 2%3%'#0-.4+ ./#.

x = y5! 6/%3 FD(x, y, t) = 1 #37 $&

FD(x, z, t+ s) = FD(y, z, t+ s) = max{y, z, ϕ(t + s)} ≥

≥ max{y, z, ϕ(s)} = FD(y, z, s),

$-3
% ϕ -$ # 9&3&.&3% 1)3
.-&3! 6/)$

FD(x, z, t + s) ≥ FD(y, z, s) = FD(x, y, t) ∗D FD(y, z, s).

:)'./%'9&'%+ ./% 9&7)0#' -37-$.-32)-$/#;-0-.4 &*%'#.&' FD $%*#'#.%$ *&-3.$!

<37%%7+ 0%. x, y ∈ [0, 1[ #37 t > 0! =-3
% x, y, ϕ(t) ∈ [0, 1[ 1&' %#
/ t > 0

,% /#>% ./#. -1 x 6= y ./%3 FD(x, y, t) = max{x, y, ϕ(t)} < 1! 6/)$+

FD(x, y, t) = 1 -9*0-%$ x = y!

:-3#004+ ,% ,-00 *'&>% ./#. FD -$ 3&. # 9&7)0#' -37-$.-32)-$/#;-0-.4 &*%'#?

.&' 1&' #34 
&3.-3)&)$ t?3&'9! 6& ./-$ %37+ ,% ,-00 $/&, ./#. #@-&9 (ME3)

-$ 3&. 1)0A00%7 1&' #34 t?3&'9 
&3.-3)&)$ #. (1, 1)!

B%. ∗ ;% # 
&3.-3)&)$ t?3&'9 #. (1, 1)! 6/%3+ 1&' %#
/ ǫ ∈]0, 1[ ,% 
#3

A37 δ ∈]0, 1[ $)
/ ./#. δ ∗ δ > 1− ǫ!

C&,+ 
&3$-7%' x = 0+ z = 1
2 #37 t = s = 1! 6/%3+

FD(x, z, t+ s) = max

{

0,
1

2
,
2

3

}

=
2

3
.

6#D-32 ǫ = 1
3 ,% 
#3 A37 δ ∈]0, 1[ $)
/ ./#. δ ∗ δ > 2

3 ! C&.% ./#.+ -3 ./-$


#$%+ δ > 2
3 ! 6/%'%1&'%+ -1 ,% .#D% y = δ ,% /#>% ./#.

FD(x, y, t) ∗ FD(y, z, s) = max

{

0, y,
1

2

}

∗max

{

y,
1

2
,
1

2

}

=
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= y ∗ y >
2

3
= FD(x, z, t + s).

 !"#$ (ME3) %# &'( #)(%#*+,-

#$ $%& '($ )$
'+,% -+'( . /$0$
'+,% ,% .1+,2 345!67 #($% )8
( .%

.1+,2 +) 
,%)+&$/$& +% '($ &$9%+'+,% ,: :8;;< 3=)$8&,>62$'/+
 3+7$7? '($ :8;;<

3=)$8&,>62$'/+
 +) 
,%)+&$/$& .) . :8;;< )$' ,% X×X× [0,∞[ +%)'$.& ,% X×

X×]0,∞[6? ,%$ 
,8@& -,%&$/ -($'($/ 2,&8@./ +%&+)'+%A8+)(.B+@+'< ,=$/.',/)

-,8@& B$ .B@$ ', $1'$%& '($ %,'+,% ,: :8;;< 3=)$8&,>62$'/+
 +% '(.' 
.)$7 C($

.%)-$/ ', '($ =,)$& D8$)'+,% +) .E/2.'+F$7 G% :.
'? +% ,/&$/ ', &$9%$ . %$-

+%&+)'+%A8+)(.B+@+'< ,=$/.',/ :,/ '(.' =8/=,)$ -$ ,%@< %$$& ', +%
@8&$ +% '($

.1+,2.'+
 +% H$9%+'+,% I7!7! '($ :,@@,-+%A .1+,2J

 !"#$ F (x, y, 0) = 0 :,/ .@@ x, y ∈ X7

K,'+
$ '(.' $F$% +% )8
( . 
.)$ '($/$ $1+)' 2,&8@./ +%&+)'+%A8+)(.B+@+'< ,=>

$/.',/) -(+
( ./$ %,' :8;;< 3=)$8&,>62$'/+
)7 L% $1.2=@$ ,: )8
( . M+%& ,:

,=$/.',/) +) A+F$% B< .% $.)< .&.='.'+,% ,: '($ :8;;< )$' Fd +%'/,&8
$& +%

N1.2=@$ I7!7 7 G%&$$&? -$ ,%@< %$$& 
,%)+&$/ )8
( . :8;;< )$' &$9%$& .)

+% '($ .:,/$).+& $1.2=@$ .%&? +% .&&+'+,%? ).'+):<+%A Fd(x, y, 0) = 0 :,/ .@@

x, y ∈ X7 O: 
,8/)$? +' +) $.)< ', 
($
M '(.' Fd +) . 2,&8@./ +%&+)'+%A8+)(.>

B+@+'< ,=$/.',/ :,/ '($ =/,&8
' t>%,/2 ∗P -(+
( ).'+)9$) 35NP6 B8' (Fd, ∗P )

+) %,' . :8;;< 3=)$8&,>62$'/+
7

 !" #$% &'()*+, -%)(+*./0$*1

C(+) )$
'+,% +) &$F,'$& ', $1=@,/$ '($ 2$'/+
 B$(.F+,/ ,: '($ %$- +%&+)'+%>

A8+)(.B+@+'< ,=$/.',/)7 Q,%
/$'$@<? -$ $1'$%&? ,% '($ ,%$ (.%&? '($ '$
(%+D8$
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#$%&'($ )$*
$ , -.#%*
 
,/ 0. (./.%,#.1 2%&- ,/ */1*3#*/('*3$,0*4*#5 &6.%7

,#&% 05 -.,/3 &2 ,/ ,11*#*8. (./.%,#&% &2 , t7/&%- 9*/ :'03.
#*&/ ;< <!=

,/1> &/ #$. &#$.% $,/1> #$. #.
$/*?'. #$,# ,44&)3 #& */1'
. ,/ */1*3#*/7

('*3$,0*4*#5 &6.%,#&% 2%&- , -.#%*
 05 -.,/3 &2 #$. 63.'1&7*/8.%3. &2 #$.

,11*#*8. (./.%,#&% &2 , t7/&%- 9*/ :'03.
#*&/ ;< < =< @$. 3,-. %.3'4#3 ,%.

,43& .A64&%.1 )$./ 2'BB5 963.'1&7=-.#%*
3 ,%. 
&/3*1.%.1 */3#.,1 &2 -&1'4,%

*/1*3#*/('*3$,0*4*#5 &6.%,#&%3<

 !"!# $%&''&()*+% ,-(,./,-0),.1+2,*,/3 &45%+/&%. /& 64.5)(&7

8'5/%,
.

C/ &%1.% #& .A#./1 @$.&%.- !<!< D #& #$. -&1'4,% 2%,-.)&%E ). /..1 #&

6%&6&3. , -.#%*
 
4,33 ,3 
,/1*1,#. #& 0. */1'
.1 05 , -&1'4,% */1*3#*/7

('*3$,0*4*#5 &6.%,#&%< F. $,8. 2&'/1 #$,# 3'
$ , 
,/1*1,#. *3 E/&)/ */ #$.

4*#.%,#'%. ,3  !"#$%&  '(&)
< G.# '3 %.
,44 , 2.) 0,3*
3 ,0&'# #$*3 #56. &2

-.#%*
3<

H

&%1*/( #& I<I< J$5#*,E&8 93.. K!!℄=> , 2'/
#*&/ w :]0,∞[×X ×X →

[0,∞] *3 ,  !"#$%&  '(&)
 &/ , /&/7.-6#5 3.# X *2 2&% .,
$ x, y, z ∈ X ,/1

.,
$ λ, µ > 0 #$. 2&44&)*/( ,A*&-3 ,%. 2'4M44.1N

 !!"# w(λ, x, y) = 0 2&% ,44 λ > 0 *2 ,/1 &/45 *2 x = yO

 !!$# w(λ, x, y) = w(λ, y, x)O

 !!%# w(λ + µ, x, z) ≤ w(λ, x, y) + w(µ, y, z)<

C2 #$. ,A*&- (MM1) *3 %.64,
.1 05 #$. 2&44&)*/( &/.
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 !!"#$ w(λ, x, x) = 0 #$% &'' λ > 0(

)*+, w -. & 
&''+0  !"#$%& '()#"!* )+&,
 $, X1

2# 
$3%.+( )*+ 4&'3+ w(λ, x, y) 
&, 5+ 3,0+%.)$$0 &. & 0-..-6-'&%-)7 6+&8

.3%+6+,) 5+)9++, $5:+
). %+'&)-4+ )$ )*+ 4&'3+ λ $# & ;&%&6+)+%1

<$''$9-,= >!!℄( =-4+, x, y ∈ X &,0 λ > 0( 9+ 9-'' 0+,$)+( #%$6 ,$9 $,(

)*+ 4&'3+ w(λ, x, y) 57 wλ(x, y)1

@$)-
+ )*&)( &. 9&. ;$-,)+0 $3) -, >!!℄( & A;.+30$8B6+)%-
 -. & 6$03'&%

A;.+30$8B6+)%-
 9*-
* -. C.)&)-$,&%7D( -1+1( -) 0$+. ,$) 0+;+,0. $, )*+ 4&'3+ λ

$# )*+ ;&%&6+)+%1 E*3. A;.+30$8B6+)%-
. $, X &%+ 6$03'&% A;.+30$8B6+)%-
.

w :]0,∞[×X × X → [0,∞] .3
* )*&) )*+ &..-=,6+,) wx,y :]0,∞[→ [0,∞](

=-4+, 57 wx,y(λ) = wλ(x, y) -. & 
$,.)&,) #3,
)-$, #$% +&
* x, y ∈ X1

E*+ #$''$9-,= &%+ 9+''8F,$9, +G&6;'+. $# 6$03'&% A;.+30$8B6+)%-
.1

%&'()*+ ,-.-"-  !" d #! $ %&'!()*+,-!"./
 *1 X $1) 2!" ϕ :]0, ,∞[→]0,∞[

#! $ 1*1+)!
.!$'/13 4(1
"/*15 67! 4(1
"/*1' )!81!) *1 ]0,∞[×X × X $'

4*22*9'

%/, w1
λ(x, y) =

{

∞, /4 x 6= y

0, /4 x = y
:

%//, w2
λ(x, y) =















∞, /4 0 < λ < d(x, y) $1) d(x, y) > 0

0, /4 λ ≥ d(x, y) $1) d(x, y) > 0

0, /4 d(x, y) = 0

:

%///, w3
λ(x, y) =

d(x,y)
ϕ(λ) ;
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 !" #$%&' ! ()*"&%$+,#"-!.
* $0 X1

#$%& '$ ()*+,-$ ./ $%.0(1$ *2 0*-31.) 0$&),
 &5.& ',11 6$ 
)3
,.1 ,/

7368$
&,*/ 9: : :

 !"#"$%&%"' ()*)*) 2"- (X, d) 3"  #"-!.
 *) 
"1 45"0 -5" 6&0
-.$0 w :

]0,∞[×X ×X → [0,∞] .*  #$%&' ! #"-!.
 $0 X7 85"!"

wλ(x, y) =
d2(x, y)

λ

6$! " 
5 x, y ∈ X  0% λ ∈]0,∞[ (.0 -5" ' *- "9)!"**.$07 d2(x, y) %"0$-"*

(d(x, y))27  * &*& ',1

 !""+) ;& ,8 
1$.) &5.& .%,*08 (MM1)  !" (MM2)  #$ % &'%($") *&

#$+ '!% &, %-,. &- &  /',+ (MM3) '% -,0") 1$& x, y, z ∈ X  !" λ, µ ∈]0,∞[)

2,&$ &- &

d2(x, z) ≤
(

d(x, y) + d(y, z)
)2

= d2(x, y) + 2d(x, y)d(y, z) + d2(y, z),

%'!
$ d '%  +$&#'
  !" % &'%($% &-$ &#' !40$ '!$56 0'&7)

8#,+ &-$ 9#$
$"'!4 '!$56 0'&7 .$ "$"6
$ &-$ :,00,.'!4 ,!$;

d2(x,y)
λ

+ d2(y,z)
µ

− d2(x,z)
λ+µ = µ(λ+µ)d2(x,y)+λ(λ+µ)d2(y,z)−λµd2(x,z)

λµ(λ+µ) =

µλd2(x,y)+µ2d2(x,y)+λ2d2(y,z)+λµd2(y,z)−λµd2(x,z)
λµ(λ+µ) ≥

µλd2(x,y)+µ2d2(x,y)+λ2d2(y,z)+λµd2(y,z)−λµ(d2(x,y)+2d(x,y)d(y,z)+d2(y,z))
λµ(λ+µ) =

µ2d2(x,y)+λ2d2(y,z)−2λµd(x,y)d(y,z)
λµ(λ+µ) = (µd(x,y)−λd(y,z))2

λµ(λ+µ) ≥ 0.
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#$%&%'(&%)

wλ+µ(x, z) =
d2(x, z)

λ+ µ
≤
d2(x, y)

λ
+
d2(y, z)

µ
= wλ(x, y) + wµ(y, z).

*%+
% w -./0-1%- (MM3)2 �

3'/%& . 4&0%' 0+/&(56
/0(+ /( 7(568.& 7%/&0
 -9.
%- :% .&% .48% /( ;0%85

. 7(568.& <%&-0(+ (' #$%(&%7 !2!2 "2

 !"#$"% &'(')'  !" X #! $ %&%'!()"* +!" $%, -!" ∗ #! $ 
&%"/%0&0+ t'

%&1( 2/"3 $,,/"/4! 5!%!1$"&1 f∗ : [0, 1] → [0,∞]6 78 ⋄ /+ $ t'%&1(9 "3!% "3!

8&--&2/%5 $++!1"/&%+ $1! !:0/4$-!%";

<= ∗ ≤ ⋄ >/6!69 x ∗ y ≤ x ⋄ y 8&1 $-- x, y ∈ [0, 1]=6

?= @&1 $%* (&,0-$1 /%,/+"/%50/+3$#/-/"* &)!1$"&1 F &% X 8&1 ⋄9 "3! 80%
'

"/&% (wF,f∗) :]0,∞[×X ×X → [0,∞] ,!A%!, #*

(wF,f∗)λ(x, y) = f∗(F (x, y, λ)),

8&1 !$
3 x, y ∈ X $%, λ > 09 /+ $ (&,0-$1 )+!0,&'(!"1/
 &% X6

B= @&1 $%* (&,0-$1 /%,/+"/%50/+3$#/-/"* &)!1$"&1 F &% X 8&1 ⋄ "3$" +!)'

$1$"!+ )&/%"+9 "3! 80%
"/&% (wF,f∗) :]0,∞[×X × X → [0,∞] ,!A%!,

#*

(wF,f∗)λ(x, y) = f∗(F (x, y, λ)),

8&1 !$
3 x, y ∈ X $%, λ > 09 /+ $ (&,0-$1 (!"1/
 &% X6

*$##+'

1)⇒ 2) =699(-% /$./ ∗ ≤ ⋄ .+5 8%/ F 4% . 7(568.& 0+50-/0+>60-$.4080/;

(9%&./(& (+ X '(& ⋄2 ?% :088 -%% /$./ (wF,f∗) 0- . 7(568.& 9-%65(@

7%/&0
 (+ X2
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 !!"#$ #$% x ∈ X& '()
$ F (x, x, λ) = 1 +,- $.
/ λ > 00 %/$)

(wF,f∗)λ(x, x) = f∗(F (x, x, λ)) = f∗(1) = 0 +,- $.
/ λ > 0&

 !!%$ 1% (2 ,34(,52 3$
.52$ F (x, y, λ) = F (y, x, λ) +,- .66 x, y ∈ X

.)7 λ > 0&

 !!&$ #$% x, y, z ∈ X .)7 λ, µ > 0& 8$ 9(66 2/,9 %/.% %/$ +,66,9():

()$;5.6(%<

(wF,f∗)λ+µ(x, z) ≤ (wF,f∗)λ(x, y) + (wF,f∗)µ(y, z)

(2 /,67& =(-2 ,+ .660 ),%$ %/.% F (2 .62, . >,756.- ()72(%():5(2/.?

3(6(%< ,@$-.%,- +,- ∗ ,) X 75$ %, ⋄ ≥ ∗& A/$)0 (% (2 2.%(2B$7 %/$

+,66,9(): ()$;5.6(%<

F (x, z, λ+ µ) ≥ F (x, y, λ) ∗ F (y, z, µ) =

f
(−1)
∗ (f∗(F (x, y, λ)) + f∗(F (y, z, µ))) .

A.C(): ()%, .

,5)% %/.% f∗ (2 .) .77(%(4$ :$)$-.%,-0 .)7 %/52 .

7$
-$.2(): +5)
%(,)0 9$ /.4$ %/.%

f∗(F (x, z, λ + µ)) ≤ f∗

(

f
(−1)
∗ (f∗(F (x, y, λ)) + f∗(F (y, z, µ)))

)

.

D,90 9$ 9(66 7(2%():5(2/ %9, 7(E$-$)% 
.2$2F

G.H '5@@,2$ %/.% f∗(F (x, y, λ)) + f∗(F (y, z, µ)) ∈ Ran(f∗)&

'()
$ f∗ (2 .) .77(%(4$ :$)$-.%,- ,+ %/$ t?),-> ∗ 9$ /.4$ %/.%

f∗ ◦ f
(−1)
∗ |Ran(f∗) = id|Ran(f∗)& A/$)

f∗

(

f
(−1)
∗ (f∗(F (x, y, λ)) + f∗(F (y, z, µ)))

)

=

f∗(F (x, y, λ)) + f∗(F (y, z, µ)).

1% +,66,92 %/.%

(wF,f∗)λ+µ(x, z) = f∗(F (x, z, λ + µ)) ≤

f∗(F (x, y, λ)) + f∗(F (y, z, µ)) == (wF,f∗)λ(x, y) + (wF,f∗)µ(y, z).
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#$% &'(()*+ ,-., f∗(F (x, y, λ))+ f∗(F (y, z, µ)) /∈ Ran(f∗)/ &01
+

f∗ 0* .1 .330,04+ 5+1+6.,)6 )7 ,-+ t81)69 ∗ :+ -.4+ ,-., f∗(a)+

f∗(b) ∈ Ran(f∗) ∪ [f∗(0),∞] 7)6 +.
- a, b ∈ [0, 1]/ ;-+1

f∗(F (x, y, λ)) + f∗(F (y, z, µ)) > f∗(0).

&) :+ )$,.01

f∗(F (x, z, λ + µ)) ≤ f∗(0) < f∗(F (x, y, λ)) + f∗(F (y, z, µ)).

<-+1
+ :+ -.4+ ,-.,

(wF,f∗)λ+µ(x, z) ≤ (wF,f∗)λ(x, y) + (wF,f∗)µ(y, z),

.* :+ 
=.09+3/

;-+6+7)6+> (wF,f∗) 0* . 9)3'=.6 (*+'3)89+,60
 )1 X/

2) ⇒ 3) ?+, F $+ . 9)3'=.6 0130*,015'0*-.$0=0,@ )(+6.,)6 )1 X 7)6 ⋄

,-., *+(.6.,+* ()01,*/ A@ )'6 .**'9(,0)1> (wF,f∗) 0* . (*+'3)89)3'=.6

9+,60
 )1 X/ <+ :0== *++ ,-., (wF,f∗) 0* . 9)3'=.6 9+,60
 )1 X/

?+, x, y ∈ X *'
- ,-., (wF,f∗)λ(x, y) = 0 7)6 .== λ > 0/ A@ 3+B10,0)1>

:+ -.4+ ,-., f∗(F (x, y, λ)) = 0 7)6 .== λ > 0/ ;-+1> F (x, y, λ) = 1 7)6

.== λ > 0> *01
+ f∗ 0* .1 .330,04+ 5+1+6.,)6 )7 ∗/ ;-+6+7)6+ x = y> *01
+

F 0* . 9)3'=.6 0130*,015'0*-.$0=0,@ )(+6.,)6 )1 X 7)6 ⋄ ,-., *+(.6.,+*

()01,*/

3) ⇒ 1) &'(()*+ ,-., 7)6 .1@ 9)3'=.6 0130*,015'0*-.$0=0,@ )(+6.,)6

F )1 X 7)6 ⋄ ,-., *+(.6.,+* ()01,* ,-+ 7'1
,0)1 (wF,f∗) 0* . 9)3'=.6

9+,60
 )1 X/ <+ :0== *-): ,-., ⋄ ≥ ∗/ ;) ,-0* +13> :+ :0== (6)4+ ,-.,

a ⋄ b ≥ a ∗ b (6)403+3 a, b ∈ [0, 1[/ C),+ ,-., ,-+ (6+
+3015 01+D'.=0,@

0* )$40)'* :-+1+4+6 +0,-+6 a = 1 )6 b = 1/

?+, a, b ∈ [0, 1[/ E)1*03+6 . *+, 
)1*,0,',+3 $@ ,-6++ 30*,01
, ()01,*

X = {x, y, z}/ <+ 3+B1+ . 7'FF@ *+, F )1 X ×X×]0,∞[ .* 7)==):*G
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F (u, v, t) = F (v, u, t) =



























1, "# u = v

a ⋄ b, "# u = x $%& v = z

a, "# u = x $%& v = y

b, "# u = y $%& v = z

,

#'( $)) t > 0*

+, "- .$-/ ,' 0.("#/1 $,,.%&"%2 ,' ",- &.3%","'%1 ,4$, F "- $ 5'&6)$( "%7

&"-,"%26"-4$8")",/ '9.($,'( '% X #'( ⋄ ,4$, -.9$($,.- 9'"%,-* :' (wF,f∗)

"- $ 5'&6)$( 5.,("
 '% X* <4.(.#'(.1 2"0.% λ > 0 =. 4$0. ,4$,

f∗(a ⋄ b) = (wF,f∗)2λ(x, z) ≤ (wF,f∗)λ(x, y) + (wF,f∗)λ(y, z) =

f∗(a) + f∗(b).

>',"
. ,4$, #'( .$
4 c ∈ [0, 1] =. 4$0. ,4$, (f (−1)∗ ◦ f∗)(c) = c1 a ∗ b =

f
(−1)
∗ (f∗(a) + f∗(b)) $%& ,4$, f (−1)∗ "- &.
(.$-"%21 -"%
. f∗ "- $% $&&","0.

2.%.($,'( '# ,4. t7%'(5 ∗* <$?"%2 "%,' $

'6%, ,4. 9(.
.&"%2 #$
,- $%&

#('5 ,4. $8'0. "%.@6$)",/ =. &.&6
. ,4$,

a ⋄ b = f
(−1)
∗ (f∗(a ⋄ b)) ≥ f

(−1)
∗ (f∗(a) + f∗(b)) = a ∗ b,

$- =. 
)$"5.&*

<4"- )$-, "59)"
$,"'% 
'%
)6&.- ,4. 9(''#* �

+% '(&.( ,' "))6-,($,. ,4. ,.
4%"@6. "%,('&6
.& "% ,4. $8'0. ,4.'(.51 =.

9('0"&. ,=' 
'('))$(".- =4"
4 .-,$8)"-4 ,4. 9$(,"
6)$( 
$-.- #'( ,4. A6
?7

$-".0"
B t7%'(5 $%& ,4. 6-6$) 9('&6
,* C",4 ,4"- $"5 =. (.
$)) ,4$, $%

$&&","0. 2.%.($,'( f∗L '# ∗L $%& f∗P '# ∗P "- 2"0.% 8/

f∗L(a) = 1− a

f∗P (a) = − log(a)
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"#$ %&
( a ∈ [0, 1]) $%*+%
,-.%/01 2" 
#3$*%) 4% (&.% &5#+,%5 ,(% 
#6.%6,-#6

,(&, log(0) = −∞1

 !"!##$"% &'(')'  !" X #! $ %&%'!()"* +!", -. ⋄ /+ $ t'%&0(1 "2!% "2!

.&33&4/%5 $++!0"/&%+ $0! !67/8$3!%"9

:; ∗L ≤ ⋄,

<; =&0 $%* (&>73$0 /%>/+"/%57/+2$#/3/"* &)!0$"&0 F &% X .&0 ⋄1 "2! .7%
'

"/&% (wF,f∗L ) :]0,∞[×X ×X → [0,∞] >!@%!> #*

(wF,f∗L )λ(x, y) = 1− F (x, y, λ),

.&0 !$
2 x, y ∈ X $%> λ > 01 /+ $ (&>73$0 )+!7>&'(!"0/
 &% X,

A; =&0 $%* (&>73$0 /%>/+"/%57/+2$#/3/"* &)!0$"&0 F &% X .&0 ⋄ "2$" +!)'

$0$"!+ )&/%"+1 "2! .7%
"/&% (wF,f∗L ) :]0,∞[×X × X → [0,∞] >!@%!>

#*

(wF,f∗L )λ(x, y) = 1− F (x, y, λ),

.&0 !$
2 x, y ∈ X $%> λ > 01 /+ $ (&>73$0 (!"0/
 &% X,

 !"!##$"% &'('*'  !" X #! $ %&%'!()"* +!", -. ⋄ /+ $ t'%&0(1 "2!% "2!

.&33&4/%5 $++!0"/&%+ $0! !67/8$3!%"9

:; ∗P ≤ ⋄,

<; =&0 $%* (&>73$0 /%>/+"/%57/+2$#/3/"* &)!0$"&0 F &% X .&0 ⋄1 "2! .7%
'

"/&% (wF,f∗P ) :]0,∞[×X ×X → [0,∞] >!@%!> #*

(wF,f∗P )λ(x, y) = −log(F (x, y, λ)),

.&0 !$
2 x, y ∈ X $%> λ > 01 /+ $ (&>73$0 )+!7>&'(!"0/
 &% X,
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 ! "#$ %&' (#)*+%$ ,&),-.,&/*,-0%1,+,.' #23$%.#$ F #& X 4#$ ⋄ .0%. -325

%$%.3- 2#,&.-6 .03 4*&
.,#& (wF,f∗P ) :]0,∞[×X × X → [0,∞] )38&3)

1'

(wF,f∗P )λ(x, y) = −log(F (x, y, λ)),

4#$ 3%
0 x, y ∈ X %&) λ > 06 ,- % (#)*+%$ (3.$,
 #& X9

!"#$%#& '( () *+,$ -./#, * ,0#
.2
 &#3"$4 3$ -#5#%*3# &$46+*% &#3%.
,

7"#5 7# 8$
6, $6% *33#53.$5 $5 8699: ;0,#64$<=&#3%.
, .5,3#*4 $8 &$46+*%

.54.,3.5-6.,"*>.+.3: $0#%*3$%, .5 -#5#%*+(

 !"!##$"% &'(')' :3. X 13 % &#&53(2.' -3. %&) +3. ∗ 13 % t5&#$( ;,.0

%)),.,<3 /3&3$%.#$ f∗ : [0, 1] → [0,∞]9 =4 ⋄ ,- % 
#&.,&*#*- t5&#$(6 .03& .03

4#++#;,&/ %--3$.,#&- %$3 3>*,<%+3&.?

@! ∗ ≤ ⋄9

A! "#$ %&' 4*BB' 2-3*)#5(3.$,
 (M, ⋄) #&X6 .03 4*&
.,#& (wM,f∗) :]0,∞[×X×

X → [0,∞] )38&3) 1'

(wM,f∗)λ(x, y) = f∗(M(x, y, λ)),

4#$ 3%
0 x, y ∈ X %&) λ > 06 ,- % (#)*+%$ 2-3*)#5(3.$,
 #& X9

 ! "#$ %&' 4*BB' (3.$,
 (M, ⋄) #& X6 .03 4*&
.,#& (wM,f∗) :]0,∞[×X ×

X → [0,∞] )38&3) 1'

(wM,f∗)λ(x, y) = f∗(M(x, y, λ)),

4#$ 3%
0 x, y ∈ X %&) λ > 06 ,- % (#)*+%$ (3.$,
 #& X9

?, * 
$5,#@6#5
# $8 3"# 0%#
#4.5- %#,6+3 7# $>3*.5 .&&#4.*3#+: 3"# 8$+<

+$7.5- $5#(
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 !"!##$"% &'(')'  !" X #! $ %&%'!()"* +!" $%, -!" ∗ #! $ 
&%"/%0&0+ t'%&1(

2/"3 $,,/"/4! 5!%!1$"&1 f∗ : [0, 1]→ [0,∞]6 73!% "3! 8&--&2/%5 $++!1"/&%+ $1!

!90/4$-!%":

;< =&1 $%* 80>>* )+!0,&'(!"1/
 (M, ∗) &%X? "3! 80%
"/&% (wM,f∗) :]0,∞[×X×

X → [0,∞] ,!@%!, #*

(wM,f∗)λ(x, y) = f∗(M(x, y, λ)),

8&1 !$
3 x, y ∈ X $%, λ > 0? /+ $ (&,0-$1 )+!0,&'(!"1/
 &% X6

A< =&1 $%* 80>>* (!"1/
 (M, ∗) &% X? "3! 80%
"/&% (wM,f∗) :]0,∞[×X ×

X → [0,∞] ,!@%!, #*

(wM,f∗)λ(x, y) = f∗(M(x, y, λ)),

8&1 !$
3 x, y ∈ X $%, λ > 0? /+ $ (&,0-$1 (!"1/
 &% X6

"# $% 
'()* #+)# ,+(- ,( 
.-%$/(* %#)#$.-)*0 1./2')* $-/$%#$-32$%+)4$'5

$#0 .6(*)#.*% $- %#)#(1(-# .7 8+(.*(1 9: :! ,( .4#)$- )% ) 6)*#$
2')* 
)%(

8+(.*(1 ;:;: < )-/= #+2%= #+( 
')%%$
)' #(
+-$>2( #. $-/2
( ) 1(#*$
 7*.1 )-

$-/$%#$-32$%+)4$'$#0 .6(*)#.* 40 1()-% .7 )- )//$#$?( 3(-(*)#.*: @'()*'0= $7

,( *(6')
( 1./2')* $-/$%#$-32$%+)4$'$#0 .6(*)#.*% 40 %#)#$.-)*0 72AA0 1(#5

*$
% ,( .4#)$- ) 1.*( *(%#*$
#$?( ?(*%$.- .7 #+( 
')%%$
)' #(
+-$>2(= 6*.?$/(/

40 8+(.*(1 9: :!= 4(
)2%( $# .-'0 *(1)$-% ?)'$/ 7.* 
.-#$-2.2% t5-.*1%:

 !"!" #$%& &%'()*$ +,-.('%/0&.1$2
- 1% &%'()*$ 24'2-124/

5(2-6*72)218 %,.$*1%$-

8+( 1)$- 3.)' .7 #+$% %24%(
#$.- $% #. 6*.?$/( ) ?(*%$.- .7 8+(.*(1 ;:;: 9

,+(- ,( 
.-%$/(* ) 1./2')* B6%(2/.5C1(#*$
 $-%#()/ .7 ) B6%(2/.5C1(#*$
:
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"#$% &' ()*' + ,'
#.)/$' ,0 ).1$
' + 201$3+4 ).1)%,).($)%#+5)3),6 07'4+8

,04 9402 + 201$3+4 :7%'$108;2',4)
 56 2'+.% 09 ,#' 7%'$108).*'4%' 09 ,#'

+11),)*' ('.'4+,04 09 + t8.042< "0 ,#)% '.1= 3', $% 4'
+33 ,#' 90330&).( 4'78

4'%'.,+,)0. 4'%$3, 904 
0.,).$0$% t8.042% :>!?℄;= &#)
# &)33 5' 
4$
)+3 ). 0$4

%$5%'/$'., 1)%
$%%)0.A

 !"#$"% &'('&'  !"#$%& '()%$*'% ∗ "# [0, 1] "+ $ 
'#*"#-'-+  %
."/)0)$#

t1#'%/ "2 $#0 '#3& "2 *.)%) )4"+*+ $ 
'#*"#-'-+ $00"*"5) 6)#)%$*'% f∗ +-
. *.$*

x ∗ y = f
(−1)
∗ (f∗(x) + f∗(y)), :B<C;

7.)%) *.) (+)-0'1"#5)%+) f
(−1)
∗ "+ 6"5)# !&

f
(−1)
∗ (y) = f−1(min{f∗(0), y}) :B< ;

2'% $33 y ∈ [0,∞]8

D. ,#' .'E, 4'%$3, &' ).,401$
' ,#' 7402)%'1 ,'
#.)/$'<

 !"#$"% &'(')' 9)* ∗ !) $ 
'#*"#-'-+ t1#'%/ 7"*. $00"*"5) 6)#)%$*'% f∗ :

[0, 1] → [0,∞]8 :2 w "+ $ /'0-3$% (+)-0'1/)*%"
 '# X; *.)# *.) 2-#
*"'#

Fw,f∗ : X ×X×]0,∞[→ [0, 1] 0)<#)0; 2'% $33 x, y ∈ X $#0 t > 0; !&

Fw,f∗(x, y, t) = f
(−1)
∗ (wt(x, y))

"+ $ /'0-3$% "#0"+*"#6-"+.$!"3"*& '()%$*'% 2'% ∗8 ='%)'5)%; *.) /'0-3$% "#0"+1

*"#6-"+.$!"3"*& '()%$*'% Fw,f∗ +)($%$*)+ ('"#*+ "2 $#0 '#3& "2 w "+ $ /'0-3$%

/)*%"
 '# X8

*$##+' F', ∗ 5' + 
0.,).$0$% G4
#)2'1'+. t8.042 &),# +11),)*' ('.8

'4+,04 f∗ : [0, 1]→ [0,∞] +.1 
0.%)1'4 w + 201$3+4 7%'$1082',4)
 0. X<

H' 1'I.' ,#' 9$.
,)0. Fw,f∗ : X ×X×]0,∞[→ [0, 1] +% 90330&%

Fw,f∗(x, y, t) = f
(−1)
∗ (wt(x, y)),
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"#$ %&& x, y ∈ X %'( t > 0) *+ ,-&& .++ /0%/ Fw,f∗ -. % 1#(2&%$ -'-(-./-'3

42-.0%5-&-/6 #7+$%/#$ "#$ ∗)

 !"#$ 8+/ x ∈ X) 9-'
+ w -. % 1#(2&%$ 7.+2(#31+/$-
 #' X ,+ 0%;+ /0%/

wt(x, x) = 0 "#$ %&& t > 0) <0+$+"#$+= Fw,f∗(x, x, t) = f
(−1)
∗ (wt(x, x)) =

f
(−1)
∗ (0) = 1 "#$ %&& t > 0)

 !"%$ >. % 
#'.+?2+'
+ #" /0+ (+@'-/-#' #" Fw,f∗= .-'
+ w -. % 1#(2&%$

7.+2(#31+/$-
 %'( .# -/ .%/-.@+. /0%/ wt(x, y) = wt(y, x) "#$ +%
0 x, y ∈

X %'( t > 0)

 !"&$ 8+/ x, y, z ∈ X %'( t, s > 0) A' /0+ #'+ 0%'(= 56 BC) D= ,+ (+(2
+

/0%/

Fw,f∗(x, z, t+ s) = f
(−1)
∗ (wt+s(x, z)) = f−1∗ (min{f∗(0), wt+s(x, z)}) .

E#,= .-'
+ w -. % 1#(2&%$ 7.+2(#31+/$-
 #' X= /0+'

wt+s(x, z) ≤ wt(x, y) + ws(y, z)

%'(= 0+'
+=

Fw,f∗(x, z, t+ s) ≥ f−1∗ (min{f∗(0), wt(x, y) + ws(y, z)}) .

A' /0+ #/0+$ 0%'(= ,+ 0%;+ /0%/

Fw,f∗(x, y, t) ∗ Fw,f∗(y, z, s) =

f
(−1)
∗

(

f∗
(

Fw,f∗(x, y, t)
)

+ f∗
(

Fw,f∗(y, z, s)
))

=

f−1∗
(

min
{

f∗(0), f∗
(

Fw,f∗(x, y, t)
)

+ f∗
(

Fw,f∗(y, z, s)
)})

F#$+#;+$= 56 BC) D= ,+ #5/%-' /0%/

f∗

(

Fw,f∗(x, y, t)
)

= f∗

(

f
(−1)
∗ (wt(x, y))

)

= min{f∗(0), wt(x, y)}
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"#$

f∗

(

Fw,f∗(y, z, s)
)

= f∗

(

f
(−1)
∗ (ws(y, z))

)

= min{f∗(0), ws(y, z)}.

%& '#()* +*, -.&&/0 1, 1(22 ),, +*"+

min{f∗(0), wt(x, y) + ws(y, z)} =

= min{f∗(0),min{f∗(0), wt(x, y)}+min{f∗(0), ws(y, z)}}.

%& +*() ,#$0 1, 1(22 $()+(#34()* +*.,, 
"),)6

7"), 89 f∗(0) ≤ wt(x, y) "#$ f∗(0) ≤ ws(y, z)9 %*,# 1, *":, +*"+

min{f∗(0), wt(x, y) + ws(y, z)} = f∗(0)

"#$

min{f∗(0),min{f∗(0), wt(x, y)} +min{f∗(0), ws(y, z)}} =

= min{f∗(0), f∗(0) + f∗(0)} = f∗(0).

7"),  9 f∗(0) > wt(x, y) "#$ f∗(0) ≤ ws(y, z) ;+*, 
"), f∗(0) ≤

wt(x, y) "#$ f∗(0) > ws(y, z) .4#) /&22&1(#3 +*, )"<, ".34<,#+)=9

>+ /&22&1) +*"+

min{f∗(0), wt(x, y) + ws(y, z)} = f∗(0)

"#$

min{f∗(0),min{f∗(0), wt(x, y)} +min{f∗(0), ws(y, z)}} =

= min{f∗(0), wt(x, y) + f∗(0)} = f∗(0).

7"), ?9 f∗(0) > wt(x, y) "#$ f∗(0) > ws(y, z)9 %*,# 1, *":, +*"+

min{f∗(0),min{f∗(0), wt(x, y)} +min{f∗(0), ws(y, z)}} =

= min{f∗(0), wt(x, y) + wS(y, z)}.
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"#$%$&'%$(

Fw,f∗(x, z, t+s) ≥ f−1∗

(

min
{

f∗(0), f∗

(

Fw,f∗(x, y, t)
)

+ f∗

(

Fw,f∗(y, z, s)
)})

= Fw,f∗(x, y, t) ∗ Fw,f∗(y, z, s).

)#$*
$ ,$ -$-.
$ /#0/ Fw,f∗ 12 0 3'-.40% 1*-12/1*5.12#06141/7 '8$%0/'% &'%

∗ '* X9

:1*0447( 1% 12 
4$0% /#0/ Fw,f∗(x, y, t) = 1 &'% 044 x, y ∈ X 0*- t > 0 1&( 0*-

'*47 1&( f (−1)∗ (wt(x, y)) = 1 &'% 044 x, y ∈ X 0*- t > 09 ;1*
$ f (−1)∗ (wt(x, y)) =

1 &'% 044 x, y ∈ X 0*- t > 0 1&( 0*- '*47 1&( wt(x, y) = 0 &'% 044 x, y ∈ X

0*- t > 0 ,$ 133$-10/$47 '6/01* /#0/ Fw,f∗ 12 0 3'-.40% 1*-12/1*5.12#06141/7

'8$%0/'% /#0/ 2$80%0/$2 8'1*/2 1&( 0*- '*47 1&( w 12 0 3'-.40% 3$/%1
 '* X9

�

<$=/ ,$ 28$
1&7 /#$ 3$/#'- 51>$* 1* "#$'%$3 ?9 9@ &'% /#$ tA*'%32 ∗L
0*- ∗P 9 <'/$ /#0/ /#$ 82$.-'A1*>$%2$ '& /#$ 0--1/1>$ 5$*$%0/'% f∗L 0*- f∗P
12 51>$* 67

f
(−1)
∗L (b) =

{

1− b 1& b ∈ [0, 1[

0, 1& b ∈ [1,∞]

0*-

f
(−1)
∗P (b) = e

−b

&'% $0
# b ∈ [0,∞]( %$28$
/1>$47( ,#$%$ ,$ #0>$ 0-'8/$- /#$ 
'*>$*/1'* /#0/

e
−∞ = 09

 !"!##$"% &'(')*'  ! w "# $ %&'()$* +#,('&-%,.*"
 &0 X1 .2,0 .2, !(0
."&0

Fw,f∗L : X ×X×]0,∞[→ [0, 1] ',30,'1 !&* $)) x, y ∈ X $0' t > 01 45

Fw,f∗L (x, y, t) =

{

1− wt(x, y) "! wt(x, y) ∈ [0, 1[

0, "! wt(x, y) ∈ [1,∞]
,
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 ! " #$%&'"(  )% !* )+& !,"- ' *. $/0("*$( 1$( ∗L2 3$(0$40(5 *,0 #$%&'"(

 )% !* )+& !,"- ' *. $/0("*$( Fw,f∗L !0/"("*0! /$ )*!  1 ")% $)'.  1 w  ! "

#$%&'"( #0*( 
 $) X2

 !"!##$"% &'('))' 71 w  ! " #$%&'"( /!0&%$8#0*( 
 $) X5 *,0) *,0 1&)
* $)

Fw,f∗P : X ×X×]0,∞[→ [0, 1] %09)0%5 1$( "'' x, y ∈ X ")% t > 05 -.

Fw,f∗P (x, y, t) = e
−wt(x,y),

 ! " #$%&'"(  )% !* )+& !,"- ' *. $/0("*$( 1$( ∗P 2 3$(0$40(5 *,0 #$%&'"(

 )% !* )+& !,"- ' *. $/0("*$( Fw,f∗L !0/"("*0! /$ )*!  1 ")% $)'.  1 w  ! "

#$%&'"( #0*( 
 $) X2

"# $%& '()%$ *%&+,&- !. ./0 ($ 1&&-1 #2$3,2' $+ 214 (5 $%& 
+#$(#3($7 +5 $%&

t8#+,- 
2# 9& &'(-(#2$&: 5,+- $%& 2113-;$(+#1 +5 13
% 2 ,&13'$. *%& #&<$

&<2-;'& )(=&1 2 #&)2$(=& 2#1>&, $+ $%2$ ?3&1$(+#. "# ;2,$(
3'2, ($ ;,+=&1 $%2$

$%&,& 2,& 53@@7 1&$1 Fw,f∗0 )(=&# 97 *%&+,&- !. ./0 $%2$ 2,& #+$ -+:3'2,

(#:(1$(#)3(1%29('($7 +;&,2$+,1 >%&# $%& t8#+,- ∗ 3#:&, 
+#1(:&,2$(+# (1 #+$


+#$(#3+31.

*+$,-#. &'(')(' :$)! %0( *,0 ;&
' %0") #0*( 
 de $) R2 <. =($/$! * $)

>2?2?5 *,0 1&)
* $) we  ! " #$%&'"( #0*( 
 $) R5 @,0(0

weλ(x, y) =
(de(x, y))

2

λ

1$( "'' x, y ∈ R ")% λ > 02 :$)! %0( *,0 "%% * 40 +0)0("*$( f∗D $1 *,0

)$)8
$)* )&$&! t8)$(# ∗D2 A0
"'' *,"* f∗D  ! + 40) -.

f∗D(x) =

{

0,  1 x = 1;

2− x,  1 x ∈ [0, 1[

B) 0"!. 
$#/&*"* $) !,$@! *,"*  *! /!0&%$8 )40(!0  ! + 40) -.
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f
(−1)
∗D (x) =















1,  ! x ∈ [0, 1];

2− x,  ! x ∈]1, 2];

0,  ! x ∈]2,∞[.

"#$% &# '()& %(*% &# *+&*,' 
*. /.0 x, y, z ∈ R *.0 λ, µ ∈]0,∞[ '1
(

%(*%

Fw
e,f∗D (x, z, λ + µ) < Fw

e,f∗D (x, y, λ) ∗D F
we,f∗D (y, z, µ).

2#% x = 03 y = 1 *.0 z = 23 *.0 
).' 0#4 λ = µ = 15 6(#.3

weλ+µ(x, z, λ) =
(de(x, z))

2

λ+ µ
=

22

2
= 2,

weλ(x, y) =
(de(x, y))

2

λ
=

12

1
= 1

*.0

weλ(y, z) =
(de(y, z))

2

µ
=

12

1
= 1.

6(#4#!)4#3

0 = f
(−1)
∗D (2) = Fw

e,f∗D (x, z, λ+ µ) <

< Fw
e,f∗D (x, y, λ) ∗D F

we,f∗D (y, z, µ) = f
(−1)
∗D (1) ∗D f

(−1)
∗D (1) = 1.

"#$
& '(& 
)$'#$*#'+ #, - $&
&,,-.+ (+/)'(&,#, #$ '(& ,'-'&0&$' )1 2(&).&0

34 4! )$& 
)*56 &7/&
' '(-' '(& 1)55)8#$9 .&,*5' 8)*56 :& '.*&4

;<&' ∗ :& - 
)$'#$*)*, =.
(#0&6&-$ t>$).0 8#'( -66#'#?& 9&$&.-').

f∗ : [0, 1] → [0,∞]4 @1 w #, - 0)6*5-. /,&*6)>0&'.#
 )$ XA '(&$ '(&



 !"
 ! "!#"$%"!&'"$()*"+"%, -./0)%-0$1 2'33, 4/%0"
$ )!# 4-#'+)0

4/%0"
$

#$%& (Mw,f∗ , ∗) %' $ ()**+ ,#'-)./012-3&%
5 67-&- 37- ()**+ '-3 Mw,f∗ :

X ×X×]0,∞[ %' 8%9-:5 (/& $;; x, y ∈ X $:. t > 05 <+

Mw,f∗(x, y, t) = f
(−1)
∗ (wt(x, y)).

=/&-/9-&5 (Mw,f∗, ∗) %' $ ()**+ 2-3&%
 %( $:. /:;+ %( w %' $ 2/.);$& 2-3&%


/: X>?

@-9-&37-;-'' 37- (/;;/6%:8 -A$2#;- #&/9-' 37$3 ')
7 $ &-');3 ./-' :/3

7/;.> B: ($
3 37- 3-
7:%C)- #&/9%.-. <+ D7-/&-2 E> >F ./-' :/3 8%9- %:

8-:-&$; $ ()**+ ,#'-)./012-3&%
>

 !"#$%& '()(*+(  !" d #! $ %!"&'
 )* $ *)*+!%,"- .!" X/ 0)*.'1!& "2!

%)134$& %!"&'
 w2 )* X '*"&)13
!1 '* 56$%,4! 7/8/9: "2$" '.:

w2
t (x, y) =















∞, '; 0 < t < d(x, y) $*1 d(x, y) > 0

0, '; t ≥ d(x, y) $*1 d(x, y) > 0

0, '; d(x, y) = 0

;)& $44 x, y ∈ X $*1 t > 0. <2!* '" '. *)" 2$&1 ") 
2!
= "2$" "2! ,$'&

(Mw2,f∗P , ∗P ) '. *)" $ ;3>>- ?,.!31)+@%!"&'
: A2!&! "2! ;3>>- .!" Mw2,f∗P

'. B'C!* #- Mw2,f∗P (x, y, t) = f
(−1)
∗P (w2

t (x, y)) ;)& $44 x, y ∈ X $*1 t > 0:

A2!&!

f
(−1)
∗P (w2

t (x, y)) =















0, '; 0 < t < d(x, y) $*1 d(x, y) > 0

1, '; t ≥ d(x, y) $*1 d(x, y) > 0

1, '; d(x, y) = 0

;)& $44 x, y ∈ X $*1 t > 0/ D)"'
! "2$" (Mw2,f∗P , ∗P ) ;$'4. ") ;34E44 $6')%

?FGH@: '/!/: "2! ;3*
"')* M
w2,f∗P
x,y :]0,∞[→ [0, 1] '. *)" 4!;"+
)*"'*3)3./

D7- #&-
-.%:8 -A$2#;- ')88-'3 37- '3).+ /( 37/'- 
/:.%3%/:' 37$3 $ 2/.0

);$& ,#'-)./012-3&%
 2)'3 '$3%'(+ %: /&.-& 3/ %:.)
- $ ()**+ ,#'-)./01 2-3&%


<+ 2-$:' /( 37- 3-
7:%C)- -A#/'-. %: D7-/&-2 E> >F> D7- (/;;/6%:8 ;-22$5

67/'- #&//( 6$' 8%9-: %: GHH℄5 6%;; 7-;# )' 3/ J:. %3>
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 !""# $%&%'(%  !" w #! $ %&'()$* +,-!('&./%!"*0
 &2 X3 45!26 7&* !$
5

x, y ∈ X 8! 5$9! "5$" ws(x, y) ≥ wt(x, y) 85!2!9!* s, t ∈]0,∞[ 80"5 s < t3

#$%&'( &')* $

*,') )-. /0.
.1&'( 2.33$4 )-. '.5) 0.6,2) /0*7&1.6 $


*'1&)&*' 8-&
- &6 ,6.9,2 9*0 *,0 )$0(.):

)*+,+-./.+0 $%&%'1%  !" w #! $ %&'()$* ,-!('&.%!"*0
 &2 X3 45! 7(2
"0&2

w̃ :]0,∞[×X ×X → [0,∞] :09!26 7&* !$
5 x, y ∈ X $2' t > 06 #;

w̃λ(x, y) = inf
0<t<λ

wt(x, y)

0- $ %&'()$* ,-!('&.%!"*0
 &2 X -(
5 "5$" 7&* !$
5 x, y ∈ X "5! 7(2
"0&2

w̃x,y :]0,∞[→]0,∞[ 0- )!7" 
&2"02(&(-6 85!*! w̃x,y(λ) = w̃λ(x, y) 7&* !$
5

λ ∈]0,∞[3 <(*"5!*%&*!6 w̃ 0- $ %&'()$* %!"*0
 &2 X 07 $2' &2); 07 w 0" 0-

-&3

)*++2% ;) &6 *<7&*,6 )-$) w̃ 6$)&6=.6 $5&*3 (MM2): >.5) 8. 6-*8 )-$)

w̃ 6$)&6=.6 $5&*36 (MM1′) $'1 (MM3):

344'56 ?&5 x ∈ X $'1 2.) λ ∈]0,∞[: @&'
. w &6 $ 3*1,2$0 /6.,1*A3.)0&


*' X )-.' wt(x, x) = 0 9*0 .$
- t > 0: #-.0.9*0.4

w̃λ(x, x) = inf
0<t<λ

wt(x, x) = 0.

34476 B.) x, y, z ∈ X $'1 λ, µ ∈]0,∞[: >.5) 8. /0*7. )-$)

w̃λ+µ(x, z) ≤ w̃λ(x, y) + w̃µ(y, z).

C&)- )-&6 $&3 '*). )-$)4 (&7.' u, v ∈ X $'1 α ∈]0,∞[4 8. -$7. )-$) 9*0

.$
- ǫ ∈]0,∞[ 8. 
$' ='1 t ∈]0, α[ 6$)&69D&'( wt(u, v) < w̃α(u, v) + ǫ:



 ! 
 ! "!#"$%"!&'"$()*"+"%, -./0)%-0$1 2'33, 4/%0"
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4/%0"
$

"#$ %& %'(#)'%'* ǫ ∈]0,∞[+ ),-& .- 
%& 0&1 t ∈]0, λ[ %&1 s ∈]0, µ[ 23
,

),%) wt(x, y) < w̃λ(x, y)+ǫ/2 %&1 ws(y, z) < w̃µ(y, z)+ǫ/24 5,-'-67'-+

w̃λ+µ(x, z) ≤ wt+s(x, z) ≤ wt(x, y)+ws(y, z) < w̃λ(x, y)+ w̃µ(y, z)+ ǫ,

2#&
- w #2 % 82-3179:-)'#
 7& X4 5%;#&< #&)7 %

73&) ),%) ǫ ∈]0,∞[ #2

%'(#)'%'* .- 
7&
=31- ),%)

w̃λ+µ(x, z) ≤ w̃λ(x, y) + w̃µ(y, z).

5,32 w̃ #2 % :713=%' 82-3179:-)'#
 7& X4

>- .#== 
7&)#&3- 2,7.#&< ),%) 67' -%
, x, y ∈ X ),- 63&
)#7& w̃x,y :

]0,∞[→]0,∞[ #2 =-6) 
7&)#&37324 "#$ x, y ∈ X %&1 
7&2#1-' %& %'(#)'%'*

λ0 ∈]0,∞[4 5,-& <#?-& ǫ ∈]0,∞[ .- 
%& 0&1 δ ∈]0,∞[ 23
, ),%)

w̃λ(x, y)− w̃λ0(x, y) < ǫ,

67' -%
, λ ∈]λ0−δ, λ0] @&7)- ),%) w̃λ(x, y) ≥ w̃λ0(x, y) 67' -%
, λ ∈]λ0−δ, λ0]

(* A-::% B4 4CDE4 F&1--1+ =-) ǫ ∈]0,∞[4 G2 (-67'-+ .- 
%& 0&1 t ∈]0, λ0[

23
, ),%)

wt(x, y) < w̃λ0(x, y) + ǫ

%&1+ %<%#& (* A-::% B4 4CD+ .- ,%?- ),%) ws(x, y) < w̃λ0(x, y) + ǫ 67' -%
,

s ∈]t, λ0]4 5,-'-67'-+ )%;#&< δ = λ0 − t .- ,%?- ),%)

w̃λ(x, y)− w̃λ0(x, y) ≤ wλ(x, y)− w̃λ0(x, y) < ǫ,

67' -%
, λ ∈]λ0−δ, λ0]+ %2 .- 
=%#:-14 5,32+ w̃x,y #2 =-6)9
7&)#&3732 7& ]0,∞[

2#&
- λ0 #2 %'(#)'%'*4

"#&%==*+ #) #2 -%2* )7 ?-'#6* ),%) w̃ #2 % :713=%' :-)'#
 7& X #6 %&1 7&=* #6

w #) #2 274 F&1--1+ w̃ #2 % :713=%' :-)'#
 7& X #6 %&1 7&=* #6 w̃λ(x, y) = 0 67'
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"#
% λ ∈]0,∞[ &'()&"* x = y, +,- w̃λ(x, y) = inf0<t<λ wt(x, y) = 0 ./0 "#
%

λ ∈]0,∞[ &. #12 /1)3 &. wt(x, y) = 0 ./0 "#
% t ∈]0,∞[4 5%&
% 
/1
),2"* -%"

(0//.6 �

7+*"08" -%#- &1 -%" (0"
"2&19 0"*,)- w̃ 
/&1
&2"* 5&-% w4 5%"1"8"0 wx,y
&* # )".-:
/1-&1,/,* .,1
-&/14 ./0 "#
% x, y ∈ X6

;0/(/*&-&/1 <6 6=> #12 ?%"/0"' <6 6@ #))/5 ,* -/ 9&8" -%" *"#0
%"2 '"-%/2

./0 
/1*-0,
-&19 # .,AA3 (*",2/:'"-0&
 .0/' # '/2,)#0 (*",2/:'"-0&
6

 !"#$"% &'(')*'  !" ∗ #! $ 
&'"(')&)* t+'&,- .("/ $00("(1! 2!'!,$"&,

f∗ : [0, 1] → [0,∞]3 45 w (* $ -&0)6$, 7*!)0&+-!",(
 &' X8 "/!' "/!

7$(, (Mw,f∗ , ∗) (* $ 5)99: 7*!)0&+-!",(
 &' X8 ./!,! "/! 5)99: *!" Mw,f∗ :

X ×X × [0,∞[ (* 0!;'!08 5&, $66 x, y ∈ X8 #:

Mw,f∗(x, y, t) = f
(−1)
∗ (w̃t(x, y)) ,

./!,! w̃t(x, y) = inf0<λ<t wt(x, y)3 <&,!&1!,8 (Mw,f∗, ∗) (* $ 5)99: -!",(


&' X (5 $'0 &'6: (5 w (* $ -&0)6$, -!",(
 &' X3

+$##,' B3 ;0/(/*&-&/1 <6 6=> 5" 2"2,
" -%#- w̃x,y &* # '/2,)#0 (*",2/:

'"-0&
 /1 X6 ?%"/0"' <6 6@ 9,#0#1-""* -%#- Mw,f∗ &* # '/2,)#0 &12&*-&1:

9,&*%#+&)&-3 /("0#-/0 ./0 ∗ /1 X6 C/0"/8"04 
/1-&1,&-3 /. f (−1)∗ #12 -%"

)".-:
/1-&1,&-34 (0/8&2"2 +3 ;0/(/*&-&/1 <6 6=>4 /. -%" .,1
-&/1 w̃x,y 9,#0:

#1-"" -%#- #D&/' (KM5) &* .,)E))"26 ?%,* -%" (#&0 (Mw,f∗ , ∗) &* # .,AA3

(*",2/:'"-0&
 /1 X6 F&1#))34 +3 ;0/(/*&-&/1 <6 6=> #12 ?%"/0"' <6 6@4 &- &*

/+8&/,* -%#- (Mw,f∗ , ∗) &* # .,AA3 '"-0&
 /1 X &. #12 /1)3 &. w &* # '/2,)#0

'"-0&
 /1 X6 �
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'"/2 /8 '%#1# %2* )/0/'# 9%6(2'#:5 ;( 8/
,# /2 !/; '/
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#$ */
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/ ,' /#
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#$%&$%
( )* +% +,$%# #) -$./)%& #) +% .#01232. 0%#$%.0#( +%&4 #5$-$*)-$4 #)

1+6$ #5$ #+.67 8% 9:℄4 0# <+. /-)/).$& + 1$#5)&4 =+.$& )% -$./)%.$ *2%
#0)%.4

#) 1)&$3 #5$ +*)-$.+0& /-)=+=030#( <5$% #5$ -$./)%.$ #5-$.5)3& 0. >?$& )@$-

#01$7 8% #5$ +*)-$.+0& -$*$-$%
$4 #5$ .)A
+33$& .$10A3),+-0#510
 /-)=+=030#(

-$./)%.$ *2%
#0)% P (s, θ) 
+% =$ &$>%$& =(

P (s, θ) =
sn

sn + θn
, BC7DE

<5$-$ s &$%)#$. *)- $+
5 +,$%# #5$ 0%#$%.0#( )* + .#01232. #) 
+--( )2# +

/+-#0
23+- #+.6 +%& θ &$%)#$. #5$ #5-$.5)3& *)- $+
5 +,$%# +%& #+.67 F)#0
$

#5+#4 +

)-&0%, #) 9:℄4 n > 1 B<0#5 n ∈ NE &$#$-10%$. #5$ .#$$/%$.. )*

#5$ #5-$.5)3&7 G* 
)2-.$4 #5$ %21$-0
+3 @+32$ P (s, θ) 
+% =$ 0%#$-/-$#$&

+. *)33)<.H G% #5$ )%$ 5+%&4 @+32$. )* #5$ .#01232. 0%#$%.0#( 12
5 .1+33$-

#5+% #5-$.5)3& B&$%)#$& =( s << θE4 01/30$. -$./)%.$ @+32$. B/-)=+=030#0$. )*

$%,+,0%, #+.6 /$-*)1+%
$E 
3).$ #) 07 G% #5$ )#5$- 5+%&4 .#01232. 0%#$%.0#(

12
5 ,-$+#$- #5+% #5$ #5-$.5)3& B&$%)#$& =( s >> θE4 1$+%. /-)=+=030#( )*

$%,+,0%, #+.6 /$-*)-1+%
$ 
3).$ #) 17

G#5$- +2#5)-. 5+@$ 2.$& -$./)%.$ *2%
#0)%. )* #(/$ BC7DE 0% )-&$- #) 1)&$3

/-)=+=030#( )* $%,+,0%, #+.6. /$-*)-1+%
$ 0% 123#0A-)=)# #+.6 +33)
+#0)%7 I$
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23+- $@$%#. #) 0%&0@0&2+3 -)=)#. 0% .2
5 + <+( #5+# $+
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#5$ %$$& #) 5+%&3$ #5$ 
3).$.# #+.67 8% #50. &0-$
#0)%4 #5$ .#01232. /-)&2
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P (s, θ) =
σ(r, e)n

σ(r, e)n + θn
. #$% &

'()*+ *,-./+012 304*+*1) )5+*65/.367 '6 896 -/01)*3 /:) 01 ;<=℄7 )5* ?*6)

-*+(/+@91
* 896 9
50*B*3 80)5 )5* 01B*+6* /( )5* *,-*
)*3 306)91
* ?*)8**1

)96C6 D7 0%*%7 θ = 1
D
% D1 )506 
96*7 s << θ7 /+ *E:0B9.*1).F d(r, e) >>

D7 0@-.0*6 ./8 +*6-/16* )/ *1292* )5* )96C 913 s >> θ7 /+ *E:0B9.*1).F

d(r, e) << D7 0@-.0*6 5025 @/)0B9)0/1 )/ )9C* /1 )5* )96C%

' 6)+9025)(/+89+3 
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