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1. Introduction 

 

1.1 Communication between neurons 

 

Most animal cells and some plant cells are negatively charged at the interior with respect of 

the exterior of the cell, i.e., they are electrically polarized. As a consequence, there is a 

voltage difference across the cell membrane, a structure that comprises a lipid bilayer with 

cholesterol and proteins, called the membrane potential and it is at its resting value as long 

as there are no perturbations acting on it. The voltage fluctuations often are provoked by an 

action potential, a wave of electrical discharge that propagates along a patch of cell’s 

membrane and causes the membrane potential to cross the threshold and drops in a short 

period of time. Typically, the resting potential at the axon hillock of a neuron is around −70 

mV and the threshold potential that has to surpass in order to initiate an action potential is 

around −55mV [1-4]. 

There are plenty of studies about the mechanisms that trigger an electrical response in 

neurons, in spite of existing many types of excitable cells, neurons carry out the simplest 

process in other to generate an action potential [2]. 

Action potentials are the key in nerve cells communication and are known as nerve 

impulses. A signal arrives to the neuron and travels along the axon in one direction, from 

the axon hillock to the synaptic button where the vesicles that contain the 

neurotransmitters open in response to the electric stimuli. Then, the neurotransmitters are 

released in the synaptic cleft, a short space between the axon terminal of a neuron and the 

dendrite of another one, move through diffusion and bind to receptors on the postsynaptic 

cell [1, 3, 4]. This binding opens various types of ion channels, proteins embedded in the 

cell’s membrane that allow the flux of ions in and out of the cell which causes the 

permeability of the membrane to change and, hence, the membrane potential [1, 3-5]. In 

Figure 1, the neurotransmission between two neurons is schematically represented.  

 

Figure 1. Schematic representation of neurotransmission between two neurons. The 

neurotransmitters of the presynaptic cell are released into the synaptic cleft and move towards the 

receptors of the postsynaptic neuron by diffusion. 

https://en.wikipedia.org/wiki/Ion_channel
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The synapse is labelled as excitatory when the binding increases the voltage membrane 

(depolarizes the membrane) and, otherwise, is said to be inhibitory if the binding decreases 

the voltage (hyperpolarizes the membrane). The excitatory and inhibitory state influences 

all the signals that arrive at the postsynaptic neuron coming from other neurons. Signals are 

summed and, if the net effect is excitatory the neuron tends to generate an action potential 

since this kind of input is closer to the threshold. However, in the case of an inhibitory 

influence, which is far from the threshold value, it is less likely that an action potential is 

formed. If a new action potential is generated, it propagates along the axon and passes the 

information to another neuron. The nerve impulses does not decay with the distance and 

time from the synapse [1, 3, 4]. 

Neurotransmission can also occur through electrical synapses where the excitable cells are 

touching directly in the form of gap junctions [1, 3, 4]. 

 

 

1.2 Properties and types of ion channels 

 

Ion channels allow the transmission of signals between excitable cells and its propagation 

along the cell’s membrane [2, 5]. 

An ion channel consists of many subunit proteins that form a central pore.  This pore opens 

only when a concrete conformation is acquired, letting ions go in and out of the cell [1, 4-6]. 

Moreover, most channels are selective, which means that only particular ions pass through 

them. In addition, the channel pore is, in general, so narrow that ions cross it in a single file, 

and the rate of ionic flow is determined by the maximum channel conductance [1, 2, 6, 7]. 

Ion channels can be classified depending on the nature of the stimuli that open or close 

them, i.e., which one governs the gate [1, 2, 5, 6]. 

The main types of ions channels are voltage-gated, ligand-gated (also known as ionotropic 

receptors) and mechanically-gated. The first ones respond to changes in the membrane 

potential. The ligand-gated ion channels are activated by specific chemical molecules, called 

ligands, that bind to the protein inducing a conformational change in the channel, such as 

neurotransmitters [1, 2, 5-7]. Mechanically-gated ion channels respond to physical 

deformation of the receptor, for example, by a pressure stimuli [1, 2, 7]. 

Other types of ion channels are light-gated channels that respond to light or cyclic 

nucleotide-gated channels that are nonselective cation channels activated by the 

combination of the binding of cyclic nucleotides and either hyperpolarization or 

depolarization [1, 5]. Another type of channels are temperature-gated. In this case, channels 

are sensitive to temperature changes[5]. 

 

 

 

 

https://en.wikipedia.org/wiki/Electrical_synapse
https://en.wikipedia.org/wiki/Gap_junction
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1.3 Activation of voltage-gated ion channels 

 

This work is focussed in voltage-gated ion channels. These channels contain four domain 

regions that can fold independently of the rest, each with various transmembrane helices 

that form a central pore. These domains assume different conformations that lead to an 

open or closed state of the channel and the rate of transitions between different 

conformations and the probability to change the state are determined by the membrane 

potential. Thus, a voltage-gated ion channel opens for some values of the membrane 

potential and closes for others [1, 2, 4, 6, 7]. 

The sodium channels and the potassium channels are two types of voltage-gated ion 

channels especially important in the propagation of action potentials maintaining the 

voltage difference of the membrane making use of the fact that the intracellular fluid of a 

cell contains potassium ions in contrast with the extracellular fluid where there are sodium 

ions [2, 4, 6]. These channels are closed when the membrane potential is near the resting 

value, but when an external stimuli arrives to a patch of plasma membrane causing the 

membrane potential to surpass its threshold, the sodium ion channels open allowing the 

entry of sodium ions into the cell. Due to this continue influx of cations the inner side of the 

cell membrane becomes positively charged causing depolarization, i. e., the potential 

difference across the cell membrane briefly reverses and has a greater value than the resting 

potential [1, 2, 4, 6].  

The potassium channels open due to an increase of positive charge inside the cell and, as 

potassium ions cross the membrane outwards, the sodium ion channels begin to inactivate, 

so the electrochemical gradient of the membrane’s cell starts to return to its resting state. 

This process is called repolarization. All the voltage-gated sodium ions channels are closed 

as the polarity of the plasma membrane is reversed to its original value, but many voltage-

gated potassium channels do not close immediately, therefore, the membrane potential 

drops below the resting value. This phenomenon is known as hyperpolarization and is 

opposite to depolarization [1,2,4,6]. In the refractory period, the voltage-gated ion channels 

do not respond to further stimuli and a new action potential cannot be produced until the 

sodium and potassium ions rearrange again into the configuration of the resting state 

[1,2,4]. In Figure 2, the time evolution of an action potential and its phases can be 

appreciated. 

 

https://en.wikipedia.org/wiki/Sodium


8 
 

 

Figure 2. Scheme of the phases that an action potential experiences over time. The membrane 

potential is at its resting value until a stimulus arrives and, if it is sufficiently strong to overcome the 

threshold potential, the membrane depolarizes. After a delay, repolarization of the membrane begins. 

There is a refractory period in which another action potential cannot be generated until the 

membrane potential returns to its resting value. 

Positive feedback loops emerge from the interdependency between the membrane 

potential and the state of the ion channels. Thus, if the membrane potential increases, 

sodium ion channels can open causing that the membrane potential rises even more and, 

consequently, more channels are activated. Therefore, if this process continues, an action 

potential arises that affects the adjacent patches of the membrane that can also create a new 

action potential and so on, so that the depolarization wave can be propagated along the 

whole cell membrane [1, 2, 6]. 

Fast action potentials are generated by voltage-gated sodium channels, however, slower 

action potentials in muscle cells and some types of nerves are caused by voltage-gated 

calcium channels [1]. 

 

 

1.4 Structure and states of voltage-gated ion channels 

 

Sodium channels consist of one subunit, single protein molecule, with 4 domains arranged 

around a central pore. In contrast, the potassium channels are composed of four identical 

protein subunits, each corresponding to a different domain, surrounding a central pore. At 

the top of the pore, there is a pore loop that forms a selectivity filter that is permeable to 

one type of ion [1, 6]. These structures are represented at Figure 3. 

 



9 
 

 

Figure 3. Ion channels structure representation from the Protein Data Bank [8, 9]. (A) and (C) 

correspond to the side view of the sodium and potassium ion channels, respectively, and (B) and (D) 

to the top view of them. In (C), the pore loop at the center of the channel can be observed. The four 

domains of the ion channels can be appreciated as well as the protein helices that form each of them. 

Sodium channels own one gate near the outside of the pore called activation gate and 

another one near the inside known as inactivation gate. So, the sodium channel transitions 

between three states: deactivated (or resting), activated and inactivated. An individual 

channel can, in principle, make any transition at any time. As it can be observed at Figure 4, 

when the membrane potential is at its resting value, the sodium channels remain 

deactivated, in other words, the activation gate is closed but the inactivation gate is open. If 

the membrane potential surpasses the threshold value, the sodium channels have a high 

probability to activate (open). A channel stays open for some time and then inactivates, i.e., 

the inactivation gate closes and the channel can no longer activate. On average, the 

inactivation gate will reopen and the channels will transition back to the deactivated state 

when the membrane is repolarized [2, 6]. 
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Figure 4. Scheme of the three states that sodium voltage-gated ion channels undergo when an action 

potential is triggered. At the resting state, the activation gate is closed, but when the membrane 

potential increases its value crossing the threshold, the activation gate opens. Once the membrane 

potential approaches the sodium reversal potential, the channel inactivates [6]. 

On the other hand, potassium channels present only one gate and then, two possible states: 

activated or deactivated [6]. The potassium channels open with some delay when an action 

potential is generated repolarizing the membrane, that is why they are known as delayed 

rectifiers, and also close with some retard hyperpolarizing the membrane [2, 6]. These 

states can be visualized at Figure 5. 

 

Figure 5. Possible states of the potassium voltage-gated ion channels. The channels open with some 

delay after the action potential is generated [6]. 

There is another group of channels known as leakage channels that are open at all 

membrane potentials including at the resting state, in which potassium ions have a greater 

leakage than sodium ions [1, 2, 6]. 

 

 

1.5 A review of the Hodgkin-Huxley model 

 

The Hodgkin–Huxley model describes the propagation of action potentials in excitable cells 

through a dynamical system of nonlinear differential equations [10]. 
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This model represents the cell membrane as an electrical equivalent circuit as it can be 

observed in Figure 6. The plasma membrane acts as a capacitor maintaining different 

concentrations of charges on both sides. The membrane potential is modelled by a battery. 

The voltage-gated ions channels and the leakage channels are represented by electrical 

conductances with different reversal potentials for each type of ion channel depending on 

the difference in the ion concentration through the membrane [2, 10, 11]. 

 

Figure 6. Electrical circuit diagram of the cell membrane of the Hodgkin-Huxley model. The 

membrane is represented as a capacitor and the ion channels as conductances with different reversal 

potentials. 

Therefore, the current of the cell membrane can be written in terms of the capacitance (C) 

and the potential of the membrane (V) as: 

𝐼𝑚 = 𝐶
𝑑𝑉

𝑑𝑡
 

and the current through a specific ion channel follows the expression: 

𝐼𝑗 = 𝑔𝑗(𝑉 − 𝑉𝑗) 

being 𝑔𝑗  the conductance and 𝑉𝑗 the potential of a particular channel and V the membrane 

potential [2, 11]. 

However, the conductance of ions is regulated by kinetic variables between 0 and 1 that 

govern the states of the ion channels [11].  

In the case of the potassium channels, the activation of the channel is controlled by four 

identical subunits each represented by the same variable n that depends on rate functions 

𝛼𝑛 and  𝛽𝑛 that are functions of the membrane voltage [2, 11].  

On the other hand, sodium channels are governed by two voltage-dependent units which 

state is also controlled by kinetic variables: m represents each of the three domains involved 

in the activation process, and h corresponds to the single domain for the inactivation one. 

These variables depend on the rate functions 𝛼𝑚 and  𝛽𝑚  and 𝛼ℎ and 𝛽ℎ, respectively [2, 

11]. As the potential increases, the value of m grows and the value of h diminishes. Thus, the 

product of both variables guarantees that the sodium channels are only active for a few 

potential values while the conductance decreases in time [11]. 
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The total injected current into the cell is the sum of all the contributions and, by taking into 

account all the preceding considerations about the conductance of each type of channel, a 

set of ordinary differential equations for the dynamics of the kinetic variables are also 

required [2, 11]. 

𝐼 = 𝐶
𝑑𝑉

𝑑𝑡
+ 𝑔𝑘𝑛4(𝑉 − 𝑉𝑘) + 𝑔𝑁𝑎 𝑚3ℎ(𝑉 − 𝑉𝑁𝑎) + 𝑔𝐿(𝑉 − 𝑉𝐿) 

𝑑𝑛

𝑑𝑡
= 𝛼𝑛(1 − 𝑛) − 𝛽𝑛𝑛      

𝑑𝑚

𝑑𝑡
= 𝛼𝑚(1 − 𝑚) − 𝛽𝑚𝑚 

𝑑ℎ

𝑑𝑡
= 𝛼ℎ(1 − ℎ) − 𝛽ℎℎ     

𝑔𝑘  , 𝑉𝑘 , 𝑔𝑁𝑎  , 𝑉𝑁𝑎 and 𝑔𝐿  , 𝑉𝐿 are the conductances and reversal potentials for the potassium, 

sodium and leak channels, respectively.  

 

2. Main objectives 

 

In this project, the mechanisms that allow the passage of electrical information through cells 

will be studied at a molecular point of view. Furthermore, this work focuses on the collective 

effects that emerge from an ensemble of channels operating in close proximity. The results 

will be analyzed through the measurement of the autocorrelation function of the membrane 

potential and its power spectral density (PSD). 

Moreover, the emerging collective behaviour will be studied for different number of 

channels, injected current and the membrane capacity of the cell. 

These results are obtained using numerical simulations with two different approaches. The 

first one uses Monte-Carlo technique of a two-state Markov chain that governs the transition 

kinetics between the closed and open state of the channel. In the second one, the Monte 

Carlo process is replaced by a Langevin-type equation for the number of open channels. 

 

3. Numerical methods 

 

This work is based on the experimental results obtained by Salman et al. [12] where only 

one type of ion channels are considered, that is, a small patch of membrane (~ 2m2) 

containing only potassium channels. The membrane potential and the number of open 

channels are the quantities under study that will depend on the external injected current. 

In a simplified physical picture, the ensemble of ionic channels can be seen as a collection of 

particles that can be found in any of the two energy minima that are present in a double 

potential well. Each minimum corresponds to one of the possible states of the channel, 

opened or closed, and are separated by a voltage-dependent barrier. The dynamics of a 
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single channel can affect the collective behaviour. A change in the state of one channel 

provoked by thermal fluctuations may cause alterations in the membrane potential in form 

of noise. 

In this work we follow the modelling approach proposed in Salman et al. [12] and the results 

will be compared with the experimental measurements.  

The membrane potential follows the Hodgkin and Huxley equation without the term of the 

sodium channels. In the approach of Salman et al. [13], the kinetic variable n that represents 

the protein subunits that form the channel is replaced by the number of open channels in 

each time step 𝑁0: 

𝐶
𝑑𝑉

𝑑𝑡
= −[𝑔𝑘𝑁0(𝑉 − 𝑉𝑘) + 𝑔𝐿(𝑉 − 𝑉𝐿)] + 𝐼 

By dividing the whole equation by the leakage conductance, 𝑔𝐿 , and rescaling the equation 

accordingly using the parameters  �̅� = 𝑔𝑘/𝑔𝐿 ,  𝜏0 = 𝐶/𝑔𝐿 , that correspond to the charging 

power of a single channel and to the capacitance time, respectively, the equation obtained 

for the transmembrane potential is: 

𝜏0

𝑑𝑉

𝑑𝑡
= −[�̅�𝑁0(𝑉 − 𝑉𝑘) + (𝑉 − 𝑉𝐿)] +

𝐼

𝑔𝐿
 

As previously mentioned, the transition between the open and close state of a channel 

corresponds to a two state Markov chain, in which the present state only depends on the 

immediately previous one, and the number of open channels is governed by the transition 

rates 𝛼 (from a close to open state) and 𝛽 (from an open to close state): 

 

The expressions of the transition rates have to be determined experimentally. In this work, 

the corresponding functions that depend on the membrane voltage are taken from Marom 

et al [13]: 

𝛼 =
0.03(𝑉 + 46)

1 − 𝑒−0.8(𝑉+46)
          𝛽 = −0.02𝑉𝑒−0.023(𝑉+148)  

Therefore, the number of open channels in the next time step is given by the sum of the 

number of open channels at the current stage plus the number of closed channels that can 

be opened with a probability 𝛼Δ𝑡 minus the number of opened channels that will close with 

a transition probability 𝛽Δ𝑡: 

𝑁0(𝑡 + Δ𝑡) = 𝑁0(𝑡) + (𝑁 − 𝑁0(𝑡))𝛼Δ𝑡 − 𝑁0(𝑡)𝛽Δ𝑡 

From which, 

𝑁0(𝑡 + Δ𝑡) − 𝑁0(𝑡)

Δ𝑡
= 𝑁𝛼 − 𝑁0(𝑡)(𝛼 + 𝛽) 

and applying and infinitesimal limit Δ𝑡 → 0 we obtain the differential equation: 
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𝑑(𝑁0(𝑡))

𝑑𝑡
= 𝑁𝛼 − 𝑁0(𝑡)(𝛼 + 𝛽) 

Dividing by the total number of channels N, we derive an equation for the fraction of open 

channels 𝑝0 = 𝑁0/𝑁, 

𝑑𝑝0

𝑑𝑡
= 𝛼 − 𝑝0(𝛼 + 𝛽) 

This expression corresponds to the master equation for the probability that an individual 

channel is open at a given time.  

In Salman et al. [12] this problem is solved using two different approaches in order to 

determine the number of open channels at each time step and, then, solve the differential 

equation for the membrane potential.  

The first one uses Monte-Carlo simulations to estimate the transition probabilities between 

states. The second method implements a stochastic differential equation. 

 

 

3.1 The Monte-Carlo Approach 

 

In this case, the Monte-Carlo (MC) method uses random variables in order to assign the 

transitions from one state to another. These transitions take place according to a probability 

to change state determined with the previous master equation: 

𝑑𝑝0

𝑑𝑡
= 𝛼 − 𝑝0(𝛼 + 𝛽) 

That can be easily integrated, 

∫
𝑑𝑝′

𝛼 − 𝑝′(𝛼 + 𝛽)

𝑝0(𝑡+Δ𝑡)

𝑝0(𝑡)
= ∫ 𝑑𝑡′

𝑡+Δ𝑡

𝑡

 

−
1

𝛼 + 𝛽
[ln(𝛼 − 𝑝′(𝛼 + 𝛽))]

𝑝0(𝑡)

𝑝0(𝑡+Δ𝑡)
= [𝑡′]𝑡

𝑡+Δ𝑡  

replacing the integration limits  

−
1

𝛼 + 𝛽
ln (

𝛼 − 𝑝0(𝑡 + Δ𝑡)(𝛼 + 𝛽)

𝛼 − 𝑝0(𝑡)(𝛼 + 𝛽)
) = Δ𝑡 

ln (
𝛼 − 𝑝0(𝑡 + Δ𝑡)(𝛼 + 𝛽)

𝛼 − 𝑝0(𝑡)(𝛼 + 𝛽)
) = −(𝛼 + 𝛽)Δ𝑡 

and applying the logarithm definition  

𝛼 − 𝑝0(𝑡 + Δ𝑡)(𝛼 + 𝛽)

𝛼 − 𝑝0(𝑡)(𝛼 + 𝛽)
= 𝑒−(𝛼+𝛽)Δ𝑡  
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the probability of a channel to be open at a given time is  

𝑝0(𝑡 + Δ𝑡) =
𝛼(1 − 𝑒−(𝛼+𝛽)Δ𝑡) + (𝛼 + 𝛽)𝑝0(𝑡)𝑒−(𝛼+𝛽)Δ𝑡

𝛼 + 𝛽
 

Thus, the transition probability varies depending on the current state of a channel: 

 

 If a channel is closed 𝑝0(𝑡) = 0, hence the transition probability to an open state is  

𝑝0(𝑡 + Δ𝑡) =
𝛼(1 − 𝑒−(𝛼+𝛽)Δ𝑡)

𝛼 + 𝛽
 

 On the other hand, if a channel is already open 𝑝0(𝑡) = 1, so 

𝑝0(𝑡 + Δ𝑡) =
𝛼 + 𝛽𝑒−(𝛼+𝛽)Δ𝑡

𝛼 + 𝛽
  

and the transition probability to a close state is 

𝑝𝐶(𝑡 + Δ𝑡) = 1 − 𝑝0(𝑡 + Δ𝑡) =
𝛽(1 − 𝑒−(𝛼+𝛽)Δ𝑡)

𝛼 + 𝛽
  

 

 

3.2 Stochastic differential equation 

 

In this method, the deterministic equation for the fraction of open channels is converted to 

a Langevin-type equation by including a noise term. 

First, the equation is nondimensionalized by multiplying it by 𝜏0 and defining  𝜏 = 𝑡/𝜏0 ,  

�̅� = 𝛼𝜏0 and  𝜆 = (𝛼 + 𝛽)𝜏0 

𝑑𝑝0

𝑑𝑡
= 𝛼 − 𝑝0(𝛼 + 𝛽) 

𝜏0

𝑑𝑝0

𝑑𝑡
= 𝛼𝜏0 − 𝑝0(𝛼 + 𝛽)𝜏0 

𝑑𝑝0

𝑑𝜏
= �̅� − 𝑝0𝜆 

Then, a normalized Gaussian white noise is added 

𝑑𝑝0

𝑑𝜏
= �̅� − 𝑝0𝜆 + 𝜉 

The equation that describes the time evolution of the membrane potential is taken in 

dimensionless form by dividing it over  𝑉0.  Defining  𝜈 = 𝑉/𝑉0 ,    𝜏 = 𝑡/𝜏0 , 𝜈𝑘 = 𝑉𝑘/𝑉0 , 𝑔𝐼 =

𝐼/𝑔𝐿𝑉0  and  𝑁0 = 𝑁 𝑝  and  using the approximation  𝑉𝐿/𝑉0 ≈ 0: 
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𝜏0

𝑑𝑉

𝑑𝑡
= −[�̅�𝑁0(𝑉 − 𝑉𝑘) + (𝑉 − 𝑉𝐿)] +

𝐼

𝑔𝐿
 

𝜏0

𝑉0

𝑑𝑉

𝑑𝑡
= − [�̅�𝑁0 (

𝑉

𝑉0
−

𝑉𝑘

𝑉0
) + (

𝑉

𝑉0
−

𝑉𝐿

𝑉0
)] +

𝐼

𝑔𝐿𝑉0
 

𝑑𝜈

𝑑𝜏
= −[�̅�𝑁𝑝(𝜈 − 𝜈𝑘) + 𝜈] + 𝑔𝐼  

Thus, defining �̅� = �̅�𝑁  

𝑑𝜈

𝑑𝜏
= −[�̅�𝑝(𝜈 − 𝜈𝑘) + 𝜈] + 𝑔𝐼  

and rearranging the previous expression, the equation obtained is 

𝑑𝜈

𝑑𝜏
= −(�̅�𝑝 + 1)𝜈 + �̅�𝑝𝜈𝑘 + 𝑔𝐼  

 

 

3.3 Intensity of the voltage fluctuations with the number of channels 

 

The two coupled differential equations can be linearized around the steady state values of 

the membrane potential and the averaged open channels 

𝜈 = 𝜈𝑠 + v    ,     𝑝0 = 𝑝𝑠 + 𝜌 

where v and 𝜌 correspond to the perturbation terms. 

The Langevin-type equation now reads 

𝑑(𝑝𝑠 + 𝜌)

𝑑𝜏
= �̅� − (𝑝𝑠 + 𝜌)𝜆 + 𝜉 

By linearizing the kinetic parameters around the steady state (𝜆𝑠 and �̅�𝑠) using the chain 

rule 

𝜆 = 𝜆𝑠 +
𝜕𝜆

𝜕v

𝜕v

𝜕𝜏
= 𝜆𝑠 + 𝜆,v

𝑑v

𝑑𝜏
 

�̅� = �̅�𝑠 +
𝜕�̅�

𝜕v

𝜕v

𝜕𝜏
= �̅�𝑠 + �̅�,v

𝑑v

𝑑𝜏
 

and replacing this terms in the stochastic equation for the fraction of open channels, it is 

obtained 

𝑑(𝑝𝑠 + 𝜌)

𝑑𝜏
= �̅�𝑠 + �̅�,v

𝑑v

𝑑𝜏
− (𝑝𝑠 + 𝜌) (𝜆𝑠 + 𝜆,v

𝑑v

𝑑𝜏
) + 𝜉 

At the steady state the temporal derivatives are null, hence 𝑑𝑝𝑠/𝑑𝜏 = 0   so  �̅�𝑠 − 𝑝𝑠𝜆𝑠 = 0 

and 
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𝑑𝜌

𝑑𝜏
= �̅�,v

𝑑v

𝑑𝜏
− 𝑝𝑠𝜆,v

𝑑v

𝑑𝜏
− 𝜆𝑠𝜌 − 𝜌𝜆,v

𝑑v

𝑑𝜏
+ 𝜉 

The 2nd order perturbations will be neglected, therefore,  𝜌𝜕v/𝜕𝜏 = 0 and the final 

expression for the fluctuations of the number of open channels is 

𝑑𝜌

𝑑𝜏
= (�̅�,v− 𝑝𝑠𝜆,v )

𝑑v

𝑑𝜏
− 𝜆𝑠𝜌 + 𝜉 

The linearization is also performed at the transmembrane voltage equation: 

𝑑𝜈

𝑑𝜏
= −(�̅�𝑝0 + 1)𝜈 + �̅�𝑝0𝜈𝑘 + 𝑔𝐼  

𝑑(𝜈𝑠 + v)

𝑑𝜏
= −(�̅�(𝑝𝑠 + 𝜌) + 1)(𝜈𝑠 + v) + �̅�(𝑝𝑠 + 𝜌)𝜈𝑘 + 𝑔𝐼  

By reorganizing this 

𝑑𝜈𝑠

𝑑𝜏
+

𝑑v

𝑑𝜏
= −(�̅�𝑝𝑠 + 1)𝜈𝑠 + �̅�𝑝𝑠𝜈𝑘 + 𝑔𝐼 − (�̅�𝑝𝑠 + 1)v − (�̅�𝜌 + 1)(𝜈𝑠 + v) + �̅�ρ𝜈𝑘  

Being the temporal derivatives equal to zero at the steady state 𝑑𝜈𝑠/𝑑𝜏 = 0  what implies 

that  −(�̅�𝑝𝑠 + 1)𝜈𝑠 + �̅�𝑝𝑠𝜈𝑘 + 𝑔𝐼 = 0, thus 

𝑑v

𝑑𝜏
= −(�̅�𝑝𝑠 + 1)v − (�̅�𝜌 + 1)v + �̅�𝜌(𝜈𝑘 − 𝜈𝑠) 

The perturbations of 2nd order are neglected, so 𝜌𝜈 = 0: 

𝑑v

𝑑𝜏
= −(�̅�𝑝𝑠 + 1)v + �̅�𝜌(𝜈𝑘 − 𝜈𝑠) 

If the second derivative of this equation is performed, the first derivative of the fluctuations 

of the number of open channels can be replaced 

𝑑2v

𝑑𝜏2
= −(�̅�𝑝𝑠 + 1)

𝑑v

𝑑𝜏
+ �̅�

𝑑𝜌

𝑑𝜏
(𝜈𝑘 − 𝜈𝑠) 

𝑑2v

𝑑𝜏2
= −(�̅�𝑝𝑠 + 1)

𝑑v

𝑑𝜏
+ �̅� [(�̅�,v− 𝑝𝑠𝜆,v )

𝑑v

𝑑𝜏
− 𝜆𝑠𝜌 + 𝜉] (𝜈𝑘 − 𝜈𝑠) 

By rearranging this expression 

𝑑2v

𝑑𝜏2
= −[(�̅�𝑝𝑠 + 1) + �̅�(�̅�,v− 𝑝𝑠𝜆,v )(𝜈𝑠 − 𝜈𝑘)]

𝑑v

𝑑𝜏
− 𝜆𝑠𝜌�̅�(𝜈𝑘 − 𝜈𝑠) + �̅�(𝜈𝑘 − 𝜈𝑠)𝜉 

And rewriting the noise term as 𝑅 = �̅�(𝜈𝑘 − 𝜈𝑠)𝜉, one gets 

𝑑2v

𝑑𝜏2
= −[(�̅�𝑝𝑠 + 1) + �̅�(�̅�,v− 𝑝𝑠𝜆,v )(𝜈𝑠 − 𝜈𝑘)]

𝑑v

𝑑𝜏
− 𝜆𝑠𝜌�̅�(𝜈𝑘 − 𝜈𝑠) + 𝑅 

By remitting to the first derivative of the voltage fluctuations and isolating the second term 

of the right-hand side of the equation 

𝜌�̅�(𝜈𝑘 − 𝜈𝑠) = 𝑑v/𝑑𝜏 + (�̅�𝑝𝑠 + 1)v 
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one replaces it at the second derivative equation obtaining 

𝑑2v

𝑑𝜏2
= −[(�̅�𝑝𝑠 + 1) + �̅�(�̅�,v− 𝑝𝑠𝜆,v )(𝜈𝑠 − 𝜈𝑘)]

𝑑v

𝑑𝜏
− 𝜆𝑠 [

𝑑v

𝑑𝜏
+ (�̅�𝑝𝑠 + 1)v] + 𝑅 

By reorganizing the terms  

𝑑2v

𝑑𝜏2
= −[𝜆𝑠 + (�̅�𝑝𝑠 + 1) + �̅�(�̅�,v− 𝑝𝑠𝜆,v )(𝜈𝑠 − 𝜈𝑘)]

𝑑v

𝑑𝜏
− 𝜆𝑠(�̅�𝑝𝑠 + 1)v + 𝑅 

and defining  𝛾 = [𝜆𝑠 + (�̅�𝑝𝑠 + 1) + �̅�(�̅�,v− 𝑝𝑠𝜆,v )(𝜈𝑠 − 𝜈𝑘)] as the damping coefficient 

and  𝜔0
2 = 𝜆𝑠(�̅�𝑝𝑠 + 1) as the natural frequency of a damped harmonic oscillator, one 

achieves the second order differential equation of the voltage fluctuations in the form 

𝑑2v

𝑑𝜏2
= −𝛾

𝑑v

𝑑𝜏
− 𝜔0

2v + 𝑅 

The solution of this equation is found in the Fourier space and then, the Fourier inverse 

transform of the voltage fluctuations and of the noise term is taken: 

v(𝜏) =
1

√2𝜋
 ∫ v(𝜔)𝑒𝑖𝜔𝜏𝑑𝜔

∞

−∞

 

R(𝜏) =
1

√2𝜋
 ∫ R(𝜔)𝑒𝑖𝜔𝜏𝑑𝜔

∞

−∞

 

where 𝑅(𝜔) is the noise spectrum. 

By substituting this in the second order differential equation 

𝑑2

𝑑𝜏2
(

1

√2𝜋
 ∫ v(𝜔)𝑒𝑖𝜔𝜏𝑑𝜔

∞

−∞

) = −𝛾
𝑑

𝑑𝜏
(

1

√2𝜋
 ∫ v(𝜔)𝑒𝑖𝜔𝜏𝑑𝜔

∞

−∞

) +                                                    

                                               −𝜔0
2 (

1

√2𝜋
 ∫ v(𝜔)𝑒𝑖𝜔𝜏𝑑𝜔

∞

−∞

) +
1

√2𝜋
 ∫ R(𝜔)𝑒𝑖𝜔𝜏𝑑𝜔

∞

−∞

 

 

and applying the derivatives 

−
1

√2𝜋
 𝜔2 ∫ v(𝜔)𝑒𝑖𝜔𝜏𝑑𝜔

∞

−∞

= −
1

√2𝜋
 𝑖𝜔𝛾 ∫ v(𝜔)𝑒𝑖𝜔𝜏𝑑𝜔

∞

−∞

+                                                             

                                     −𝜔0
2

1

√2𝜋
 ∫ v(𝜔)𝑒𝑖𝜔𝜏𝑑𝜔

∞

−∞

+
1

√2𝜋
 ∫ R(𝜔)𝑒𝑖𝜔𝜏𝑑𝜔

∞

−∞

 

one rearranges the terms and gets 

( 𝜔2 − 𝜔0
2 +  𝑖𝜔𝛾)

1

√2𝜋
∫ v(𝜔)𝑒𝑖𝜔𝜏𝑑𝜔

∞

−∞

=
1

√2𝜋
 ∫ R(𝜔)𝑒𝑖𝜔𝜏𝑑𝜔

∞

−∞

 

Applying the inverse Fourier transform one arrives to 

v(𝜔) =
𝑅(𝜔)

𝜔2 − 𝜔0
2 +  𝑖𝜔𝛾
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The complex conjugate of the expression above is given by 

v∗(𝜔) =
𝑅∗(𝜔)

𝜔2 − 𝜔0
2 −  𝑖𝜔𝛾

 

Then, the spectrum of the voltage perturbations is  

|v(𝜔)|2 = v(𝜔)v∗(𝜔) 

|v(𝜔)|2 =
|𝑅(𝜔)|2

(𝜔2 − 𝜔0
2)2 − 𝜔2𝛾2

 

where the variance of the voltage fluctuations around the steady state is proportional to 

𝛿v2 ∝ |𝑅(𝜔)|2/𝛾2𝜔0
2 

By replacing all the parameters with the previous definitions, one arrives to the conclusion 

that in the limit 𝑁 → ∞  

𝛿v2 ∝ 1/𝑁 

 

3.4 Statistical Analysis 

 

In order to study the collective effects of the ion channels ensemble, some statistical 

properties are analysed, such as the autocorrelation function, the power spectral density 

(PSD) and the variance of the voltage fluctuations. 

The normalized autocorrelation of the voltage time series [12] can be computed as a 

function of the time delay s  

𝐶(𝑠) = 〈𝑉𝑖𝑉𝑖+𝑠〉 =
∑ (𝑉𝑖 − �̅�)(𝑉𝑖+𝑠 − �̅�)𝑖

∑ (𝑉𝑖 − �̅�)2
𝑖

 

being  �̅� the mean voltage over time and 𝑉𝑖 is the voltage value at certain time in discrete 

form. 

By using the Wiener-Khinchin theorem [14], the power spectral density (PSD) of the voltage 

can be obtained through the Fourier transform of the autocorrelation function, 

𝐹(𝑓) = ∑ 𝐶(𝑠)𝑒−𝑖2𝜋𝑓𝑠

𝑠

 

and 

𝑃𝑆𝐷 = |𝐹(𝑓)|2 

is power spectral density that gives information about how voltage fluctuations are 

distributed in  the frequency domain. 

The variance of the voltage normalized to the number of time values (m) can be written as: 

𝛿𝑉2 = ∑(𝑉𝑖 − �̅�)2

𝑖

/𝑚 
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4. Numerical implementation 

 

In order to compare the numerical simulations with the experimental results of Salman et 

al. [12], we have taken the same constant values: 𝑉𝐿 = −9mV, 𝑉𝐾 = −97mV, �̅� = 0.5pA/mV 

and 𝑔𝐾 = 0.013pA/mV. 

As in any stochastic process, various realizations have been performed. It has been observed 

that 10 independent trajectories are enough to get good statistical results at the steady 

state. 

Moreover, all simulation start from a random initial configuration for the state of each 

channel. As, a random number generator dranxor.f90 has been used. 

The membrane voltage equation has been solved using the Heun method that allows to 

integrate first order ordinary differential equations given an initial condition: 

�̇� = 𝑞(𝑦, 𝑡) 

In this procedure, the semi-implicit Euler method is considered as a starting point.  

𝑦𝑖+1 = 𝑦𝑖 +
ℎ

2
[𝑞(𝑦𝑖 , 𝑡𝑖) + 𝑞(�̃�𝑖+1, 𝑡𝑖+1)] 

where h is the time step of each iteration. 

However, this method depends on the current value that is being calculated, thus an implicit 

equation has to be solved. The Heun method approximates the implicit current value by the 

one in the explicit Euler method that only depends on the previous time. 

�̃�𝑖+1 = 𝑦𝑖 + ℎ𝑞(𝑦𝑖 , 𝑡𝑖 ) 

Therefore, the final expression is 

𝑦𝑖+1 = 𝑦𝑖 +
ℎ

2
[𝑞(𝑦𝑖 , 𝑡𝑖) + 𝑞(𝑦𝑖 + ℎ𝑞(𝑦𝑖 , 𝑡𝑖), 𝑡𝑖+1)] 

In the case of the stochastic differential equation for the fraction of open channels that has 

the form 

�̇� = 𝑞(𝑦, 𝑡) + 𝑔(𝑦, 𝑡) 𝜉  

the stochastic Heun method that includes an additive noise term has been used 

𝑦𝑖+1 = 𝑦𝑖 +
ℎ

2
[𝑞(𝑦𝑖 , 𝑡𝑖) + 𝑞(�̃�𝑖+1, 𝑡𝑖+1)] +

√ℎ𝑢

2
[𝑔(𝑦𝑖 , 𝑡𝑖) + 𝑔(�̃�𝑖+1, 𝑡𝑖+1)] 

where 

�̃�𝑖+1 = 𝑦𝑖 + ℎ𝑞(𝑦𝑖 , 𝑡𝑖) + √ℎ𝑢𝑔(𝑦𝑖, 𝑡𝑖) 

being u a Gaussian random number. 

In order to carry out the Fourier transform of the autocorrelation function and to obtain the 

power spectral density, the Fast Fourier Transform algorithm (FFT) has been used. This 

algorithm requires a number of samples equal to a power of two, thus, the system has been 
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evolved until it reaches 217 time measurements with a time step of 0.1ms and then, the 

autocorrelation has been performed with a maximum time delay of 214 . 

The number of total channels N, the capacitance time 𝜏0 and the injected current into the 

system I  are the free parameters that have been changed so as to observe the collective 

effects arising in an ensemble of  ion channels. The initial membrane potential is set to 𝑉0 =

−50mV in all cases. 

 

 

5. Results 

 

5.1 Effect of the injected current  

 

The membrane potential for N=100 voltage-gated ion channels initially at zero current and 

injecting a current I=2.6pA at t=800ms is represented. The capacitance time is set to 

𝜏0=100ms. In Figure 7, the results obtained using the Monte-Carlo approach (left) solving 

the Langevin equation for the number of open channels (right) are presented. 

 

Figure 7. Membrane potential for N=100 at zero current and injecting a current I=2.6pA at 800ms: 

Left: using MC simulations, Right: solving the stochastic differential equation for the number of open 

channels. 

By observing both representations in Figure 7, one can extract some properties of the 

behaviour of an ensemble of channels. First, a reduction of the average membrane potential, 

in absolute terms, is clearly seen when the positive current is injected, being the values 

around -52mV for I=0pA and -49mV for I=2.6pA in both cases. Moreover, there is a change 

in the frequency of oscillation that increases for higher injected currents. Furthermore, 

voltage fluctuations are strongly reduced in the case where the number of open channels is 

computed solving the Langevin equation, an effect that is not appreciated for the Monte-

Carlo method. These results agree with the experimental observation in Salman et al. [12], 

as it is seen in Figure 8, where the voltage fluctuations appear when the membrane 

possesses voltage-gated channels, giving rise to a coupled dynamics. 
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The injected current induces a slightly increase in the number of open channels, from 1 to 

7. So, the number of open channels is small relative to the total number of channels at both 

current values. This is in agreement with the experiments presented by Salman et al. [12], 

where they measured an increase from 3 to 7 open channels. 

 

Figure 8. Experimental results of the voltage membrane taken from Salman et al. [12] for a 

membrane: (a) without voltage-gated channels at zero current, (b) with N=100, I=0pA, (c) with 

N=100 at I=0pA and injecting current of 2.6pA at the marked point. 

 

 

5.2 Collective effects varying the number of voltage-gated channels 

 

The normalized voltage autocorrelation functions for different number of voltage-gated ion 

channels for a capacitance time 𝜏0=100ms and injected current, from top to bottom, I=0pA, 

I=2.6pA, I=-2.1pA, respectively, are presented in Figure 9 using the MC method at the left 

column and the stochastic differential equation for open channels at the right column. The 

x-axis is represented in logarithmic scale for a better visualization. 

As one can see from Figure 9, voltage-gated channels induce decaying oscillations, 

overdamped for negative current values with a slow decay towards the stationary, and 

underdamped for positive currents moving fast to the equilibrium [12]. Comparing with the 

experimental results of Salman et al. [12] where the oscillations begin around 30ms as it 

can be seen in Figure 13, in this case the decaying oscillations start at 20ms for no applied 

current (I=0pA), and around 10ms for I=2.6pA. In addition, there are practically no 

correlations approximately since 100ms in all cases, as Salman et al. [12] stated, as shown 

in Figure 13.  

It can be observed in Figure 9 that an increase in the current intensity translates into a rise 

in the amplitude of the fluctuations. For a positive injected current, the oscillations are 

greater than for I=0pA. In contrast, for higher values of the number of channels, the 

oscillations are reduced. In the case of applying a current I=2.6pA, the highest fluctuations 

are observed at intermediate values of the number of voltage-gated ion channels, in 

particular for N=50 and N=100, what suggests that there is a range for the total number of 

channels that maximizes the amplitude of the fluctuations. 
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Both methods give very similar results, but there are some differences too. As it can be seen 

in Figure 9, the amplitude of the oscillations is greater solving the Langevin equation 

compared to the ones obtained with the Monte-Carlo method. Furthermore, the oscillations 

decay to the stationary regime faster for a smaller number of channels in the Langevin 

approach compared to the Monte-Carlo.  

 

 

 

Figure 9.  Normalized voltage autocorrelations for different number of channels at 𝜏0=100ms, 𝑉0=-

50mV, from top to bottom, I=0pA, I=2.6pA, I=-2.1pA, respectively. Left column: with MC simulations, 

right column: solving the Langevin equation for the number of open channels. 
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In both cases, all the channels are closed for a negative injected current causing the 

fluctuations to disappear and, in consequence, the autocorrelation decays slowly. In the 

Langevin equation’s case, small oscillations can be observed in Figure 9 around the steady 

state for a current I=-2.1pA. This behaviour can be attributed to the effect of the random 

noise.  

Next, the power spectral densities of the voltage autocorrelation functions shown in Figure 

9 are presented below in logarithmic scale. 

 

 

 

Figure 10. PSD for different number of channels at 𝜏0=100ms, 𝑉0=-50mV, from top to bottom, I=0pA, 

I=2.6pA, I=-2.1pA, respectively. Left column: with MC simulations, right column: determining the 

stochastic equation for the number of open channels. 
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In all graphics in Figure 10, it can be observed that the power spectral density is flat at low 

frequencies and drops with the same power-law for the same capacitance time, injected 

current and different number of channels at high frequencies. In general, in the low 

frequency regime the function is flatter for a higher number of channels. In Figure 10, one 

can also appreciate that the frequency at which the PSD begins to decay as a power-law is 

higher as the intensity increases and is nearly the same for any number of channels.  

As shown in Figure 10, for negative values of the injected intensity there are no fluctuations 

and the PSD are identical for any value of the total number of channels. 

Comparing both methods using MC and solving Langevin equation, one notices that, 

although the power spectral densities have a similar shape at the same current intensity, 

there are some slight differences in the low frequency regime for I=0pA and I=2.6pA, though 

they are of the same order. 

 

 

5.3 Role of the capacitance time 

 

The normalized voltage autocorrelation functions for different values of the capacitance 

time and injected current, from top to bottom, I=0pA, I=2.6pA, I=-2.1pA, respectively, have 

been represented in Figure 11. The number of voltage-gated ion channels has been set to 

N=100. Left column corresponds to the MC approach and the right column show the results 

after solving the Langevin equation. 

The capacitance time is proportional to the capacitance of the membrane, thus, increasing 

the first means that the membrane can store more charge and will take longer to discharge. 

This causes the decay of the autocorrelation function, before entering the oscillatory regime, 

to shift to higher times as the capacitance grows. On the other hand, for small values of the 

capacitance time, the capacitance of the membrane saturates and the fluctuations appear 

earlier, as can be appreciated in Figure 11 and Figure 13(d) reporting the experimental 

results of Salman et al. [12]. 

As in the previous case, there are no oscillations for a negative current since it causes the 

channels to remain closed.  

By looking at Figure 11, one can observe that there is a maximum amplitude in the 

oscillation of the autocorrelation function for 𝜏0=10ms at I=0pA and for 𝜏0=100ms at 

I=2.6pA. This is consistent with the measurements of Salman et al. [12] shown in  Figure 

13(d) and can be easily understood since the oscillations depend on the time response of 

the membrane potential, determined by the capacitance time, and on the residence time of 

the ion channels, that is, the inverse sum of the transition rates. If the delay between both 

responses is considerable relaxed oscillations appear. 

Both methods give the same results but again the amplitude of the fluctuations is greater in 

the case of solving the Langevin equation. A comparison with the results of Salman et al. 

[12] suggests that the use of the Monte Carlo technique provides more accurate results that 

the ones obtained solving the stochastic differential equation.  
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Figure 11. Normalized voltage autocorrelations for different 𝜏0 at N=100, 𝑉0=-50mV, from top to 

bottom, I=0pA, I=2.6pA, I=-2.1pA, respectively. Left column: with MC approach, right column: solving 

the Langevin equation for the number of open channels. 

The power spectral densities in logarithmic scale of the voltage autocorrelation functions 

for different values of the capacitance time are presented in Figure 12. 
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Figure 12. PSD for different 𝜏0 at N=100, 𝑉0=-50mV, from top to bottom, I=0pA, I=2.6pA, I=-2.1pA, 

respectively. Left column: with MC approach, right column: solving the Langevin equation for the 

number of open channels.  

As in Figure 10, in Figure 12 it can be seen that the power spectral densities for different 

values of the capacitance time are flat at low frequencies and drop with the same power-

law at high frequencies. This power-law seems to be independent of the capacitance time 

and the injected current. 

In Figure 12, it can be clearly appreciated that for a given current and at low frequencies the 

PSD increases with the capacitance time. Furthermore, the highest value differs by several 

orders of magnitude from the minimum. 
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In addition, Figure 12 shows that for a given injected current, the PSD begins to decay at 

higher frequencies as the capacitance time diminishes.  

It is also remarkable that for higher values of the injected current, the frequency at which 

the PSD enters the power-law regime is also greater. Moreover, it can be observed that for 

the same value of the capacitance time, the maximum value of the PSD depends on the 

injected current. A comparison of the results for I=0pA and I=2.6pA shows a decrease in the 

values of the power spectral densities at small frequencies of approximately one order of 

magnitude for the highest current. 

For a negative current, as expected, there are no oscillations as it has been mentioned before 

since the channels closed. 

Qualitatively similar trends and shapes of the power spectral densities can be observed 

using both methods, although the results solving the Langevin equation show systematically 

smaller values for the same capacitance time and injected current. 

 

 

5.4 Analysis of the power-law regime in the Power Spectral Density 

 

Independently of the parameters used, the power spectral density is flat at low frequencies 

and drops as a power-law at high frequencies: 

𝑃𝑆𝐷 = |𝐹(𝑓)|2~𝑓𝜃  

Table 1 summarizes the value of the exponent  derived from the best fit to the data for 

different values of the injected current varying either the number of channels or the 

capacitance time. No differences were found between the MC approach or solving the 

Langevin equation for the number of open channels, so only one value has been presented 

for each current intensity. 

I(pA) (a)  (b) 

-2.1 -1.7(9) -1.7(7) 

0 -1.7(9) -1.7(9) 

2.6 -1.7(8) -1.7(9) 

Table 1. Exponent of the power-law observed in the PSD at high frequencies for different injected 

currents changing: (a) the number of voltage-gated channels N; (b) the capacitance time 𝜏0. 

Even though the slope is practically equal in all cases, the frequency where the PSD starts to 

decay depends on the number of channels, the capacitance time and the injected current. 

 

 

5.5 Comparison with the experimental results 

 

A selection of our numerical results, shown in Figure 14, will be used to compare with the 

experimental measurements by Salman et al. [12] reproduced in Figure 13. 



29 
 

In Figure 13(a), the PSD of the voltage fluctuations has been measured for a patch of 

membrane with no voltage-gated channels at zero current, and with approximately a 

number of channels N=100 at different injected currents. This function has been normalized 

to the frequency resolution used to measure the data which has not been indicated, so the 

PSD of the experiments carried out by Salman et al. [12] and the PSD of the numerical 

simulations can only be compared qualitatively. 

 

Figure 13. Results obtained by Salman et al. [12]: (a) Power spectral densities for the voltage 

fluctuations measured experimentally for a patch of membrane with no voltage-gated channels: solid 

line-I=0pA, and with approximately a number of channels N=100 at an injected current:, dotted-

I=2.6pA, dashed-I=-2.1pA. (b) Normalized voltage autocorrelations for the same experiment.  (c) 

Normalized voltage autocorrelations from numerical simulations with N=1000, 𝜏0=100ms, 𝑉0=-

50mV and �̅�=0.5 with an injected current: solid-I=0, dashed-10, thin dashed-30 in units of the leakage 

current. (d) Normalized voltage autocorrelations from numerical simulations with N=100, 𝑉0=-50mV 

and �̅�=0.5 at different 𝜏0: dotted-500ms, solid-100ms, thin dashed-5ms, short dashed-1.5ms. 

As it has already been pointed out, in Figure 13(a) one can see that the power spectral 

densities are flat for low frequencies and drop as a power-law for high frequencies. 

Moreover, the height of the PSD decrease when the applied current increases. This effect is 

reproduced numerically in Figure 14, in which the PSD for N=100 channels, 𝜏0=100ms and 

𝑉0=-50mV for different injected current has been represented for both methods: at the left 

with MC simulations and at the right solving the stochastic differential equation for the 

number of open channels. 

Figures 13(b) and 13(c) represent the normalized voltage autocorrelations for different 

injected currents, the first from experimental observations with N=100 channels and the 
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second from numerical simulations with N=1000 channels, 𝜏0=100ms, 𝑉0=-50mV and 

�̅�=0.5. In Figure 13(b) the autocorrelation function for a membrane with no voltage-gated 

channels at zero current has also been plotted and has a similar shape than the 

autocorrelation for a membrane with 100 channels at zero current but with smaller 

oscillations around the equilibrium point.  

Comparing the Figures 13(b) and 13(c) with the results obtained numerically at Figure 14 

for the autocorrelation function with N=100 channels, 𝜏0=100ms and 𝑉0=-50mV, it can be 

seen that correlations disappear after 100ms independently of the applied current. 

Moreover, it can be appreciated that the oscillations appear earlier and have a greater 

amplitude when increasing the current.  

 

 

Figure 14. Top: PSD for N=100, 𝜏0=100ms and 𝑉0=-50mV for different injected current at the left 

column with MC simulations and at the right column determining the Langevin equation for the 

number of open channels. Bottom: Normalized voltage autocorrelations at the same parameter 

values. 

Figure 13(d) shows the normalized voltage autocorrelations for N=100 channels, 𝑉0=-50mV 

and �̅�=0.5 for different values of the capacitance time. The injected current used to 

represent this plot has not been indicated, but comparing with the numerical results of 

Figure 11 of this master thesis, it seems that correspond to the case of applying a current of 

I=2.6pA. 

Observing the results of Salman et al. from Figure 13(d), they seem more similar to the ones 

obtained with MC simulations since the amplitude of the first oscillation has its minimum at 
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a value of -0.2 in both cases, whereas it is near -0.4 for the case of solving the Langevin 

equation for the number of open channels, as it can be seen in Figure 11. 

As can be seen both in Figure 13(d) and Figure 11, the autocorrelations are more shifted as 

the capacitance time increases since this magnitude gives information about the time that a 

membrane takes to be charged and discharged, as it has been explained in previous sections. 

 

 

5.6 Steady state value of the membrane potential  

 

In Figure 15, the average value of the membrane voltage fluctuations at the stationary state 

<V> as a function of the total number of voltage-gated channels for different injected 

currents has been reported. The characteristic potential is set to 𝑉0=-50mV and the 

capacitance time to 𝜏0=100ms. 

The X-axis has been represented in logarithmic scale to be able to appreciate that an 

increase of the number of channels slightly decreases the membrane potential. 

Furthermore, as it has been suggested in Figure 7, greater values of the injected current 

results in an increase of the average membrane potential. 

 

Figure 15. Average value of the membrane voltage traces at the steady state <V> as a function of the 

number of voltage-gated channels for 𝑉0=-50 mV and 𝜏0=100 ms. This result has been obtained using 

MC simulations. 

 

 

5.7 Measure of the voltage fluctuations 

The theoretical analysis of the voltage fluctuations (Section 3.3) predicts that its variance 

must be inversely proportional to the number of channels in the limit N→ ∞.  In Figure 16, 

the voltage fluctuations derived from our numerical simulations as a function of the inverse 

number of voltage-gated channels N has been represented. Different values of the injected 
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current, an initial potential 𝑉0=-50mV and a capacitance time 𝜏0=100ms has been 

considered. 

In Figure 16, one can clearly observe the linear relation between the variance of the voltage 

fluctuations and the inverse number of channels. Moreover, as the applied current increases, the 

variance of the voltage fluctuations around the stationary also does. For negative current values, 

it can be seen that the variance of the voltage fluctuations is smaller than for a positive injected 

current, since a negative current shuts down the voltage-gated ion channels and practically there 

are no voltage fluctuations. 

 

 

Figure 16. Variance of the voltage fluctuations as a function of the inverse number of voltage-gated 

channels for different injected currents for 𝑉0=-50 mV and 𝜏0=100 ms using the MC approach. In the 

region 𝑁 → ∞ it is expected that 𝛿2𝑉 → 𝑁−1(*). 

 

 

5.8 Phase diagrams  

 

The collective effects of an ensemble of voltage-gated ionic channels can be modelled as a set of 

differential equations with two state variables: the membrane potential V(t) and the number of 

open channels N0(t).  In Figure 17, the path in the phase space of these two variables can be 

visualized. Different plots correspond to different values of the injected current I. The 

parameters are set to an initial potential 𝑉0=-50 mV, a total number of channels N=100 and a 

capacitance time 𝜏0=100ms. The initial state of each channel is chosen randomly with a 

probability of 0.5, thus the total number of open channels is barely close to N0(0)=50 in all cases.  

In all the cases studied the path followed in the phase space indicates the presence of an attractor 

ending at fixed point which position depends on the injected current. The fixed point moves to 

                                                             
* Result shown in section 3.3. 
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greater values of the number of open channels and smaller, in absolute terms, membrane 

potential as the applied current increases.  

 

 

 

 

Figure 17. Trajectories in the phase space of the two state variables N0(t) and V(t) for different 

values of the injected current. N=100, 𝑉0=-50 mV and 𝜏0=100 ms with an initial number of open 

channels approximately of N0(0)=50. 
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5.9 Analysis of the fixed point with the capacitance time 

 

In the following plots, the dependence of the steady state values of the membrane voltage V 

and the number of open channels 𝑁0 (values of the fixed point) with the injected current for 

different values of the capacitance time is shown in Figures 18, 19, 20. From top to bottom: 

𝜏0=10 ms; 𝜏0=100 ms; 𝜏0=500 ms. 

 

 

Figure 18. Steady state values of the membrane voltage V and the number of open channels 𝑁0 with 

respect of the injected current for 𝜏0=10 ms. 

 

Figure 19. Stationary values of the membrane voltage V and the number of open channels 𝑁0 

depending on the applied current for 𝜏0=100 ms. 
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Figure 20. Values of the membrane voltage V and the number of open channels 𝑁0 at the stationary 

with respect of the applied current for 𝜏0=500 ms. 

 

As it has been stated in the previous section, the number of open channels increases and the 

membrane potential decreases, in absolute value, at the stationary state when the injected 

current rises. One can observe that an increase in the capacitance time reinforces the 

previous effect. 

 

 

6. Conclusions 

 

In this master thesis we have analysed, by means of numerical simulations, the collective 

effects of an ensemble of voltage-gated ion channels. The membrane potential and the 

number of open channels has been computed for different values of the injected current, the 

total number of channels and the capacitance time, which is proportional to the capacitance 

of the membrane. We have also followed two approaches: i) using  Monte Carlo simulations 

to mimic the two-state kinetics with known transition rates between open and close states,  

and ii) solving a set of two differential equations, a deterministic one for the membrane 

potential and a Langevin type equation for the number of open channels.  We have measured 

the normalized voltage autocorrelations and the power spectral density that have been 

compared with experimental results.  

Analysing the normalized voltage autocorrelations we can conclude: Overdamped 

oscillations are formed when negative current is applied that forces the channels to close. 

Underdamped oscillations appear when a positive current is injected. Moreover, there are 

no correlations after 100ms. In general, for higher values of the number of channels, the 

fluctuations have a smaller amplitude. Furthermore, increasing the injected current the 

oscillations decay faster in time and have greater amplitudes. In addition, with a higher 

capacitance time, which means that the membrane is able to store more charge and takes 
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longer to discharge, the normalized voltage autocorrelations start to decay at higher times 

and also the oscillations appear later. 

The power spectral density (PSD) is flat at low frequencies and drops following a power-

law at high frequencies. These properties are found to be independent of the parameters 

used. However, the characteristic frequency that identifies the transition between both 

regimes depends on the injected current and the capacitance time. The PSD starts to drop 

at higher frequencies as greater is the applied current and smaller is the capacitance time. 

The average value of the membrane potential decreases (in absolute value) when the 

injected current rises and slightly decreases as the number of channels is increased.  The 

number of open channels at the stationary regime is found to increase with the capacitance 

time and the injected current.  

A linear relationship between the variance of the voltage fluctuations and the inverse 

number of channels has been proved. Moreover, as the applied current increases the values 

of the variance also does. 

The analysis of the trajectories in the phase space indicates the presence of a basin of 

attraction such that from any point (initial condition) the system is asymptotically attracted 

to a fixed point.  The position of this fixed point has been evaluated for different values of 

the injected current and the capacitance time.  

Our results are qualitatively in agreement with the experimental findings of Salman et al. 

[12] with a better agreement when the Monte Carlo approach is used.  

To summarize, the coupled behaviour between the state of the channels, which is 

determined by the transition rates, and the membrane potential causes voltage damped 

oscillations. These are due to the delay between the response of the potassium channels and 

the response of the membrane potential, governed by the capacitance time. These results 

are expected since potassium voltage-gated ion channels are rectifiers that relax excitable 

cell membranes [12]. 
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