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Featured Application: Indistinguishability can provide a new family of response functions that1

could be applied to implement a new generation of swarm-like methods to carry out missions,2

like for example, allocate tasks to a set of robots in different environments. Actually, this paper3

provides a first implementation of this kind of systems.4

Abstract: In this paper we show an application of indistinguishability operators to model response5

functions. Such functions are used in the mathematical modeling of the task allocation problem6

in multi-agent systems when the stimulus, perceived by the agent, to perform a task is assessed7

by means of the response threshold model. In particular, we propose this kind of operators to8

represent a response function when the stimulus only depends on the distance between the agent9

and a determined task, since we prove that two celebrated response functions used in the literature10

can be reproduced by appropriate indistinguishability operators when the stimulus only depends11

on the distance to each task that must be carried out. Despite nowadays there is not a systematic12

method to generate response functions, this paper provides, for the first time, a theoretical foundation13

to generate them and study their properties. To validate the theoretical results, the aforementioned14

indistinguishability operators have been used to simulate under MATLAB the allocation of a set of15

tasks in a multi-robot system with fuzzy Markov chains.16

Keywords: task allocation; multi-agents; multi-robot; swarm; response function; t-norm; additive17

generator; indistinguishability operator; distance.18

1. Introduction19

The distribution of a determined number of tasks among a group of agents is a problem intensely20

studied in different fields, as Economics or Robotics (we refer the reader, for instance, to [1–3] for a21

deeper treatment of the topic). It consists in allocating a collection of labours on an amount of agents22

in the most efficient way, i.e., in such a way that the best agent is selected to perform each one of the23

labour to be carried out. This problem, commonly referred to as task allocation problem, is still an open24

issue in real environments where the agents have a limited number of resources to obtain the optimal25

allocation. One of those challenging environments is the one formed by two or more autonomous26

robots that perform cooperatively a common mission, from now on referenced as multi-robot systems.27

Among all the methods proposed to address the task allocation problem, this paper focuses28

on swarm methods, which are inspired by insect colonies where an intelligent behaviour emerges29

from the interaction of very simple skills running on each agent. Concretely, this work focuses on30

the so-called Response Threshold Method (RTM for short). In these methods each involved agent31
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has associated a task response threshold and a task stimulus. The task stimulus value indicates how32

much attractive is the task for the agent and its threshold is a parameter of the system. Thus, an agent33

starts the execution of a task following a probability function, referenced as response function and34

denoted as P, that depends on both aforementioned values. As the probability of executing a task35

only depends on the current task, or state, the decision process can be modelled as a probabilistic36

Markov chain. This classical probabilistic approach presents some well known disadvantages (see37

[4]), for instance problems with the selection of the probability function (response function) when38

more than two tasks are considered, asymptotic converge to a system’s stable state, and so on. Due to39

the inconveniences, in [4] it was proposed a new possibilistic theoretical formalism for a RTM. The40

RTM is implemented considering transitions possibilities (response functions) instead of transitions41

probabilities (response functions) and possibilistic Markov chains (also known as fuzzy Markov chains)42

instead the classical probabilistic ones. The theoretical and empirical results demonstrated, among43

other advantages, that fuzzy Markov chains applied to task allocation problems require a very few44

number of steps to converge to a stable state.45

As will be proved for the first time in this paper, the most widely used response functions are a46

specific kind of mathematical functions called indistinguishability operators. This work demonstrates47

that the indistinguishability operators, in general, are useful in modeling the response probability48

function in response threshold task allocation problems in those cases in which the stimulus of each49

agent of the group only depends on the distance to each task that must be carried out. So, the aim of50

this paper from a theoretical point of view is twofold. On the one hand, we will use a well-known51

technique to induce indistinguishability operators in order to provide a few examples that could be52

useful to model of response functions. On the other hand, we will show that two popular response53

functions exposed in [5] can be reproduced from indistinguishability operators. Thus, this paper54

provides a new systematic method to generate response functions.55

This paper extends the previous work in [4,6] in order to apply the indistinguishability operators56

as possibility transition functions to allocate tasks in a multi-robot system with fuzzy Markov chains.57

As tested in the aforementioned references, each robot uses a fuzzy Markov chain to decide the next58

task to execute. This paper also extends these previous works with new simulations performed under59

MATLAB in order to test the system’s behaviour in environments with tasks placed in clusters or60

groups. The results show that, on the one hand, the convergence time does not depend on the tested61

indistinguishability operator used as possibility transition function. On the other hand, the simulations62

also show that the placement of the objects clearly impacts on the system performance. In all cases, the63

fuzzy Markov chains always outperform their probabilistic counterpart.64

The paper is organized as follows: in Section 2 the main concepts on Response Threshold Methods65

are reviewed. In Section 3 we recall all pertinent aspects of indistinguishability operators necessary to66

our subsequent discussion. In Section 4, first we illustrate the well-kby means ofnown technique for67

generating indistinguishability operators from distances by means of two illustrative examples. After68

this, we show that a celebrated response function that appear in [5] can be retrieved from an appropriate69

indistinguishability operator and the mentioned technique. Furthermore, inspired by the so-called the70

classical exponential response function given in [7], we introduce a new indistinguishability operator.71

The numerical values admit the same interpretation as the aforesaid paradigmatic exponential response72

function. We also show that the such an exponential response function can be exactly retrieved from73

the introduced indistinguishability operator by means of a known technique to induce distances from74

indistinguishability operators. Section 5 reviews the basics of possibilistic theory and fuzzy Markov75

chains. In Section 6 it will be posed the possibilistic multi-robot task allocation problem. Then, in76

Section 7 we will show the experimental results. Finally, Section 8 presents the conclusions and future77

work.78
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2. Swarm task allocation: Response Threshold79

In this section we will introduce the main concepts of classical (probabilistic) Response80

Threshold Methods (RTMs) and we will motivate that their response functions can be assimilated to81

indistinguishability operators. It must be recall that classical RTMs are modelled using probabilistic82

Markov chains.83

As was mentioned in Section 1, one way to model the probability transition function of the84

aforementioned Markov chain is by means of the so-called stimulus and response thresholds.85

Concretely, the stimulus expresses the need perceived by the agent to develop a task and the threshold86

determines the tendency of an agent to respond to an stimulus intensity and, therefore, to make the87

task. In [5], it was proposed a method, based on response functions, to model the aforesaid probability88

when the response threshold is fixed over time. In the aforesaid reference, the probability response89

function P(s, θ) can be defined by90

P(s, θ) =
sn

sn + θn , (1)

where s denotes for each agent the intensity of a stimulus to carry out a particular task and θ denotes91

the threshold for each agent and task. Notice that, according to [5], n > 1 (with nN) determines the92

steepness of the threshold. Of course, the numerical value P(s, θ) can be interpreted as follows: On the93

one hand, values of the stimulus intensity much smaller than threshold (denoted by s << θ), implies94

response values (probabilities of engaging task perfomance) close to 0. On the other hand, stimulus95

intensity much greater than the threshold (denoted by s >> θ), means probability of engaging task96

performance close to 1.97

Other authors have used response functions of type (1) in order to model probability of engaging98

tasks performance in multi-robot task allocation. We can find an instance in [8], where it was proposed99

a mathematical model to assign particular events to individual robots in such a way that each robot100

is limited to one task at time. Concretely, they assume that each robot senses the need to handle the101

closest task. In this direction, the stimulus produced by a task e for a robot r was taken as the inverse102

of the distance between the task and the robot, i.e. s = σ(r, e) = 1
d(r,e) . Then, the probability response103

function is formulated as follows:104

P(s, θ) =
σ(r, e)n

σ(r, e)n + θn . (2)

After exploring different thresholds, As was pointed out in [8], the best performance was achieved with105

the inverse of the expected distance between tasks D, i.e. θ = 1
D . In this case, s << θ, or equivalently106

d(r, a) >> D, implies low response to engage the task and s >> θ, or equivalently d(r, e) << D,107

implies high motivation to take on the task.108

A straightforward computation yields that (2) can be transformed into the response function109

P(s, D) =
Dn

Dn + d(r, e)n , (3)

Notice that expression (3) maintains the essential properties of the response function (2). It must110

be stressed that this kind of response functions have been recently applied to possibilistic multi-robot111

task allocation problems (see [4] for more details).112

Expression (3) has motivated this paper, since as we will show in Section 4, P(s, D) is an113

indistinguishability operator (see Section 3).114

3. Preliminaries on Indistinguishability Operator115

The concept of triangular norm, briefly t-norm, appeared in the literature as a tool to manage the116

triangle inequality in the construction of metric spaces which take as values a probability distribution117

instead of a positive real number. Since then, they have played an essential role in Fuzzy Logic118
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and many authors have contributed to the development of this kind of binary operation. Our basic119

reference for t-norms and all related notions is [9].120

Let us recall that a t-norm is a function T : [0, 1]2 → [0, 1] such that for all x, y, z ∈ [0, 1] the121

following four axioms are satisfied:122

(T1) T(x, y) = T(y, x); (Commutativity)123

(T2) T(x, T(y, z)) = T(T(x, y), z); (Associativity)124

(T3) T(x, y) ≥ T(x, z); where y ≥ z (Monotonicity)125

(T4) T(x, 1) = x. (Boundary Condition)126

An interesting subclass of t-norms in our subsequent study are the so-called Archimedean which127

are defined as follows:128

A t-norm is called Archimedean if for each x, y ∈]0, 1[ there exists n ∈ N such that x(n) < y, where129

x(n) = T(x, . . . , x) n-times.130

Archimedean t-norms are exactly those t-norms that satisfy T(x, x) < x for each x ∈]0, 1[131

whenever T is, in addition, continuous. Two well-known examples of continuous Archimedean132

t-norms are the usual product TP and the Luckasievicz t-norm TL, where TP(x, y) = x · y and133

TL(x, y) = max{x + y − 1, 0} for all x, y ∈ [0, 1]. An example of continuous t-norm which is134

non-Archimedean is the minimum t-norm TM, i.e., TM(x, y) = min{x, y} for all x, y ∈ [0, 1]. These135

t-norms are the most commonly used in Fuzzy Logic.136

A concept related to a t-norm, which will play an important role in this paper, is the notion of137

pseudo-inverse and additive generator. The notion of pseudo-inverse is given as follows:138

Let f : [0, 1]→ [0, ∞] be a strictly decreasing continuous function provided that f (1) = 0. Then139

the pseudo-inverse f (−1) : [0, ∞]→ [0, 1] of f is defined as follows:140

f (−1)(y) = f−1(min{ f (0), y}) = max{0, f−1(y)}. (4)

Moreover, given a t-norm T, a strictly decreasing continuous function fT : [0, 1]→ [0, ∞] is said to be
an additive generator of T provided that fT(1) = 0 and

T(x, y) = f (−1)
T ( fT(x) + fT(y)).

Note that in this case, the t-norm is continuous.141

It is known that each t-norm with an additive generator is Archimedean. However, the converse142

of the former assertion is not true in general. The next result states that continuous t-norms always143

admit an additive generator.144

Theorem 1. A mapping T : [0, 1]× [0, 1] → [0, 1] is a continuous Archimedean t-norm if and only if there145

exists a continuous additive generator fT of T.146

Let us note that if T is a t-norm and fT is an additive generator of T, then this additive generator147

multiplied by a positive constant is again an additive generator of T, i.e., if fT is an additive generator148

of T, then the function fT,θ is again an additive generator of T, where fT,θ(x) = θ · fT(x) for all x ∈ [0, 1]149

and each θ ∈]0, ∞[. Furthermore, if f (−1)
T is the pseudo-inverse of an additive generator fT , then it is150

easy to verify that the pseudo-inverse of the additive generator fT,θ is given by f (−1)
T,θ (y) = f (−1)

T ( y
θ )151

for all y ∈ [0, ∞].152

We have introduced some details about t-norms that will be necessary later on. Now, we are able153

to recall the concept of T-indistinguishability operator. This concept was introduced in 1982 by E. Trillas154

as a way to measure the degree of equivalence, in Fuzzy Logic, between the elements of a set X (see155

[10,11]).156

Let X be a nonempty set and let T be a t-norm, we will say that a fuzzy set E : X× X → [0, 1] is a157

T-indistinguishability operator if it satisfies for each x, y, z ∈ X the following:158
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(E1) E(x, x) = 1; (Reflexivity)159

(E2) E(x, y) = E(y, x); (Symmetry)160

(E3) E(x, z) ≥ T(E(x, y), E(y, z)). (Transitivity)161

A T-indistinguishability operator E is said to separate points provided that E(x, y) = 1⇔ x = y162

for all x, y ∈ X. The notion of indistinguishability operators is essentially interpreted as a measure of163

similarity (in contrast to dissimilarity modelled by pseudo-metrics). Thus, E(x, y) matches up with the164

degree of indistinguishability between the objects x and y. In fact, the greater E(x, y) the most similar165

are x and y. In such a way that when x = y, then the measure of similarity is exactly E(x, x) = 1.166

Since Trillas introduced the notion of indistinguishability operator, many authors have contributed167

to the development of a theory in which this concept plays an essential role. We focus our attention on168

a method to construct T-indistinguishability operators from distances and vice-versa (for a detailed169

treatment of the topic we refer the reader to [12–14]).170

The next proposition provides a technique that allows us to construct distances from171

indistinguishability operators.172

Theorem 2. Let X be a nonempty set and let T∗ be a t-norm with additive generator fT∗ : [0, 1]→ [0, ∞]. Let
dE : X× X → [0, ∞] be the function defined by

dE(x, y) = fT∗(E(x, y))

for all x, y ∈ X. If T is a t-norm, then the following assertions are equivalent:173

1) T∗ ≤ T (i.e., T∗(x, y) ≤ T(x, y) for all x, y ∈ X).174

2) For any T-indistinguishability operator E on X that separates points the function dE is a distance on X.175

The following result developes a technique that allows to induce indistinguishability operators176

from distances.177

Theorem 3. Let d be a distance on a nonemprty set X and let T be a continuous Archimedean t-norm with178

additive generator fT . Then, the fuzzy set ET : X × X → [0, 1], given by ET(x, y) = f (−1)
T (d(x, y)) for all179

x, y ∈ X, is a T-indistinguishability operator that separates points on X.180

Recall that a distance on a nonempty set X is a fucntion d : X×X → [0, ∞] satisfying the following181

axioms for all x, y, z ∈ X:182

(d1) d(x, y) = 0⇔ x = y;183

(d2) d(x, y) = d(y, x);184

(d3) d(x, z) ≤ d(x, y) + d(y, z).185

4. T-indistinguishability operators, distances and response functions186

In this section we will apply Theorems 2 and 3 for some particular t-norms in order to construct187

two indistinguishability operators that allow to reproduce two celebrated response functions that188

appear in [5]. In this direction we first provide a few examples of T-indistinguishability operators that189

separate points with the aim of illustrating such a technique, due to the lack of this sort of examples in190

the literature.191

4.1. Examples192

We begin applying the aforesaid construction to the Luckasievicz t-norm TL which is continuous193

and Archimedean (see Section 3).194

A TL-indistinguishability operator195
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Let d be a distance on a nonempty set X and consider the Luckasiewicz t-norm TL. It is clear that
the function fTL : [0, 1]→ [0, ∞], given by fTL(x) = 1− x for all x ∈ [0, 1], is an additive generator of

TL. Applying (4), an easy computation shows that the pseudo-inverse f (−1)
TL

of the additive generator
fTL is given by

f (−1)
TL

(y) = max{0, 1− y}

for all y ∈ [0, ∞]. Then, using the construction of Theorem 3, i.e. ETL(x, y) = f (−1)
TL

(d(x, y)) for all196

x, y ∈ X, we obtain a TL-indistinguishability operator on X that separates points, which has the197

following expression:198

ETL(x, y) =

{
1− d(x, y), if 0 ≤ d(x, y) < 1;
0, elsewhere,

for all x, y ∈ X.199

A TP-indistinguishability operator200

Let d be a distance on a nonempty set X and consider the product t-norm TP. It is clear that the201

function fTP : [0, 1]→ [0, ∞], given by fTP(x) = − log(x) for all x ∈ [0, 1], is an additive generator of202

TP. The pseudo-inverse f (−1)
TP

of fTP is given by203

f (−1)
TP

(y) = e−y

for all y ∈ [0, ∞]. Then, using the construction of Theorem 3, i.e., ETP(x, y) = f (−1)
TP

(d(x, y)) for all204

x, y ∈ [0, 1], we obtain the following expression:205

ETP(x, y) = e−d(x,y)

for all x, y ∈ X. As in the above example, Theorem 3 ensures that ETP is a TP-indistinguishability206

operator on X that separates points.207

After presenting these two easy, but illustrative, preceding examples, which are constructed by208

means of the most commonly continuous Archimedean t-norms used in Fuzzy Logic, we will continue209

showing that the response function P, given by (3), is an indistinguishability operator which opens a210

wide range of potential applications from a mixed framework based on indistinguishability operators211

and distances to task allocation problems in multi-agent systems.212

4.2. P as an indistinguishability operator213

Consider the family of t-norms (Tλ
Dom)λ∈[0,∞] due to Dombi. Recall, according to [9], that such a214

family of t-norms is given by:215

Tλ
Dom(x, y) =


TD(x, y), if λ = 0;
TM(x, y), if λ = ∞;

1

1+
(
( 1−x

x )
λ
+
(

1−y
y

)λ
) 1

λ

, elsewhere,

where TD is the drastic t-norm (see [9]).216

According to [9], the t-norm Tλ
Dom is continuous and Archimedean for each λ ∈]0, ∞[. Moreover217

an additive generator of Tλ
Dom is given by218

fTλ
Dom

(x) =
(

1− x
x

)λ

for all x ∈ [0, 1] and for each λ ∈]0, ∞[. It is not hard to verify that the pseudo-inverse of this additive219

generator f (−1)
Tλ

Dom
is given by220
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f (−1)
Tλ

Dom
(y) =

1

1 + y
1
λ

for all y ∈ [0, ∞] and for each λ ∈]0, ∞[.221

Taking into account the preceding facts we are able to prove that P is in fact an indistinguishability222

operator constructed from a Dombi t-norm. To this end, assume that d is a distance on X and let Tλ
Dom223

be a Dombi t-norm for an arbitrary λ ∈]0, ∞[. By Theorem 3 we obtain a Tλ
Dom-indistinguishability224

operator ETλ
Dom

that separates points by means of ETλ
Dom

(x, y) = f (−1)
Tλ

Dom
(d(x, y)) for all x, y ∈ X. It follows225

that226

ETλ
Dom

(x, y) =
1

1 + d(x, y)
1
λ

for all x, y ∈ X.227

Next fix n ∈ N and take λ = 1
n . Then we have that f

T
1
n

Dom ,θ
is also an additive generator of T

1
n

Dom,228

where229

f
T

1
n

Dom ,θ
(x) = θ · f

T
1
n

Dom

(x) = θ ·
(

1− x
x

) 1
n

for all x ∈ X and for each θ ∈]0, ∞[.230

Now, we will apply Theorem 3 through f
T

1
n

Dom ,θ
. Since the pseudo-inverse f (−1)

T
1
n

Dom ,θ
of f

T
1
n

Dom ,θ
is given231

by232

f (−1)

T
1
n

Dom ,θ
(y) = f (−1)

T
1
n

Dom

(y
θ

)
=

1
1 +

( y
θ

)n =
θn

θn + yn .

Therefore, E
T

1
n

Dom

is a T
1
n

Dom-indsitinguishability operator with233

E
T

1
n

Dom

(x, y) = f (−1)

T
1
n

Dom ,θ
(d(x, y)) =

θn

θn + d(x, y)n (5)

for all x, y ∈ X. Since P given by (3) matches up with the preceding one we conclude that the234

response function P is a T
1
n

Dom-indsitinguishability operator that separates points.235

4.3. An exponential response function and indistinguishability operators236

In [7] (see also [5]) an exponential response function was introduced in order to model honey bee237

division of labour by means of response thresholds. In particular, the exponential response function of238

an agent taken under consideration was the following:239

Pexp(s, θ) = 1− e−
s
θ , (6)

where s denotes the intensity of the stimulus for an agent to carry out a task and θ is the threshold.240

Note that, as in the case of response function (1), the probability of engaging task performance is small241

for s << θ, and is close to 1 for s >> θ.242

Our final goal of this section is twofold. On the one hand, we provide an example of243

indistinguishability operator which exhibits a behavior similar to response function (6) and, thus, it244

could be used in task allocation problems. On the other hand, we are able to retrieve exactly, from the245

generated indistinguishability operator and through the technique stated in the statement of Theorem246

2, the response function (6) when it depends on the distance between an agent and a task.247
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Next consider the family of t-norms (Tλ
AA)λ∈[0,∞] introduced by Aczél and Alsina. Recall,248

according to [9], that such a family is given as follows:249

Tλ
AA(x, y) =


TD(x, y), if λ = 0;
TM(x, y), if λ = ∞;

e−((− log x)λ+(−logy)λ)
1
λ , elsewhere.

Following [9], for each λ ∈]0, ∞[ we have that Tλ
AA is continuous and Archimedean. Moreover, an250

additive generator of Tλ
AA is given by251

fTλ
AA
(x) = (− log(x))λ

for all x ∈ [0, 1]. A straightforward computation shows that the pseudo-inverse f (−1)
Tλ

AA
of fTλ

AA
is given252

as follows:253

f (−1)
Tλ

AA
(y) = e

−
(

y
1
λ

)
,

for all y ∈ [0, ∞] and for each λ ∈]0, ∞[.254

In the light of the exposed facts we are able to introduce the announced indistinguishability255

operator. To this end, assume that d is a distance on a nonempty set X and let Tλ
AA be an Aczél-Alsina256

t-norm for λ ∈]0, ∞[. Applying Theorem 3 we obtain the Tλ
AA-indistinguishability operator ETλ

AA
given257

by258

ETλ
AA
(x, y) = e

−
(

d(x,y)
1
λ

)

for all x, y ∈ X. Notice that ETλ
AA

separates points.259

Now, following similar arguments to those given in Subsection 4.2 we obtain, for each n ∈ N and260

θ ∈]0, ∞[, the following indistinguishability operator from the preceding one:261

E
T

1
n

AA

(x, y) = e−
d(x,y)n

θn . (7)

Of course, one can observe that the last operator presented involves the same elements of function262

(3). Indeed, this operator depends simultaneously on the distance d(x, y), on a threshold parameter θ263

and it contains the non-linearity constant n. Besides, the nature of this indistinguishability operator264

is an exponential function as response function (6). Nevertheless, a slightly difference between them265

must be stressed with the aim of interpreting the operator given in (7) as a response function. It is clear266

that in (7), s must be considered as the inverse of the distance with the aim of the indistinguishability267

operator in (7) can be interpreted as a response function. Indeed, s must be understood as the inverse268

of the distance in order to preserve the essence of the impact of the stimulus s in the expression of269

a response function. Thus we have that the operator given by (7) acts as response function since it270

satisfies the following: d(x, y) >> θ implies probability response close to 0 and d(x, y) << θ returns a271

probability response close to 1. It follows that the idea of “an agent is high motivated for performing272

closer tasks” is preserved. The fact that the operator in (7) can be interpreted as a response function273

inspires that several families of indistinguishability operators can be proposed and tested with a large274

number of experiments in order to be compared with previous response functions used in the literature275

and, thus, to determine if indistinguishability operators are an appropriate mathematical tool for task276

allocation problems.277

Finally, we show that, in addition, the indistinguishability operator given by (7) allows to retrieve278

exactly the response function (6). Hence, indistinguishability operators can still be used for generating279

response function even in those cases in which the stimulus s cannot be understood as the inverse280
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of the distance. Indeed, note that TL ≤ T1
AA = TP and, thus, Theorem 2 guarantees that the function281

given by dET1
AA

= fTL(ET1
AA
) = 1− ET1

AA
is a distance on X. But such a function matches up with the282

exponential response function given by 6.283

5. Possibilistic Markov chains: theory284

As was proved in [4], possibilistic Markov chains provide a lot of advantages and outperform its285

probabilistic counterpart when they are applied to task allocation problems. This section summarizes286

the main theoretical concepts of possibilistic (fuzzy) Markov chains.287

Following [15,16] we can define a possibility Markov (memoryless) process as follows: let S =288

{s1, . . . , sm} (m ∈ N) denote a finite set of states. If the system is in the state si at time τ (τ ∈ N), then289

the system will move to the state sj with possibility pij at time τ + 1. Let x(τ) = (x1(τ), ..., xm(τ)) be290

a fuzzy state set, where xi(τ) is defined as the possibility that the state si will occur at time τ for all291

i = 1, . . . , m. Notice that
∨m

i=1 xi(τ) ≤ 1 where ∨ stands for the maximum operator on [0, 1]. In the292

light of the preceding facts, the evolution of the fuzzy Markov chain in time is given by293

xi(τ) =
m∨

j=1

pji ∧ xj(τ − 1),

where ∧ stands for the minimum operator on [0, 1]. The preceding expression admits a matrix294

formulated as follows:295

x(τ) = x(τ − 1) ◦M = x(0) ◦Mτ , (8)

where M = {pij}m
i,j=1 is the fuzzy transition matrix, ◦ is the matrix product in the max-min algebra296

([0, 1],∨,∧) and x(τ) = (x1(τ), . . . , xm(τ)) is the possibility distribution at time τ.297

Taking into account the preceding matrix notation and following [15], a possibility distribution298

x(τ) of the system states at time τ is said to be stationary, or stable, whenever x(τ) = x(τ) ◦M. During299

the experiments, explained in Section 7, each state will be a task to execute and, therefore, m will stand300

for the number of tasks.301

One of the main advantages of the possibilistic Markov chains with respect to their probabilistic302

counterpart is given by the fact that under certain conditions, provided in [17] by J. Duan, the system303

converges to a stationary state in at most m− 1 steps.304

6. Possibilsitic Multi-robot Task Allocation305

In this section we will see how to use possibilistic Markov chains for developing a RTM in order306

to allocate a set of robots to tasks using the aforementioned indistinguishability operators (see (1) and307

(7)). Although the implementation proposed in this section only considers robots, it can be easily308

extended to more generic multi-agent scenarios.309

Formally, the problem to solve could be defined as follows: Let l, m ∈ N. Denote by R the set of310

robots with R = {r1, ..., rl} and by T the set of tasks to carry out with T = {t1, ..., tm}. Both, tasks and311

robots are placed in an environment.312

According to the classical RTMs (see Section 2), for each robot rk and for each task tj, a stimulus313

srk ,tj ∈ R that represents how suitable tj is for rk is defined. Besides, a threshold value θ is assigned314

to each robot rk. Thus, a robot rk, allocated at task ti, will select a task tj to execute with a possibility315

E
T

1
n

Dom

(ti, tj) according to a fuzzy Markov decision chain. In the following, the stimulus of each robot rk316

to transit from task ti to task tj only depends on the distance between the tasks which will be denoted317

by d(ti, tj). So, the stimulus of each robot rk to transit from ti to task tj is given as follows:318

sti ,tj =


1

d(ti ,tj)
if d(ti, tj) 6= 0

∞ if d(rk, tj) = 0
. (9)
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This stimulus srk ,tj allows us to obtain, by means of the indistinguishability operator (5), the319

following possibilistic transition function (response function),320

pij = E
T

1
n

Dom

(ti, tj) =
θn

θn + d(ti, tj)n . (10)

If the same stimulus (distance) is applied to the indistinguishability operator (7), then the following321

possibilistic transition function (response function), is obtained:322

pij = E
T

1
n

AA

(ti, tj) = e−
d(ti ,tj)

n

θn . (11)

From now on, we will reference the response function given by (11) as Exponential Possibility323

Response Function (EPRF for short) and the response function given by (10) as Original Possibility324

Response Function (OPRF for short). Furthermore, as the transition functions EPRF and OPRF are325

indistinguishability operators, we will use both terms, transition possibility and indistinguishability326

operator equally.327

As was proved in [6] (see also [4]), when either response functions (or indistinguishability328

operators), (10) or (11), are used as a possibility transition, the obtained fuzzy Markov chain holds the329

Duan’s convergence requirements. Therefore, we can ensure that the system converges to a stationary330

state in at most m− 1 steps. It must be recall that, in general, the convergence of the probabilistic331

Markov chains is only guaranteed asymptotically.332

7. Experimental Results333

In this section we will show the experiments carried out to compare the number of steps required334

to converge to a stationary state using probabilistic and possibilistic Markov chains induced from the335

indistinguishability operators given in (5) and (7).336

The robots must perform the task according to the stimulus defined in Section 6 under different337

configurations of the system: different position of the objects, parameters of the possibility response338

functions (θ and the power n) and number of tasks. All the experiments have been carried out339

using MATLAB with different synthetic environments. Figure 1 shows an example of the 3 types of340

environment used during the experiments depending on the position of the tasks: randomly placed341

(Figure 1(a)), tasks grouped into 2 clusters (Figure 1(b)) and grouped into 4 clusters (Figure 1(c)). This342

section extends the previous work given in [6] in order to considering clustered tasks.343
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(a) Tasks placed randomly.
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(b) Tasks arranged into 2 clusters.

-300 -200 -100 0 100 200 300

X

-300

-200

-100

0

100

200

300

Y

(c) Tasks arranged into 4 clusters.

Figure 1. Environments with 100 tasks used for the experiments. Blue dots represent the position of
the tasks or objects.
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As pointed out in Section 2, the threshold value θ must depend on the position of the tasks.344

During the performed experiments the θ will depend on the maximum distance between tasks as345

follows:346

θ =
dmax

nTH
, (12)

where dmax is the maximum distance between two objects and nTH is a parameter of the system. In347

our simulations dmax is constant and equals to 800.5 units. In order to see the impact of the parameter348

nTH on the transition possibility (pij) from a task ti to the task tj, Figure 2 shows the values of pij using349

the indistinguishability operators OPRF (Figure 2(a)) and EPRF (Figure 2(b)) with nTH = 2, 4, 8 and350

the power value n = 2. It It should be noted that, if the distance is equal to 0 (d(ti, tj) = 0) then tj = ti351

and pij = pii is the possibility of remain in the current task.352
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(a) pij with the the indistinguishability operator OPRF.
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(b) pij with the the indistinguishability operator EPRF.

Figure 2. Transition possibility pij with nTH = 2, 4, 8 and power value n = 2.

Whichever possibility response function is used, (10) or (11), the possibilistic transition matrix for353

each robot, M, must be transformed into a probabilistic matrix for the possibilistic and probabilistic354

Markov chains results to be comparable. To make this conversion we use the transformation proposed355

in [18], where each element of M is normalized (divided by the sum of all the elements in its row)356

meeting the conditions of a probability distribution.357

7.1. Experiments with randomly placed objects358

This section focuses on experiments with tasks placed randomly, as can be seen in Figure 1(a). All359

the experiments have been performed with 500 different environments, with different number of tasks360



Version August 2, 2017 submitted to Appl. Sci. 12 of 15

(m = 50, 100) and different values of the power n in the expression of the indistinguishability operators361

(10) and (11). The threshold θ values under consideration are obtained from (12) setting nTH = 2, 4, 8.362

In [6] it was shown that OPRF and EPRF in these randomly generated environments needed the363

same number of steps to converge. This number of steps does not depend on neither θ nor the power364

value n. These simulations also show that only a 50% of the 500 environments could converge to a365

stationary state when probabilistic Markov chains are used. In contrast, with fuzzy Markov chains all366

the experiments converge and they required less than 25 steps. This shows that fuzzy Markov chains367

with indistinguishability operators always outperform their probability counterpart. Figure 3 shows368

the mentioned percentage of experiments that, using probabilistic Markov chains, do converge with369

100 randomly placed tasks.370
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Figure 3. Percentage of experiments that converge with 100 tasks using probabilistic Markov process.

7.2. Clustered environments371

This section shows the results obtained using environments with the tasks arranged in the groups372

or clusters, shown in Figures 1(b) and 1(c). As occurred in Section 7.1 the obtained results are very373

similar whichever indistinguishability operator is applied, OPRF or EPRF. Therefore, even if the tasks374

are arranged into clusters, both indistinguishability operators present an equivalent behavior and they375

are not affected by its parameters.376

Figure 4 shows the number of iterations required to converge with fuzzy Markov chains with 2377

and 4 clusters of tasks and different number of tasks (m = 20, 40, 60, 80, 100, 120). As can be observed,378

the number of clusters have a great impact on the system. For all cases, the environment with 4 groups379

needs a lower number of iterations to converge compared to the environment with 2 clusters. From380

these results, we can see that, with fuzzy Markov chains, the number of steps to converge to stable state381

depends only on the placement of tasks and not on the parameters of possibility transition function.382

Recall that the number of iterations required to converge is the same whichever indistinguishability383

operators is under consideration.384

Figure 5 shows the number of steps required to converge with several number of tasks (m =385

20, 40, 60, 80, 100, 120), a single environment with 2 clusters of tasks, nTH = 2 and probabilistic Markov386

chains. When the number of iterations is equal to 500 means that the chain does not converge. Figure387

5(a) shows this number of steps with the indistinguishability operator OPRF and Figure 5(b) with the388

indistinguishability operator EPRF, when the evolution of the process is modelled as a probbilistic389

Markov chain. These results show that the value n value has a great impact on the results and that,390

in general, the exponential transition requires a greater number of steps to converge compared to its391

original counterpart. Furthermore, the indistinguishability operator has a great impact on the number392

of steps required to converge when probabilistic Markov chains are considered. It must be recalled that393

with possibilistic MArkov chains both indistinguishability operators provide very similar results and394
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Figure 4. Number of iteration required to converge with fuzzy Markov chains for environments with 2
and 4 cluster (groups) of tasks.

it must be stressed that with possibilistic Markov chains, in general, the convergence is not guaranteed395

in a finite amount of steps.396

8. Conclusion and Further Work397

We have shown that the two most famous response functions given in literature, are retrieved398

as a particular cases from appropriate indistinguishability operators. This fact opens a wide range of399

potential applications from a mixed framework based on indistinguishability operators and distances400

to task allocation problems in multi-agent systems. We have applied the mentioned indistinguishability401

operators to allocate tasks to a group of robots according to a fuzzy Markov chain. We have shown402

that the results are very similar whichever indistinguishability operator is applied and, thus, that both403

present an equivalent behaviour. The simulations extend the results previously obtained in [6] to404

analyse environments where the tasks are arranged in groups or clusters. The results show that the405

number of iteration to converge with fuzzy Markov chains only depend on the placement of tasks in406

the environment and that they are not affected by the reminder of parameters of the system, whichever407

indistinguishability operator is applied. In contrast, when probabilistic Markov chains were used,408

this number of steps also depends on the indistinguishability operator. The theoretical and empirical409

obined results in this paper open a wide range of potential applications from a mixed framework based410

on indistinguishability operators and distances to task allocation problems in multi-agent systems411

when fuzzy Markov chains are under consideration.412

We plan to propose several families of indistinguishability operators to perform a large number of413

experiments in order to compare the new results with those provided by the task allocation methods414

that implement the two aforesaid response functions. An implementation of these methods on real415

robots is also under consideration.416
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(a) Results obtained from OPRF indistinguishability operator.
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(b) Results obtained from EPRF indistinguishability operator.

Figure 5. Number of iteration required to converge with probabilistic Markov chain with different
values of n power (n = 1, 2), nTH = 2, several number of tasks and 2 clusters of tasks. 500 iterations
means no convergence.
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