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1.Introduction 
 
1.1. Contextualization 
 
Frequency combs have become a great tool in metrology in recent years. From time to time, 
there appear new methods to generate them and they have become extremely accurate. 
 
There are several ways and procedures to generate frequency combs, being one of the most 
common, the Mode-locked lasers. However, in this project, we will be focus on Kerr 
microcavities, through Whispering Gallery Modes effect(WGM), in which the interaction with 
the light is non-linear. 
 
The WGM is a phenomenon observed and described by Lord Rayleigh in the 1910s. Its name 
comes from the fact that two people at opposite places of the St. Paul’s Cathedral gallery could 
hear each other whispering. This takes place through the transmission of the pressure waves 
along the walls [1]. 
 

 
Figure 1: Dome of the St. Paul’s Cathedral from below(left). Scheme of the Whispering 
Gallery(centre). Distribution of pressure waves around the wall as it was described by Lord 
Rayleigh(right)[1].  
 
The WGM can be replicated for any kind of wave. For a light source, this can be achieved through 
a torus or a ring of silica that will work as a cavity. This component can be easily fabricated and 
implemented on chips. 
 
The difference between using a microcavity or another method is based on two main ideas. They 
are easy to produce and do not require stabilization. Fabry-Pérot interferometer was the 
method by excellence but they are very demanding to work with.  
 
Another advantage of microcavities is the scalability, as its quality factor Q increases as its size 
is reduced. This factor indicates the storability of the resonator. It is a logical statement because 
a single photon with the same decaying time can travel more rounds with lower sizes.       
 
The WGM is a linear effect. It is a model where the curved cavity has low losses. If this cavity is 
driven with a frequency near the WGM the light can travel through the cavity for a long time, 
depending on the value of Q. The lines of the Kerr Frequency combs(KFC) are formed due to the 
Kerr nonlinearity which generates harmonics from the pumping frequency.  
 
The simplest differential equation capable to describe the previous behaviour is the Lugiato-
Lefever(LL) equation. It is a mean-field approximation where the carrier frequency of the driving 
laser is ignored and only changes in its envelope are evaluated. Also, this equation can manifest 
Localized States(LS) known as solitons, a wave packet that travels through the medium without 
losing its shape. 
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For metrology purposes, it is required to have a perfectly defined frequency comb and avoid at 
all cost getting any kind of instability, or if it occurs, knowing its origin and how it develops.    
Therefore, the intention of this master thesis is first to evaluate the Eckhaus instability on the 
original equation following the path of the work from Gomila et al[2], and second, to study the 
effects of adding a third-order dispersion term. 
 
The relevance of adding higher-order dispersion is to widen the possible cases in which a comb 
is formed. Near zero group velocity dispersion, the equation fails, so, implementing a third-order 
dispersion is a first attempt to solve this situation[3]. 
 
1.2. What is a Frequency Comb? 
 
The mathematical definition of a comb is the generation of equally spaced frequency modes. 
The envelope of the comb shows the form of the soliton while the successive repetitions of this 
localized state are what makes appreciate only discrete frequencies as shown in Figure 4.  

Considering 𝑑 the distance between solitons, each peak of the comb will be situated at 𝑞𝑐 =
1

𝑑
 

and its multiples. The discretization of the power spectrum is given by 𝑑𝜔 =
1

𝐿
.  

 

 
Figure 4: Repetition of solitons determines the spacing between the peaks of a Frequency comb. 
 
1.3.  Applications 
 
The frequency comb has two distinct utilizations. On the one hand, the succession of pulses 
generated can be used as an alternative to the conventional atomic clock with all its associated 
uses like time distribution services or GPS positioning among others. On the other hand, it can 
be used as a highly accurate spectrometer useful, for instance, in exoplanet or size detection. 
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The optical clock is based on the idea of any analogical clock. This time, the tick counting would 
be done among the successive pulses. Due to the small temporal deviation between each pulse, 
the systematic error is highly reduced in comparison to a quartz digital clock. Considering the 
almost perfect accuracy an atomic clock has, they are essential for correcting the positioning of 
a GPS or standardize the time around the globe. 
 
As spectrometer, a frequency comb can be recorded before and after passing through a sample 
with elements of a variety of sizes (Figure 2). The differences between the two combs will 
indicate the number of elements with the size corresponding to the wavelength of each peak of 
the comb[4].  

 
Figure 2: Sketch of size detection[4]. The sample absorbs the wavelengths of size particles in it, 
altering the shape of the wave detected by the spectrometer. 
  
The other use as spectrometer is exoplanet detection. With the aid of a frequency comb, one 
can measure precisely the red or blue shift due to the Doppler Effect of a wobbling star (Figure3). 
Once the frequency shift has been measured, it implies that a celestial body is in between.  
A new exoplanet has been found.  

 
Figure 3: The Parent star suffers blue or redshifting due to the Doppler Effect. Astro-Comb(a 
calibrated Frequency Comb) can measure precisely these shiftings in the star spectrum.[Link 1] 
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1.4. Experimental Setup 
 
The laboratory experiment consists of a Kerr microcavity, which can be a ring or a torus, next to 
a guided laser. The laser, considered an electromagnetic signal, emits constant monochromatic 
light. By interacting with the resonator, the light is partially transferred and travels according to 
the whispering gallery modes phenomenon. The light inside suffers dissipation, dispersion and 
interacts non-linearly with the microresonator.  
 
At the same point where light enters the cavity, light from the inside is partially ejected too. 
Under certain circumstances, there might be constructive interference and consequently 
resonate. In Figure 5 there is a simple representation of the setup and the possible power 
spectrum of the light before and after encountering the microcavity. 
  

 
Figure 5: Scheme of the experimental setup for the Kerr frequency comb generation.[5] 
  
1.5. Lugiato-Lefever Equation 
 
The Lugiato-Lefever equation is the simplest partial differential equation to describe a driven 
nonlinear optical cavity able to display patterns or solitons. Its adimensional description is 
written like: 
                                                𝜕𝑡𝐸 = 𝐸𝑖 − (1 + 𝑖𝜃)𝐸 + 𝑖𝜕𝑥

2𝐸 + 𝑖𝐸|𝐸|2                                               (1) 
 
It describes the time evolution of the slowly varying amplitude of complex field 𝐸(𝑥, 𝑡) inside 
the cavity. 
 
The equation only uses two different parameters. On the one side,  𝐸𝑖  is related to the intensity 
of the source laser. While on the other side 𝜃, known as detuning, shows the phase difference 
between the laser and the WGM frequency.  
 
The Lugiato-Lefever equation englobes four distinct mechanisms that require to be in balance 
to form a self-sustained coherent structure like a pattern or a soliton. First, there is the 
contribution of the source laser: the driving is described by 𝐸𝑖  while the total loss is – 𝐸 by 
dissipation. The second level is related to the dispersion (𝑖𝜕𝑥

2𝐸) which widen narrow pulses while 
the self-focusing non-linear interaction (𝑖𝐸|𝐸|2) tends to compress them.  
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The coordinate of the field 𝐸 accepts two interpretations. The first to consider is  𝑥 = 𝜏 so in 
𝐸(𝜏, 𝑡) 𝜏 is a fast time and 𝑡 is a slow time. The second, 𝐸(𝑥, 𝑡), where 𝑥 is the transverse position 
of the light inside the cavity. In the first case, 𝑖𝜕𝑥

2𝐸, models dispersion and in the second 
diffraction. They are two different physical mechanisms. 
   
The selection of the positive sign in the dispersion makes the Group Velocity Dispersion(GVD) 
anomalous and the Kerr effect is consequently self-focusing. 
 
The formula in (1) can be generalized by adding higher-order dispersions, in the second part will 
be added a new parameter 𝑑3 related to the strength of the Third-Order Dispersion(TOD). The 
resulting equation is: 
 
                                    𝜕𝑡𝐸 = 𝐸𝑖 − (1 + 𝑖𝜃)𝐸 + 𝑖𝜕𝑥

2𝐸 + 𝑑3𝜕𝑥
3𝐸 + 𝑖𝐸|𝐸|2                                         (2) 

 
This extra term changes drastically the solutions. In (2) the time-reversal symmetry is lost. So, 
the original one shows static and symmetric patterns, while with the new contribution stable 
patterns are asymmetric and move. These differences do not suppose a problem because the 

time-shifting is a travelling wave of the form 𝑒𝒊𝑣𝑡 and has not any drastic effect on the frequency 
comb. 
 
Due to the presence of non-linearities, the equation has no analytical solutions. It is required to 
evaluate it numerically. For this project, an algorithm based on the pseudospectral method 
known as slaved leapfrog (or two-step leapfrog) will be used.   
 
2.Objective 
 
The purpose of the project is to evaluate which effects the Eckhaus instability has on the Kerr 
frequency comb by, in first place replicate results obtained by Gomila et al [2] using the original 
LL equation with anomalous Group Velocity Dispersion (GVD) [6], and as a second part go one 
step further and study how higher-order dispersion affects the instability. 
 
All this work is done to determine if the artefacts detected in the experimental combs are due 
to the previous instability. 
 
The way to reach this instability has three clear steps: 
 
1. Generation of a stable pattern: thanks to the linear stability analysis, it can be studied the 
growth of a certain frequency mode, for 𝐸𝑖 = 1, and  𝜃 = 1. There is one frequency that not 

decay nor diverge, 𝑞𝑐 = ±√2|𝐸𝑖|2 − 𝜃 = ±1, considered as the critical mode. 
 
If the parameters are little increased above the threshold, a region between 𝑞− and 𝑞+ appear 
where modes grow and outside decay. Due to nonlinearities, the bifurcation is subcritical and 
the system can find a stable pattern under the marginal instability curve. 
 
2. Apply a parameter ramp: Once the stable pattern is found, the system locks the fundamental 
frequency of the comb. By doing a continuous change in time of parameters 𝐸𝑖  and 𝜃, more and 
more harmonics contribute to the pattern formation and the solutions keep varying. This keeps 
taking place until lower frequencies begin to grow, Eckhaus instability has been trespassed. 
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Ideally, the parameter variation should be quasi static, in other words, its change in time is 
sufficiently slow to detect precisely the instability. To replicate the previous results, it has been 
decided to use the same parameter ramp from Gomila et al [2]. 
 
3. Observe the effects of Eckhaus instability: Once lower frequencies grow, a complex dynamic 
is generated. The presence of this instability causes particular solitons to switch off in the original 
LL equation, the remaining solitons self-organise until they reach a new stable pattern with 
lower frequency[2]. This transition might require millions of time units to take place, but 
experimentally it happens in a matter of seconds or minutes. 
 
For the second part of the study, including third-order dispersion(TOD), the shape of a single 
soliton is well-known[3] but there is not detailed bibliography about the Eckhaus instability 
under these circumstances. In this part, we will study the evolution of the Eckhaus instability 
under TOD. 
 
3.Analysis 
 
3.1. Homogeneous Steady State 
 
The homogeneous steady state (HSS) of Equation (1); 𝐸𝑠 is given implicitly by: 
 
                                                               |𝐸𝑖|2 = |𝐸𝑠|2(1 + (|𝐸𝑠|2 − 𝜃)2)                                                (9) 
 

It depends on both parameters. The HSS has one solution for 𝜃 < √3 or three for 𝜃 > √3 . In 
Figure 6 it can be seen the comparison between the two regimes. In Figure 6b the two upper 
branches are unstable and the bottom one is the only stable.  
 
 As there is no contribution of any kind of dispersion, the HSS is valid in both of the schemes that 
are considered in this work. 

 
Figure 6: HSS for two different values of the detuning, in a) the solutions is always stable while 
in b) only happens for the lower branch. 
 
3.2. Linear Stability Analysis 
 
The second useful thing that it can be done is the linear stability analysis. With it, we can find 
which frequency modes will grow or not. Here it is required to take into account the contribution 
of the third derivative so that the analysis will vary depending on the value of 𝑑3. But first, we 
will study the original LL equation for simplicity, and later the third-order dispersion will be 
added. It is required to solve an eigenvalue problem: 
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                     𝜆 (
𝐸1

𝐸1
∗) = (

−1 − 𝑖(𝜃 + 𝑞2 − 2|𝐸0|2) 𝑖𝐸0
2

−𝑖𝐸0
∗2 −1 + 𝑖(𝜃 + 𝑞2 − 2|𝐸0|2)

) (
𝐸1

𝐸1
∗)              (10) 

  

𝐸0 is the HSS and 𝐸0
∗ its complex conjugated. The trace 𝜏 and the determinant Δ of the matrix �⃗� 

in (10) are: 
 

                                                       𝜏 = 𝑇𝑟(�⃗�) = −2 = 𝜆1 + 𝜆2                                                             (11) 

                               Δ = 1 + (𝜃 + 𝑞2)[𝜃 + 𝑞2 − 4|𝐸0|2] + 3|𝐸0|4 = 𝜆1 ∗ 𝜆2                                 (12) 
 
The eigenvalues are given by: 
 

                   𝜆1,2 =
𝜏±√𝜏2−4Δ

2
= −1 ± √(𝜃 + 𝑞2)[4|𝐸0|2 − 𝜃 − 𝑞2] − 3|𝐸0|4                         (13) 

 
As the trace is negative independently of the parameters, the eigenvalue 𝜆2 will always have a 
negative real part. Depending on the determinant, the HHS will develop a saddle-node, a stable 
fixed point or a centre.  So, if the determinant is negative, the two eigenvalues have a different 
sign; otherwise, both eigenvalues have negative real part due to the restriction on the trace. 
 
Instead of evaluating the eigenvalue, the determinant shows also the same information. To keep 
it simple, the point where the determinant changes sign will be calculated. When the 
determinant is 0, one of the eigenvalues is also 0. This means that for a specific configuration, if 
possible, there will be a marginally stable frequency. 
 
The frequency q with the maximum growth rate is given by: 
 

                
𝜕𝜆

𝜕𝑞
|

𝑞𝑐

= 0 =
𝜕

𝜕𝑞
(−2𝜃𝑞2 +  4|𝐸0|2𝑞2 − 𝑞4)|

𝑞𝑐

= 4𝑞𝑐(2|𝐸0|2 − 𝜃 − 𝑞𝑐
2)          (14) 

 

The solutions are 𝑞𝑐 = 0 and 𝑞𝑐 = ±√2|𝐸0|2 − 𝜃. 𝑞𝑐 = 0 is a minimum of the growth rate. The 
other two frequencies are found in the regime where 𝜆1 can be positive, so those two are the 
ones with a higher value. 𝜆 = 0 for the critical frequency indicates the threshold value for |𝐸0|: 
 

                                         𝜆𝑚𝑎𝑥 = 𝜆(𝑞𝑐 = ±√2|𝐸0|2 − 𝜃) = −1 ± |𝐸0| ≥ 0                                (15) 

  
For |𝐸0| ≥ 1 we can get pattern formation. 
 

Adding the third-order dispersion (TOD) 𝑑3 ≠ 0, the linear matrix �⃗� results: 
 

  𝜆 (
𝐸1

𝐸1
∗) = (

−1 − 𝑖(𝜃 + 𝑞2 + 𝑑3𝑞3 − 2|𝐸0|2) 𝑖𝐸0
2

−𝑖𝐸0
∗2 −1 + 𝑖(𝜃 + 𝑞2 + 𝑑3𝑞3 − 2|𝐸0|2)

) (
𝐸1

𝐸1
∗)     (16) 

 
With trace and determinant: 
 

                                                              𝜏 = 𝑇𝑟(�⃗�) = −2                                                                       (17) 

             Δ = 1 + (𝜃 + 𝑞2)[𝜃 + 𝑞2 + 2𝑑3𝑞3 − 4|𝐸0|2] − 4|𝐸0|2𝑑3𝑞3 + 𝑑3
2𝑞6 + 3|𝐸0|4          (18) 

 
With eigenvalues: 
 

        𝜆1,2 = −1 ± √(𝜃 + 𝑞2)[4|𝐸0|2 − 𝜃 − 𝑞2 − 2𝑑3𝑞3] + 4|𝐸0|2𝑑3𝑞3 − 𝑑3
2𝑞6 − 3|𝐸0|4      (19) 
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For the TOD case, it is hard to find an analytical expression for the critical wavenumber and 
threshold. 
 
3.3 Plotting Marginal Instability Curves 
 
The linear stability analysis predicts only the evolution of the perturbation in a linear regime, 
due to non-linearities the full description is required to evaluate numerically the evolution of 
the system with the numerical implementation in the Appendix. It has been studied that there 
is a subcritical region where the pattern can take place independently of the linear stability [8]. 
In Figure 7 the numerical solutions of the marginal instability curves are represented by taking 
Δ = 0.  in Figure 7a  is shown the solutions from equation (12) compared with the cases with 
the addition of 𝑑3 in (18) at Figures 7b to 7d.  
 

 
Figure 7: Marginal instability curves for the 4 cases studied. The curve for the initial parameters 
is the blue line and the orange is related with the configuration when the Eckhaus instability is 
crossed. 
 
In Figure 7a it is represented the marginal instability for the LL equation, it is symmetric because 
the equation (13) depends on 𝑞2. As the parameters increase, it can be seen how the minimum 
of the curve approaches to 0 and is slightly elevated. 
 
In Figure 7b it is noticeable that the region of instability for the negative frequencies is enclosed.   
Figure 7c and 7d look different than Figure 7b. It seems that for a certain value of 𝑑3 the curve 
for negative frequencies disappear.  In another words, only modes belonging to the right curve 
are able to get unstable. 
Even though they have only one curve as the parameters increase, there might be negative 
unstable modes as depicted in Figure.7d.   
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4. Numerical Experiment 
 
The first step consists of generating random initial conditions by using a random number 
generator. I used the one from the NumPy library in Python which works with the Mersenne 
Twister one, as it has been used only to create the same initial condition for each case, it is not 
required to evaluate the quality of the generated noise. The description of the noise is 𝐸(𝑥, 0) =

(𝑢(𝑥) + 𝒊𝑣(𝑥))10−5 where 𝑢, 𝑣 ∈ [0,1], this particular shape is due to the complex nature of 

the electromagnetic field. With the white noise, we assure the presence of all possible 
frequencies.  
 
Then it is applied the slaved leapfrog algorithm based on the pseudospectral method with the 
set of initial parameters( 𝜃,  𝐸𝑖) = (1, 1.05). It is let the code to run up to a given time, here at 
5 · 104 time units (t.u.) A stable pattern is formed, which in the Fourier space takes the shape 
of a comb. For the running time, the tips are sharp enough to consider it completely formed 
(Figure 8).   

 
                   Figure 8: stable pattern for 𝑑3 = 1 at 5 · 104 t.u. with an asymmetric comb.      
    
Then is the turn to apply the parameter ramp [2]. It is applied for 5 · 104 time units (t.u.), from 
( 𝜃,  𝐸𝑖) = (1, 1.05) to ( 𝜃,  𝐸𝑖) = (3.8, 2) and they change linearly in time. One gets the next 
parametric equations: 
 

     𝜃(𝑡) = 1 + 5.6 · 10−5𝑡                                                            (20) 
                                                             𝐸𝑖(𝑡) = 1.05 + 1.9 · 10−3𝑡                                                      (21) 
 
The issue with including a parameter ramp in the numerical code is that the coefficient 𝛼𝑞 of 

equations (7) and (8) depends on 𝜃; while Φ𝑞, the non-linear Fourier transform, on 𝐸𝑖. Both 

values update each 5 t.u. and the results are taken every 100 t.u. Due to differences of the case 
studied in this work with the one done in reference [2], I don’t use a 𝛽 to scale the anomalous 
GVD contribution), both (20) and (21) required to be applied longer, up to ( 𝜃,  𝐸𝑖) =
(4.5, 2.375) arbitrarily chosen. 
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                 Figure 9: Dashed line shows the parametrization followed. EC(Eckhaus Curve) is  
                 the place where happens the instability. SN(Saddle Node)[2]   
 
Above the pattern formation threshold, the system fixes a fundamental frequency and its 
harmonics to form the comb. By applying the ramp, we observe that the only effect of the ramp 
is the amplification of existing harmonics.  
 
In Figure 9 it is plotted the parameter ramp with a dashed line and the blue dots are 
configurations to study how the eigenvalues behave for a range of frequencies(Figure 10). Points 
a) and b) have negative eigenvalues, manifesting stable frequencies. In point c) some modes 
begin to have a positive eigenvalue, the Eckhaus instability has happened. The point d), the last 
studied point, after point c) and the positive real part becomes greater. In the same picture other 
instabilities like MI (Module Instabilty), SN (Saddle Nodes) can be appreciated among others. EC 
is described with the red line and stands for Eckhaus Instability. 
 

 
           Figure 10: Comparison of eigenvalues for different frequencies around 𝑞𝑐, in (c) there is  
           a range where it has turned from negative to positive. This indicates that the Eckhaus 
           curve has been crossed[2]. 
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The last part of the numerical calculations is the most demanding. The Eckhaus instability is 
detected when frequencies lower than 𝑞𝑓 are activated. For the original LL equation, it takes a 

long time to go from a transient state to a new pattern. It typically spends around  106 t.u.  
  
When there is TOD, the dynamics seem to be much more sensitive than the usual equation. In 
this scheme, it could be detected where is found the instability by looking at the evolution of an 
intermediate mode between the zero and the fundamental one. 
 
Figure 11 shows how the frequency mode 𝑞 = 0.84  evolves at the parametric ramp for the 
distinct cases in which 𝑑3 contributes. It can be detected at naked eye the abrupt jump that 
takes place. So, to adjust properly the final parameters, it has been tried if the system 
manifested the instability for slightly lower values. The instability is indicated by the vertical red 
line. This time, it has been found the instability after around 5 · 104 t.u. 

 
Figure 11: Amplitude of the mode 𝑞 = 0.84. The horizontal axis indicates both the values of 
𝜃(bottom) and |𝐸𝑖|(upper) during the ramp. The vertical red line is the value of 𝜃 and |𝐸𝑖|at 
which has been detected the Eckhaus instability. 
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5. Results 
 
5.1. Reproducing the LL Equation 
 
In our simulations, with the initial set of parameters( 𝜃,  𝐸𝑖) = (1, 1.05), above the pattern 
formation threshold, the fundamental frequency(𝑞𝑓) has been 1.08 l.u.-1. The harmonics of the 

comb are exactly found at 𝑞ℎ = 𝑛𝑞𝑓. The number of Fourier components with amplitude above 

the noise level is 20 at each side of 0. In Figure 13 we show three timestamps at (120,180 and 
60000) and how both the field and its power spectrum evolve. 
 
The LL equation have time-reversal symmetry, in other words, is invariant under the change 
𝐸(𝜏, 𝑡) = 𝐸(−𝜏, 𝑡). This manifests in symmetric and static patterns.  
  
The ramp made detectable higher harmonics, changing consequently the shape of the pattern. 
Once the Eckhaus instability has been surpassed, the number of detected harmonics has 
increased from 20 to 52. 
  
The ramp was applied more time compared to [2] to detect the instability at ( 𝜃,  𝐸𝑖) =
(3.867, 2.023) instead of (3.8, 2.0) which is found relatively near. The instability made 
disappear some peaks of the pattern (Figure 14c), the ones remaining kept repelling each other 
until they find a new stable pattern. Numerically it is a very long transient. The new dominant 
frequency 𝑞𝑐 after 1.5 million t.u. (Figure 14f) is between 0.76 and 0.8 but the new comb is far 
from an ideal one. The time to reach a perfect pattern is very long, but eventually all side modes 
switch off leading to a perfect comb. 
 
5.2. Adding Third Order Dispersion 
 
We consider three cases of third-order dispersion strength stated as 𝑑3 with values of 0.15, 0.60 
and 1.0.  
 
All the cases will be compared using two different tables: Table 1, showing some characteristics 
of the comb just after the pattern is formed and Table 2, just after the instability is fully 
developed. 
 
With the initial set of parameters, once the comb is formed the patterns have some similarities 
between them. The most noticeable feature is that adding the new dispersion makes the pattern 
lose time-reversal symmetry, originating both asymmetrical combs and patterns; this symmetry 
breaking also generates a drift that makes the pattern travel to the right (Figure 12). 
 
As the TOD increases, the generated comb is more confined. For 𝑑3 = 1, the detected harmonics 
have been reduced by a half compared to the original case. In Table 1 there is further 
information related to the pattern formation step. 
 
As the harmonics get activated through the parameter ramp, the addition of 𝑑3 seems to give 
rise to different type of patterns, the asymmetry becomes more notorious and in some cases, 
there are resonant frequencies(Figure 21c). For example, the pattern in the case of 𝑑3 = 0.15 
has developed a resonance at −7𝑞𝑐. 
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Figure 12: Sample of the pattern for 𝑑3 = 1. After a given time, the pattern has drifted to the 
right. 
 
The most interesting fact is that all three TOD cases have got different outcomes at the 
instability, in which only one peak has been suppressed.  
 
For 𝑑3 = 0.15, the resulting pattern is slightly modified with some  localized states with added 
frequency of −8𝑞𝑐(Fig kkkc). Even though the harmonics do not look altered, the instability has 
fully developed.(Figure 15) 
 
For 𝑑3 = 0.6, where the peak switches off appears a modulating wave nearby. The resulting 
pattern looks stable but the frequency spectrum offers intermittency(Figure 16) 
 
The last case, for 𝑑3 = 1 when the peak switches off, in there takes place a global localized state. 
Its envelope looks like a decaying oscillator, this phenomenon makes the previously existing 
solitons to compress, increasing the dominant frequency to 1.58. Once it happens, the frequency 
spectrum freezes. (Figure 17) The number of peaks considered in Table 2 belong to the pattern, 
excluding the decaying part. 
 
In this last scenario it is generated a Localized State with the dimensions of the field (Figure 18). 
By looking at Figures a,c and e. it can be visualized that after disappearing a peak, it goes 
increasing from left to right until it reaches the new stable pattern.  



17 
 

 
Figure 13: Evolution of the pattern formation for LL equation with ( 𝜃,  𝐸𝑖) = (1, 1.05) the last 
frame shows a perfectly defined frequency comb. 
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Figure 14: Evolution of the Eckhaus instability. The activation of intermediate modes switch off 
some peaks letting space to reorder the surviving ones. In the last picture the field looks like a 
new pattern, but it takes more time to reach a useful comb.  
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Figure 15:  Eckhaus instability with 𝑑3 = 0.15. The pattern is asymmetric and after around 
7000 t.u. the pattern is stable. 
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Figure 16: Development of the instability for 𝑑3 = 0.6. The field shows modulation.  
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Figure 17:  Eckhaus evolution for 𝑑3 = 1. It develops a localized state with a frequency 
of 1.58. 
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Figure 18: Development of the localized state, the modulation increases as a front drifting 
to the right. 
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𝑷𝒂𝒕𝒕𝒆𝒓𝒏 𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝑭𝒓𝒆𝒒𝒖𝒆𝒏𝒄𝒚 𝑪𝒐𝒎𝒃 𝒇𝒊𝒆𝒍𝒅 

𝒅𝟑 𝑬𝒊 𝜽 𝒒𝒄 𝒏𝒒 #𝒑𝒆𝒂𝒌𝒔 

0 1.05 1 1.08 20 54 

0.15 1.05 1 1.08 20 54 

0.6 1.05 1 1.08 11 54 

1 1.05 1 1.08 10 54 

                        Table 1: Pattern formation data. 𝒒𝒄  is the fundamental frequency, 
                        𝒏𝒒 is the number of modes above the noise level and  #𝒑𝒆𝒂𝒌𝒔 is the  

                       amount of peaks manifested in the complex field. 
 

𝑪𝒓𝒐𝒔𝒔𝒆𝒅 𝑬𝒄𝒌𝒉𝒂𝒖𝒔 𝒊𝒏𝒔𝒕. 𝑭𝒓𝒆𝒒𝒖𝒆𝒏𝒄𝒚 𝑪𝒐𝒎𝒃 𝒇𝒊𝒆𝒍𝒅 

𝒅𝟑 𝑬𝒊 𝜽 𝒒𝒄  𝒎𝒂𝒙|𝒒| #𝒑𝒆𝒂𝒌𝒔  

0 3.87 2.02 0.8 56 37 

0.15 2.59 1.59 1.08 40 53 

0.6 1.78 1.32 1.08 17.5 53 

1 4.26 2.16 1.58 22 53 

                       Table 2: Pattern data after crossing the Eckhaus instability. 
                       𝒎𝒂𝒙|𝒒| is the higher detectable frequency above the noise intensity. 
 
After characterizing all the different evolutions, it is time to evaluate what has happened. The 
pattern formation takes place in a subcritical region under the marginal instability curves [8]. 
The parameter ramp displaces the region where the frequencies destabilize. Our system selects 
𝑞𝑐 = 1.08 and then reaches the Eckhaus instability. Once this takes place for the original 
equation, some peaks switch off and the remaining solitons reorganize until another frequency 
comb with a lower 𝑞𝑐 is formed. 
 
With the addition of the third order dispersion. It is clear where the secondary instability takes 
place by looking at a given frequency of the power spectrum, but the final results are completely 
unpredictable. Under these circumstances, solutions have lost its symmetry.  
 
In Figure 19 we plot the marginal instability curve with the points of the initial pattern and the 
result after surpassing the instability for each case. While applying the parameter ramp, the 
curves tend to move to zero and go up for 0 and 0.15. 
 
Except in the last case, the final point falls inside the marginal instability curve.  
 
While in the original equation the transient derives in a new comb, by adding TOD although they 
reach a stable pattern, they do not form a usable comb.   
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Figure 19: Marginal instability curves for the initial configuration( 𝜃,  𝐸𝑖) = (1, 1.05) in blue and 
for the final value of detuning in orange. The green point indicates the initial stationary module 
and the frequency 𝑞𝑐, while the red indicates this pair of values after the instability.   
 
5.3. Comparison 
 
In this section we compare qualitatively different experimental outputs with the results 
numerically obtained. 
 
The two graphics to compare, Figure 20a and Figure 21a, have less activated modes compared 
to the numerical data. This might happen because we have to take into account the effects of 
the ring. The LL equation can be slightly modified by adding a parameter to the dispersion. This 
way, it can be adapted the spacing between modes. 
 
Both experimental pictures are pretty alike. The only difference found is in the activation of 
intermediate modes. In Figure 20a they are only activated near the harmonics while in Figure 
21a there are more modes activated. 
 
The previous appreciation is enough to distinguish them from the numerical experiment. The 
case displayed in Figure 20a reminds the instability found for 𝑑3 = 0.6 as it can be compared 
with the power spectrum zoom in Figure 20e.  
 
For the consecutive picture we made the same reasoning. This time the Figure 21a seems to fill 
inter-harmonics modes like  Figure 21e which is a snapshot in where 𝑑3 = 0.15.  
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6. Conclusions 
 
In this master thesis I have assimilated knowledge related to frequency combs, and specifically 
studied the Eckhaus instability. For this purpose, I had to learn the distinct implications of the 
Lugiato-Lefever equation and its individual parts.  
In addition, to succeed in the numerical experiment, even though I had a previous version of the 
algorithm in Fortran, I learnt a lot about pseudospectral methods and its applications. Porting 
the slaved-leapfrog code from Fortran to Python was also a challenge.  
 
The first stop was repeating the Eckhaus instability for the LL equation. This step maybe was the 
one in which I dedicated more time, implementing correctly each part of the procedure was 
time consuming. Although it is true that having a reference [2] helped, at some moment I had 
to take the way of trial and error. My final parameters are slightly changed in comparison. 
 
Once proven the methodology, was time to add the third-order dispersion and explore the 
outcomes for another 3 cases. We chose arbitrarily 0.15 , 0.6 and 1 the intensities of the new 
parameter 𝑑3. Being a little more familiarized with the code this stop was more bearable.   
 
One shocking thing about the TOD implementation was that the approaching to the Eckhaus 
instability was faster. In another words, the transients are resolved earlier that in the original LL 
equation. This is shown in Figure 11, at some moment of the parameter ramp, that mode jumps 
as a direct implication of the Eckhaus instability crossing. So, it could be easily tested the possible 
parameters to reach the unstable pattern. The trial and error was made immediately before that 
jump to precise the parameters. 
 
Somehow I enjoyed that the four cases derived in such variety of outcomes:  While the original 
equation has a slow transient after crossing the instability, it ends with another comb; the 
addition of TOD contributes to a faster transient but the final result is far from being a comb.  
 
From a qualitative analysis, the LL equation starts to destabilize by the inter-comb frequencies 
(in the middle of harmonics) while with TOD this happens to the neighbours of harmonics. The 
case of 𝑑3 = 0.15 seems to behave both ways. 
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Figure 20: Comparison of experimental data with the case of d3=0.6 they get unstable 
the same way. 
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Figure 21: Comparison of experimental data with numerical simulation of case d3=0.15. 
Although the comb is different, the growth of non-comb modes is similar. 
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Appendix: Numerical implementation 
 
To solve the Lugiato-Lefever equation and its variations, pseudospectral methods are typically 
used. They consist of a numerical evaluation of the evolution of each frequency mode by Fourier 
transforming the signal, apply the evolution and inverse transforming. This process has a linear 
part(a coefficient that depends on the frequency) and a non-linear part, e.g. the equation has a 
squared o cubed contribution of the field.  
 
It has been used a specific algorithm called slaved leapfrog[7]. 
  
Taking the LL equation with the field 𝐸(𝑥, 𝑡), the evolution of a mode 𝑞 goes like: 
 

𝜕𝑡𝐸𝑞(𝑡) = −𝛼𝑞𝐸𝑞(𝑡) + Φ𝑞(𝑡)              (3) 

  
Where 𝛼𝑞 = 1 + 𝑖(𝜃 + 𝑞2 + 𝑑3𝑞3) is the coefficient of the linear evolution of 𝐸𝑞, and  Φ𝑞 is the 

amplitude of mode 𝑞 of 𝐸𝑖 + 𝑖𝐸|𝐸|2, the non-linear terms in the equation.  
 
Both the direct and inverse Fourier transform have been computed using the Fast Fourier 
Transform(FFT) of the NumPy library in Python. The principal characteristic of the FFT is that it 
takes 𝑂(𝑛 · 𝐿𝑜𝑔 (𝑛)) calculations instead of 𝑂(𝑛2) that needs the exact Fourier transform. 
 
The numerical algorithm takes the basis of the pseudospectral method, the evolution will be 
discretized in intervals of time of 2𝛿𝑡 for convenience. The exact formal solution: 
 

                                           𝐸𝑞(𝑡) = 𝑒−𝛼𝑞𝑡 (𝐸𝑞(𝑡0)𝑒𝛼𝑞𝑡0 + ∫ Φ𝑞(𝑠)
𝑡

𝑡0
𝑒𝛼𝑞𝑠𝑑𝑠)                                 (4) 

   
Where the next relation can be found: 
 

                                          
𝐸𝑞(𝑡+𝛿𝑡)

𝑒−𝛼𝑞𝛿𝑡 −
𝐸𝑞(𝑡−𝛿𝑡)

𝑒𝛼𝑞𝛿𝑡 = 𝑒−𝛼𝑞𝑡 ∫ Φ𝑞(𝑠)
𝑡+𝛿𝑡

𝑡−𝛿𝑡
𝑒𝛼𝑞𝑠𝑑𝑠                                      (5) 

 
The Taylor expansion of the right-hand side around  𝑠 = 𝑡 for small 𝛿𝑡 gives the next expression: 
 

                                                           Φ𝑞(𝑡)
𝑒𝛼𝑞𝛿𝑡−𝑒−𝛼𝑞𝛿𝑡

𝛼𝑞
+ 𝑂(𝛿𝑡3)                                                   (6) 

 
Joining (5) and (6) together: 

 

                              𝐸𝑞(𝑛 + 1) = 𝑒−2𝛼𝑞𝛿𝑡𝐸𝑞(𝑛 − 1) +
1−𝑒−2𝛼𝑞𝛿𝑡

𝛼𝑞
Φ𝑞(𝑛) + 𝑂(𝛿𝑡3)             (7) 

 
In this case, the time step is 2𝛿𝑡, this computational algorithm is known as slaved leapfrog 
because it needs two previous time steps to evolve in time. The method itself is unstable and 
requires auxiliary calculations. One correction is straightforward, it can be derived from (3) a 
similar expression to (7) obtaining: 
 

                             𝐸𝑞(𝑛) = 𝑒−𝛼𝑞𝛿𝑡𝐸𝑞(𝑛 − 1) +
1−𝑒−𝛼𝑞𝛿𝑡

𝛼𝑞
Φ𝑞(𝑛 − 1) + 𝑂(𝛿𝑡2)                   (8) 
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To get stable dynamics it is required to calculate at each Δ𝑡 = 2𝛿𝑡 both (7) and (8). So, advancing 
Δ𝑡 units of time will generate an error of 𝑂(𝛿𝑡3) with a global convergence error of 𝑂(𝛿𝑡2). By 
utilizing 𝛿𝑡 = 10−3 time units, the patterns generated do not have significant errors. 
 
To proceed with the numerical evolution of the Lugiato-Lefever equation a discretization of 
frequency modes 𝑑𝑘 = 0.02 with a sample of 𝑛 = 213 = 8192 points has been used. The 
maximum detectable frequency is  𝑘𝑙𝑖𝑚 = ±81.92,  while the minimum is 𝑘𝑚𝑖𝑛 = 𝑑𝑘 = 0.02.  

The discretization in the real space is consequently 𝑑𝑥 =
1

𝑛𝑑𝑘
= 6.1 · 10−3 length units(l.u.) the 

field 𝐸(𝑥, 𝑡) is distributed among a distance of 𝐿 =
1

𝑑𝑘
= 50 l.u. it is typically taken a range from 

-25 to 25. The conversion of time is 𝑇(𝑠) = 10−7𝑡(𝑡. 𝑢. ) so, one second in real-time requires 
counting 107 t.u.      
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